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Abstract. We show that there exists a C2 open dense set of convex
bodies with smooth boundary whose billiard map exhibits a non-trivial
hyperbolic basic set. As a consequence billiards in generic convex bodies
have positive topological entropy and exponential growth of the number
of periodic orbits.

1. Introduction

We are interested in the billiard problem inside convex bodies in Rd+1,
d ≥ 1, with a smooth boundary. The unit speed flow dynamics of the
pointsized billiard ball is reduced to the billiard map. This map relates
consecutive elastic reflections at the boundary of the body. In this work, we
present a way to perturb the body so that the billiard dynamics becomes
chaotic on a proper subset of the phase space.

We naturally associate a convex body to its boundary, which is the em-
bedding of a d-sphere S. Thus we talk about the topology on bodies as the
one on embeddings S ↪→ Rd+1. Moreover, we say that a convex body with
a C∞ boundary is a smooth convex body.

Given a body whose billiard map is a diffeomorphism f , an f -invariant and
compact subset Λ of the phase space is hyperbolic if there is a Df -invariant
continuous splitting of the tangent bundle restricted to Λ, TΛM = EΛ⊕FΛ,
and m ∈ N such that for all x ∈ Λ the following inequalities hold:

‖Dfm(x)|Ex‖ ≤
1

2
and ‖Df−m(x)|Fx‖ ≤

1

2
. (1.1)

A nontrivial hyperbolic basic set Λ is a hyperbolic, infinite, transitive
(contains a dense orbit) and locally maximal set, i.e. there is an open
neighborhood V of Λ such that

Λ =
⋂
n∈Z

fn(V̄ )

(cf. [33]). Such a set contains a transverse homoclinic point..
Our main result, proved in section 3, is the following.

Theorem 1.1. There is a C2-open and dense set of smooth convex bodies
whose billiard maps have a nontrivial hyperbolic basic set.

The complexity of the billiard dynamics can be measured by the topo-
logical entropy, a numerical invariant which we now define. Let dn(x, y) =
max{dist(f i(x), f i(y)) : 0 ≤ i < n−1} where f is the billiard map and dist is
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the distance induced by the embedding corresponding to the smooth convex
body. A subset F of the phase space is said to be (n, ε)-spanning if the whole
phase space is covered by the union of the dynamical balls {y : dn(x, y) < ε}
centered at the points x ∈ F . Denote by N(n, ε) the minimal cardinality of
a (n, ε)-spanning set. Roughly, this gives the number of orbit segments that
one can distinguish up to some precision. The topological entropy is then
the exponential growth rate of this number as the precision increases,

htop(f) = lim
ε→0

(
lim sup
n→∞

1

n
logN(n, ε)

)
.

Since a nontrivial hyperbolic basic set Λ contains a transverse homoclinic
point, the topological entropy is positive. Recall also that the topological
entropy gives the exponential growth of the number of periodic orbits in Λ
(cf. [33, Theorem 18.5.1]). Therefore, we have the following consequence of
Theorem 1.1.

Corollary 1.2. There is a C2-open and dense set of smooth convex bodies
whose billiard maps satisfy

lim sup
n→∞

1

n
logPn = htop(f) > 0,

where Pn is the number of periodic orbits with period n.

Birkhoff in [9] was already interested in the problem of estimating from
below the number of periodic orbits. The exponential growth that we have
obtained improves the best presently known estimate [31] (see also [10]),
when restricting to generic smooth convex bodies.

The proof of Theorem 1.1 is split mainly in the next two theorems, which
are of independent interest. Define the integer

md := 4
(

2d+3
4

)
.

Theorem 1.3. There is a C∞-residual set R of smooth convex bodies such
that, if a billiard inside a body in R has an elliptic periodic point with period
≥ md, then it has a horseshoe.

Theorem 1.4. There is a C∞-residual set R of smooth convex bodies such
that, if a billiard inside a body in R has all periodic points with period ≥ md

hyperbolic and this property is C2-stable, then the closure of the set of those
hyperbolic points contains a nontrivial hyperbolic basic set.

It is worth pointing out that we do not know whether or not there exist
bodies as in Theorem 1.4 for which all periodic points of period ≥ md are
hyperbolic.

Our proofs of the above theorems require several perturbation lemmas
in the context of billiards in bodies. The most important ones are the
versions of the Klingenberg-Takens theorem (Theorem 4.2) and the Franks’
lemma (Theorem 6.1). These are new results that can be applied in further
problems.

It is well-known that the dynamics around elliptic periodic orbits depends
on high order derivatives of the map. In particular, a higher dimensional
generalization of the twist property for area-preserving maps, the weakly
monotonous property, requires up to the third derivative of the map. The
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Klingenberg-Takens theorem for geodesic flows [35] gives a way to perturb
metrics so that the jets of the Poincaré maps of closed orbits are inside
a given invariant open dense set. We prove here the billiards version of
this result (see [17] for the Tonelli Hamiltonians case). The local behaviour
of weakly monotonous elliptic points plays a major role in the proof of
Theorem 1.3.

The Franks’ lemma first appeared in [25, Lemma 1.1] stating that per-
turbations of the derivative of diffeomorphisms at a finite set are indeed
also derivatives of a C1-close diffeomorphism (note that the result is no
longer true for the C2-topology [43]). This lemma is an essential tool to
prove a variety of important and fundamental results on the stability and
generic theories of dynamical systems displaying properties such as shadow-
ing, structural stability, topological stability and expansiveness. Versions of
the Franks lemma for more restricted classes of dynamical systems are avail-
able for flows [39, 14], volume-preserving diffeomorphisms [13], divergence-
free flows [6], symplectomorphisms and Hamiltonian flows [1]. The ver-
sion for geodesic flows due to Contreras [20] is more difficult since the C2-
perturbations are performed on the metric, so not local in the phase space.
Further extensions are available in [37]. Here we present the billiards in
bodies case generalizing the version for planar billiards [48]. Notice that the
C2-perturbations of the bodies are also not local in the phase space. The
ability to realize the perturbation of the tangent map is a crucial part of the
proof of Theorem 1.4.

For the particular case of planar billiards (d = 1), it is known for r ≥ 3
that a Cr-generic convex domain has a horseshoe [19, 18]. The proof is
based on variational methods for two-dimensional twist maps which do not
extend directly to higher dimensional billiards (see [8] for an application of
some variational properties in multidimensional billiards). For d ≥ 1, several
properties related to periodic orbits are known. In particular, the existence
of infinitely many periodic orbits [23, 24, 31], and some generic properties
due to Petkov and Stojanov [47, 41, 40, 42] (see section 2.6).

In section 2 we introduce the basic setup concerning billiards in bodies, in-
cluding the computation of the billiard map and its derivative. Theorem 1.1
is proved in section 3. The proof follows from Theorems 3.1 and 3.2, cor-
responding to Theorems 1.3 and 1.4, respectively. The former is proved in
section 5, being crucial the version of the Klingenberg-Takens theorem given
in section 4 and also a multidimensional version of a perturbation by Don-
nay [22] (Theorem 5.7) that creates a transversal heteroclinic intersection.
The latter is proved in section 7, where it is required the use of the Franks’
lemma version for billiards on bodies included in section 6.

2. Billiard map

2.1. Smooth convex bodies. Let r ∈ {2, 3, . . . ,∞}, the d-sphere S, d ≥ 1,
and the set of Cr maps S → Rd+1 denoted by Cr(S,Rd+1). The subset
of maps that are embeddings (i.e. Cr-diffeomorphisms onto its image) is
written as

Cremb(S,Rd+1).



4 BESSA, DEL MAGNO, LOPES DIAS, GAIVÃO, AND TORRES

The image of an embedding of the sphere is a d-Cr-submanifold of Rd+1.
Given φ ∈ Cremb(S,Rd+1), we denote by Qφ the bounded set whose boundary
is Γφ := φ(S).

Throughout, we fix a finite atlas {(ϕi, Ui)}i∈I of S. Let p ∈ Γφ and denote
by (ϕ,U) a chart of S for which p ∈ φ(U). The tangent vectors

tj = tj(p) = D(φ ◦ ϕ−1)(ϕ ◦ φ−1(p)) ej , j = 1, . . . , d, (2.1)

define a basis for the tangent space TpΓφ, where {e1, . . . , ed} denotes the

canonical basis of Rd. In addition,

Dti(p) tj(p) =
d

dr

∣∣∣∣
r=0

[
tj ◦ ϕ ◦ φ−1(rei + ϕ ◦ φ−1(p)

]
= (∂i∂j(φk ◦ ϕ−1)(ϕ ◦ φ−1(p)))dk=1.

So, we are able to deduce the following relation:

Dti(p) tj(p) = Dtj(p) ti(p). (2.2)

By using the Euclidean inner product 〈·, ·〉 and its corresponding norm
‖ · ‖, we denote by Nφ(p) ∈ Rd+1 the unit normal vector of Γφ at p which is
inward-pointing in Qφ. Since Nφ(p) has unit length, the derivative DNφ(p)
maps the tangent space TpΓφ into itself. This follows by differentiating
〈Nφ, Nφ〉 = 1 along u ∈ TpΓφ at p, so that 〈DNφ(p)u,Nφ(p)〉 = 0.

The shape operator of Γφ at p is the linear map Lφ(p) : TpΓφ → TpΓφ
defined by

Lφ(p)u = −DNφ(p)u.

The first fundamental form of Γφ (or of φ) at p is the inner product restricted
to the tangent space, i.e.

Iφ(p)(u, v) = 〈u, v〉, u, v ∈ TpΓφ
and the second fundamental form of Γφ at p is the bilinear map

IIφ(p)(u, v) = 〈Lφ(p)u, v〉, u, v ∈ TpΓφ.
By differentiating 〈Nφ, tj〉 = 0 along ti at p one gets the matrix representa-

tion of the second fundamental form in the basis {tj}dj=1:

IIφ(p)(ti, tj) = 〈Dti(p) tj(p), Nφ(p)〉. (2.3)

From (2.2) the symmetry of IIφ(p) follows, i.e. IIφ(p)(u, v) = IIφ(p)(v, u),
and the shape operator Lφ(p) is therefore self-adjoint.

Recall that a convex body is a convex, compact with non-empty interior
subset of Rd+1. We call it Cr-smooth if its boundary is the image of an
embedding in Cremb(S,Rd+1).

The set Qφ is a smooth convex body iff IIφ(p)(u, u) ≥ 0 for every p ∈ Γφ
and u ∈ TpΓφ. The corresponding class of convex embeddings is denoted by

X r ⊂ Cremb(S,Rd+1).

We denote the subset of the embeddings of the sphere corresponding
to boundaries of bodies satisfying IIφ(p)(u, u) > 0 for every p ∈ Γφ and
u ∈ TpΓφ, by

Br ⊂ X r.
Notice that these are strictly convex bodies.
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These spaces of embeddings are identified with the corresponding spaces
of bodies in Rd+1.

We will often drop the subscript φ to simplify notations.

2.2. Cr-topology. Recall the Whitney Cr topology for r ∈ N given by the
norm

‖φ‖Cr = max
0≤j≤r

max
i∈I

max
y∈ϕi(Ui)

‖Dj(φ ◦ ϕ−1
i )(y)‖

for any φ ∈ Cr(S,Rd+1). This makes Cr(S,Rd+1) a Baire space. The union
of the Cr-open sets of C∞(S,Rd+1) for r ∈ N form a basis for the Whitney
C∞-topology, making this also a Baire space.

Furthermore, Br is Cr-open in Cr(S,Rd+1) and also a Baire space for any
r ∈ N ∪ {∞}.

Clearly, Br is Cr open and dense in X r.

2.3. Perturbing the body. We consider here perturbations of convex bod-
ies along the normal at a boundary point. We also relate the respective
second fundamental forms.

Lemma 2.1. Let φ ∈ Br, r ∈ {2, 3, . . . ,∞}, p0 ∈ Γ := φ(S), s0 = φ−1(p0)
and ψ : S → R be Cr such that ψ(s0) = 0 and Dψ(s0) = 0. If ‖ψ‖Cr is
sufficiently small, then

(1) φ̃ := φ+ ψ ·N(p0) ∈ Br,
(2) ‖φ̃− φ‖C` ≤ ‖ψ‖C` for every 2 ≤ ` ≤ r,
(3) IIφ̃(p0) = IIφ(p0) +D2(ψ ◦ φ−1)(p0).

Proof. Denote by Ñ the unit normal vector field of Γ̃ where Γ̃ := φ̃(S),

and {t̃j(p)}dj=1 the basis of TpΓ̃, p ∈ Γ̃, as in (2.1) now for φ̃. Clearly,

p0 = φ̃ ◦ φ−1(p0) ∈ Γ̃, t̃j(p0) = tj(p0) and Ñ(p0) = N(p0). Hence,

D(t̃j − tj)(p0) ti(p0) = D2(ψ ◦ ϕ−1)(ϕ ◦ φ−1(p0)) (ei, ej)N(p0)

= D2(ψ ◦ φ−1)(p0) (ti, tj)N(p0).

The last equality comes from the computation of D2(ψ ◦ φ−1 ◦ φ ◦ ϕ−1)(ϕ ◦
φ−1(p0)) taking into account that Dψ(s0) = 0.

Finally, by (2.3) we get

IIφ̃(p0)(ti, tj)− IIφ(p0)(ti, tj) = 〈D(t̃i − ti)(p0) tj(p0), N(p0)〉

= D2(ψ ◦ φ−1)(p0) (ti, tj).

For a small ‖ψ‖Cr this implies that φ̃ ∈ Br. �

2.4. The billiard map. A convex body Qφ whose boundary Γφ is the
image of φ ∈ Br is called a billiard domain. The corresponding billiard is
the flow on the unit tangent bundle of Qφ generated by the motion of a free
point-particle inside the body with specular reflection at Γφ, i.e. the angle of
reflection equals the angle of incidence. The billiard map fφ is the first return
map on Mφ, the set of unit vectors attached to Γφ and pointing inside Qφ.
More precisely, fφ is a Cr−1-diffeomorphism (it has no singularities because
Qφ is strictly convex) on the 2d-dimensional manifold

Mφ =
{

(p, v) ∈ Γφ × Rd+1 : ‖v‖ = 1, 〈v,N(p)〉 ≥ 0
}
.
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We will frequently refer to the dynamics of the billiard map fφ on Mφ (or
simply on φ) as the dynamics of φ. In the following we omit the dependency
of Γφ, Mφ and fφ on φ. We also define the projection π1 : M → Γ by
(p, v) 7→ p. The orbit of a point x ∈M under f will be denoted by O(x).

The free flight time τ : M → R between consecutive collisions on Γ is
defined as

τ(p, v) =

{
0, v ⊥ N(p)

min{t > 0: p+ tv ∈ Γ}, otherwise.

Let (p, v) ∈M and (p̄, v̄) = f(p, v). Then{
p̄ = p+ τ(p, v)v,

v̄ = Rp̄v,

where Rp̄ is the reflection in Tp̄Γ, i.e.

Rp̄v = v − 2〈v,N(p̄)〉N(p̄).

The reflection yields that the vector v̄ + v is tangent to Γ at p̄, as given by

〈v̄ + v,N(p̄)〉 = 0. (2.4)

Notice that (p, v) is a fixed point of f whenever v ⊥ N(p).

2.5. The derivative of the billiard map. We introduce a new set of
coordinates on TM for which the derivative Df has a convenient form.
These coordinates are called Jacobi coordinates, induced by the so-called
transversal Jacobi fields [49, Appendix B]. To make the exposition self-
contained we present here all the details. In the following, we write O(ε) for
the usual big-O notation, i.e. a quantity that is uniformly bounded in norm
by const · ε as ε→ 0.

Define the set of billiard directions at a point p ∈ Γ by

Vp = {u ∈ Rd+1 : ‖u‖ = 1, 〈u,N(p)〉 > 0}.

Fix now (p, v) ∈M such that v ∈ Vp. Since the billiard domain is strictly
convex, we have (p̄, v̄) = f(p, v) satisfies v̄ ∈ Vp̄.

Notice that

T(p,v)M = N(p)⊥ × v⊥,
where N(p)⊥ and v⊥ denote the hyperplanes in Rd+1 that are orthogonal to
N(p) and v, respectively.

2.5.1. Projections. Let Pv be the orthogonal projection onto v⊥, i.e.

Pvξ = ξ − 〈ξ, v〉v, ξ ∈ Rd+1.

For a unit vector η ∈ Rd+1 which is not orthogonal to v, define also the
projection along the direction v onto the hyperplane η⊥ by

P vη u = u− 〈u, η〉
〈v, η〉

v, u ∈ Rd+1.

It is simple to check that the adjoint of P vη is P ηv , i.e. (P vη )∗ = P ηv , and that

P vη′ ◦ P vη = P vη′ (2.5)
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where η, η′ are both unit vectors non-orthogonal to v. Notice also that

P vη ◦ Pv|η⊥ = I. (2.6)

Recall the definition of the billiard map. The reflection Rp̄ identifies

isometrically the hyperplanes v⊥ and v̄⊥

Lemma 2.2. Rp̄ restricted to v⊥ equals Pv̄ ◦ P vN(p̄), it is injective and

Rp̄(v
⊥) = v̄⊥.

Proof. For u ∈ v⊥ we have

Pv̄ ◦ P vN(p̄)u = P vN(p̄)u− 〈P
v
N(p̄)u, v̄〉v̄

= P vN(p̄)u− 〈P
v
N(p̄)u, v〉v̄

= u− 〈u,N(p̄)〉
〈v,N(p̄)〉

v − 〈u− 〈u,N(p̄)〉
〈v,N(p̄)〉

v, v〉v̄

= u− 〈u, v〉v̄ +
〈u,N(p̄)〉
〈v,N(p̄)〉

(v̄ − v)

= u− 2
〈u,N(p̄)〉
〈v,N(p̄)〉

〈v,N(p̄)〉N(p̄)

= u− 2〈u,N(p̄)〉N(p̄)

= Rp̄u.

�

2.5.2. Jacobi coordinates. In neighbourhoods B of (p, v) and B̄ of (p̄, v̄) in
M consider the respective changes of coordinates

Ψ: B → (p+ v⊥)× Vp
Ψ(q, u) = (p+ Pv(q − p), u)

and

Ψ̄ : B̄ → (p̄+ v̄⊥)× Vp̄
Ψ̄(q, u) = (p̄+ Pv̄(q − p̄), u).

Notice that Ψ(p, v) = (p, v) and

DΨ(p, v) = (Pv, id) : N(p)⊥ × v⊥ → v⊥ × v⊥.

Since Pv ◦ P vη = id on v⊥,

DΨ−1(p, v) = (P vN(p), id) : v⊥ × v⊥ → N(p)⊥ × v⊥.

For a sufficiently small neighborhood B of (p, v) in M , let

f̃ = Ψ̄ ◦ f ◦Ψ−1 : Ψ(B) ⊂ (p+ v⊥)× Vp → (p̄+ v̄⊥)× Vp̄.

Consider a curve

(pε, vε) =

(
p+ εJ,

v + εJ ′

‖v + εJ ′‖

)
∈ Ψ(B),

where (J, J ′) ∈ v⊥ × v⊥ and |ε| is sufficiently small. Clearly we have

(pε, vε) = (p, v) + ε(J, J ′) +O(ε2).
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Now,

Ψ−1(pε, vε) = (p, v) + εDΨ−1(p, v)(J, J ′) +O(ε2)

= (p+ εu, v + εw) +O(ε2)

where u = P vN(p)J ∈ N(p)⊥ and w = J ′ ∈ v⊥.

Moreover,

(p̄ε, v̄ε) = f ◦Ψ−1(pε, vε)

is given by

p̄ε = p+ εu+ τ(p+ εu, v + εw)(v + εw) +O(ε2) (2.7)

v̄ε = v + εw − 2〈v + εw,N(p̄ε)〉N(p̄ε) +O(ε2). (2.8)

Lemma 2.3.

p̄ε = p̄+ εP vN(p̄)

(
J + τ(p, v)J ′

)
+O(ε2).

Proof. A convenient decomposition of τ is obtained by using the fact that
tangent vectors at (p, v) are mapped into tangent vectors at (p̄, v̄), which
are in N(p̄)⊥. That is, 〈p̄ε − p̄, N(p̄)〉 = O(ε2). Therefore,

〈p̄ε − p,N(p̄)〉 = 〈p̄ε − p̄+ p̄− p,N(p̄)〉
= 〈p̄− p,N(p̄)〉+O(ε2)

= τ(p, v)〈v,N(p̄)〉+O(ε2).

On the other hand, from (2.7) one gets

〈p̄ε − p,N(p̄)〉 = 〈εu+ τ(p+ εu, v + εw)(v + εw), N(p̄)〉+O(ε2).

So,

τ(p+ εu, v + εw) =
τ(p, v)〈v,N(p̄)〉 − ε〈u,N(p̄)〉

〈v + εw,N(p̄)〉
+O(ε2)

=
τ(p, v)− ε 〈u,N(p̄)〉

〈v,N(p̄)〉

1 + ε 〈w,N(p̄)〉
〈v,N(p̄)〉

+O(ε2)

= τ(p, v)− ε
(
τ(p, v)

〈w,N(p̄)〉
〈v,N(p̄)〉

+
〈u,N(p̄)〉
〈v,N(p̄)〉

)
+O(ε2).

Finally, (2.7) can be written as

p̄ε = p+ τ(p, v)v + ε

(
u− 〈u,N(p̄)〉
〈v,N(p̄)〉

v + τ(p, v)

(
w − 〈w,N(p̄)〉

〈v,N(p̄)〉
v

))
+O(ε2)

= p̄+ ε
(
P vN(p̄)u+ τ(p, v)P vN(p̄)w

)
+O(ε2).

The claim follows from the definitions of u and w, as well as (2.5). �

Lemma 2.4.

v̄ε = v̄ + ε
[
KRp̄J + (I + τ(p, v)K)Rp̄J

′]+O(ε2)

where K : v̄⊥ → v̄⊥ is the self-adjoint linear map

K = −2〈v̄, N(p̄)〉(P v̄N(p̄))
∗L(p̄)P v̄N(p̄).
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Proof. We first expand N(p̄ε) in powers of ε:

N(p̄ε) = N(p̄) + εDN(p̄)P vN(p̄)(J + τ(p, v)J ′) +O(ε2).

Substituting in (2.8) we obtain,

v̄ε = v̄ + ε
[
K̂J +

(
Rp̄ + τ(p, v)K̂

)
J ′
]

+O(ε2),

where K̂ : v⊥ → v⊥ is the linear map

K̂(ζ) = 2〈v, L(p̄)P vN(p̄)ζ〉N(p̄) + 2〈v,N(p̄)〉L(p̄)P vN(p̄)ζ

and L(p̄) = −DN(p̄).
By the fact that L(p̄)P vN(p̄) maps tangent vectors to tangent vectors, we

have

〈v, L(p̄)P vN(p̄)ζ〉N(p̄) = 〈v̄, L(p̄)P vN(p̄)ζ〉N(p̄)

= 〈v̄, N(p̄)〉
〈v̄, L(p̄)P vN(p̄)ζ〉
〈v̄, N(p̄)〉

N(p̄)

= 〈v̄, N(p̄)〉
(
L(p̄)P vN(p̄)ζ − P

N(p̄)
v̄ L(p̄)P vN(p̄)ζ

)
.

Using (2.4), (2.6) and Lemma 2.2,

K̂ = −2〈v̄, N(p̄)〉(P v̄N(p̄))
∗L(p̄)P vN(p̄)

= −2〈v̄, N(p̄)〉(P v̄N(p̄))
∗L(p̄)P v̄N(p̄)Rp̄

= KRp̄.

�

Denoting (p̃ε, ṽε) = f̃(pε, vε), by (2.5) and Lemma 2.2 we conclude that

p̃ε = p̄+ εPv̄ ◦ P vN(p̄)

(
J + τ(p, v)J ′

)
+O(ε2) (2.9)

= p̄+ ε
(
Rp̄J + τ(p, v)Rp̄J

′)+O(ε2), (2.10)

ṽε = v̄ + ε
[
KRp̄J + (I + τ(p, v)K)Rp̄J

′]+O(ε2). (2.11)

2.5.3. Derivative of the billiard map. Recall that

Df(p, v) = DΨ̄−1(p̄, v̄)Df̃(p, v)DΨ(p, v).

From the above results we only need to compute the derivative of f̃ . Given
x = (p, v) ∈M let K(x) : v⊥ → v⊥ be the self-adjoint linear map

K(x)w = −2〈v,N(p)〉(P vN(p))
∗L(p)P vN(p)w, w ∈ v⊥. (2.12)

Lemma 2.5. Df̃(x) : v⊥ × v⊥ → v̄⊥ × v̄⊥ is given by

Df̃(x) (J, J ′) =

[
I 0

K(x̄) I

] [
Rp̄ 0
0 Rp̄

] [
I τ(x)I
0 I

] [
J
J ′

]
.

Proof. It follows from (2.9) that

Df̃(p, v)(J, J ′) =
d

dε
f̃(pε, vε)|ε=0

= (Rp̄J + τ(p, v)Rp̄J
′,KRp̄J + (I + τ(p, v)K)Rp̄J

′).

�
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Remark 2.6. Denote by Ω the canonical symplectic form on R2d+2. Recall
that M ⊂ R2d+2. It follows from Lemma 2.5, that the billiard map f is a
symplectomorphism with respect to the symplectic form

ω = Ω|M .
2.6. Generic properties concerning periodic orbits. Given any bil-
liard φ ∈ B2, we call a point p ∈Mφ periodic if its period m is ≥ 2. All the
points at the boundary of Mφ are the only fixed points, and are not periodic
points according to our definition.

A periodic point p is called hyperbolic if the eigenvalues of Dfmφ (p) are

all outside the unit circle. It is q-elliptic (or simply elliptic) if Dfmφ (p) has
exactly 2q non-real eigenvalues with modulus 1 and 1 ≤ q ≤ d. In case
q = d it is called totally elliptic. When there are eigenvalues ±1 it is called
degenerate. Finally, if all eigenvalues are ±1 it is called parabolic.

The number of periodic points is given by the following result.

Theorem 2.7 ([23, 24, 31]). If φ ∈ B∞, the number of periodic orbits is
infinite.

Concerning generic billiards, more can be said about their periodic orbits.

Theorem 2.8 (Petkov, Stojanov). For any r ∈ N ∪ {∞}, there is a Cr-
residual set R ⊂ Cremb(S,Rd+1) such that the billiard map on φ ∈ R satisfies
the following conditions:

(1) every periodic orbit passes only once through each of its reflection
points, and any two different periodic orbits have no common reflec-
tion point [47].

(2) the spectrum of the derivative at any periodic point does not contain
roots of unity [41].

(3) the number of periodic points with fixed finite period is finite [40, 42].

3. Proof of Theorem 1.1

We start by showing the result for the subset of smooth convex bodies
that belong to B∞. The set

{φ ∈ B∞ : φ has a nontrivial hyperbolic basic set}
is C2-open by the strong structural stability of hyperbolic sets (see e.g. [33,
Theorem 18.2.1]). It remains to show that it is also C2-dense.

Given φ ∈ B∞, we denote by Perm(φ) the set of periodic points of the
billiard map fφ with period ≥ m, by E(φ) the subset of q-elliptic points,
1 ≤ q ≤ d, and by H(φ) the hyperbolic points.

Define the integer
md := 4

(
2d+3

4

)
and the set of billiards with a q-elliptic point with period ≥ md,

E := {φ ∈ B∞ : Permd(φ) ∩ E(φ) 6= ∅}.
The restriction to large periods comes from the conditions of Theorem 4.2,
needed to prove Theorem 3.1 below.

The following result implies that any billiard in E is C∞-approximated by
another one with a horseshoe, an example of a nontrivial hyperbolic basic
set. The proof is in section 5.
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Theorem 3.1. There is a C∞-residual set R ⊂ B∞ such that any φ ∈ R∩E
has a horseshoe.

Consider now the set of billiards for which all its periodic points with
large enough period are hyperbolic,

H := {φ ∈ B∞ : Permd(φ) ⊂ H(φ)}
and its interior in the C2-topology,

F2 = intC2 H.
We show next that a C∞-generic billiard that is also in F2 has a nontrivial
hyperbolic basic set. This is proved in section 7. The reason for the restric-
tion to the C2 topology is due to the use of our version for billiards in bodies
of the Franks’ Lemma in Theorem 6.1.

Theorem 3.2. There is a C∞-residual set R ⊂ B∞ such that the closure
of Permd(φ) contains a nontrivial hyperbolic basic set for every φ ∈ R∩F2.

The remaining case, i.e. φ at the C2-boundary of H, is reduced by a C2

perturbation to the case outside H. Notice that E ∪ H is C∞-residual (see
Theorem 2.8). Thus, the above theorems imply that the set of billiards in
B∞ with a nontrivial hyperbolic basic set is C2-dense. This completes the
proof of Theorem 1.1 restricting to B∞.

To deal with billiards in X∞, i.e. on smooth convex bodies, one only
needs to notice that B∞ is C2 open and dense in X∞.

4. Perturbing the k-jets: Klingenberg-Takens theorem for
billiards

Let U be a neighbourhood of 0 ∈ Rm and f, g : U → Rm be two smooth
maps fixing the origin, i.e. f(0) = g(0) = 0. Given k ∈ N, we say that f
and g are k-equivalent if they have the same Taylor polynomial of degree k
at 0. The equivalence class of f under this equivalence relation is the k-jet
of f at 0 which we denote by Jk0 f or simply Jkf . We denote by J ks (n) the
set of k-jets Jkf of symplectomorphisms f fixing the origin of R2n with the
canonical symplectic structure. Notice that J ks (n) is a Lie group with the
group operation

(Jkf) · (Jkg) := Jk(f ◦ g).

A subset Σ ⊂ J ks (n) is called invariant if

σ · Σ · σ−1 = Σ, ∀σ ∈ J ks (n).

Let x ∈ Mφ be a periodic point of period m ∈ N of fφ. Using Darboux
coordinates about x, we may assume that the k-jet of fmφ at x, which we

denote by Jkxf
m
φ , belongs to J ks (d). Clearly, if Σ is invariant, then the

property Jkxf
m
φ ∈ Σ is independent of the coordinate system.

Theorem 4.1. Let φ ∈ Br, r ∈ {2, 3, . . . ,∞}, and Σ be an open, dense
and invariant subset of J ks (d) with k ∈ N. If x ∈ Mφ is a periodic point

of fφ with period m ≥ 4
(

2d+k
k+1

)
whose periodic orbit O(x) passes only once

through each of its reflection points, then there is a smooth u : S → Rd+1

with C∞-norm arbitrary small such that
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(1) φu := φ+ u ∈ Br,
(2) O(x) is a periodic orbit of fφu,

(3) Jkxf
m
φu
∈ Σ.

In the spirit of a theorem by Klingenberg and Takens [35], we then show
the following version for multidimensional billiards.

Theorem 4.2. For every open, dense and invariant Σ ⊂ J ks (d), k ∈ N,
there is a C∞-residual set R = R(Σ) ⊂ B∞ such that for every φ ∈ R and

any periodic point x of fφ of period m ≥ 4
(

2d+k
k+1

)
we have Jkxf

m
φ ∈ Σ.

We prove Theorems 4.1 and 4.2 at the end of this section.

4.1. Perturbing the k-jet of the billiard map. Let φ ∈ Br, r ∈ {2, 3, . . . ,∞}.
Consider an orbit segment γ = {x0, x1, x2} ⊂Mφ of fφ where π1(γ) consists
of exactly three points in Γφ. On p1 = π1(x1) we perform a perturbation

φε = (id +εuNφ) ◦ φ (4.1)

where u : Rd+1 → R is a compactly supported C∞ function with support
contained in a neighbourhood of p1 not intersecting {p0, p2}, u(p1) = 0 and
∇u(p1) = 0.

Lemma 4.3. If |ε| is sufficiently small, then φε ∈ Br. Moreover,

Nφε(p+ εu(p)Nφ(p)) = Nφ(p)− εPNφ(p)(∇u(p)) +O(ε2).

Proof. That φε ∈ Br for |ε| small follows the same lines of the proof of
Lemma 2.1. Given p ∈ Γφ, let pε = p + εu(p)N(p) where N = Nφ. Notice
that pε ∈ Γφε . Denote by {tεj(pε)} the basis of TpεΓφε as defined in (2.1).

Notice that tj(p) = t0j (p) and

tεj(pε) = tj(p) + ε(N(p)∇u(p) + u(p)DN(p))tj(p).

Since 〈Nφε(pε), Nφε(pε)〉 = 1, we conclude that w(p) := d
dε

∣∣
ε=0

Nφε(pε) ∈
TpΓ and Nφε(pε) = Nφ(p) + εw(p) + O(ε2). Now we determine w. Taking
into account that 〈Nφε(pε), t

ε
j(pε)〉 = 0 we get

0 =
d

dε

∣∣∣∣
ε=0

〈Nφε(pε), t
ε
j(pε)〉

= 〈w(p), tj(p)〉+ 〈N(p), (N(p)∇u(p) + u(p)DN(p))tj(p)〉
= 〈w(p), tj(p)〉+ 〈∇u(p), tj(p)〉+ u(p)〈N(p), DN(p)tj(p)〉
= 〈w(p), tj(p)〉+ 〈∇u(p), tj(p)〉

where the last term vanishes because DN(p)tj(p) ∈ TpΓ. Hence,

〈w(p), v〉 = 〈−∇u(p), v〉, ∀ v ∈ TpΓ.

This implies that

w(p) = −∇u(p) + 〈∇u(p), N(p)〉N(p) = −PN(p)(∇u(p)).

�
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Denote by Bδ(x0) ⊂Mφ an open ball around x0 of radius δ > 0. There are
0 < δ0 < δ1 such that for every |ε| sufficiently small, the map Fε : Bδ0(x0)→
Bδ1(x0) defined by

Fε(x) = f−2
φ ◦ f

2
φε(x), (4.2)

is a diffeomorphism onto its image. Notice that F0 = id and Fε(x0) = x0.
Let V = fφ(Bδ0(x0)) ⊂Mφ.

Proposition 4.4. Fε = id +εf∗φχ+O(ε2) where χ : V → TMφ is the vector

field χ(p, v) = (χ1(p, v), χ2(p, v)) given by

χ1(p, v) = − 2u(p)

〈v,Nφ(p)〉
PNφ(p)v,

χ2(p, v) = 2u(p)P
Nφ(p)
v L(p)PNφ(p)v − 2〈v,Nφ(p)〉PNφ(p)

v PNφ(p)∇u(p).

Proof. Given (p, v) ∈ V let v̄ be the reflection of v about the hyperplane
perpendicular to Nφ(p) and let `(p, v̄) be the line passing through p in the
direction of v̄. There is a unique p̄ ∈ Γφε which is the first, i.e., closest to p,
intersection point of Γφε with the line `(p, v̄). Notice that p̄ may be equal
to p which will certainly be the case whenever p ∈ Γφ ∩ Γφε . We define the
map gε : V → Mφε as (p, v) 7→ (p̄,−v̄). Notice that (p̄,−v̄) ∈ Mφε . Indeed,
by continuity we have 〈v̄, Nφε(p̄)〉 < 0, since Nφε(p̄) is ε-close to Nφ(p) and
〈v̄, Nφ(p)〉 < 0. Moreover, gε is a local diffeomorphism at x1. Similarly,
let Vε = gε(V ) ⊂ Mφε and given (p, v) ∈ Vε let p̄ be the first intersection
point of Γφ with the line `(p, v̄) where now v̄ is the reflection of v about the
hyperplane perpendicular to Nφε(p). The map hε : Vε → Mφ is defined by
(p, v) 7→ (p̄,−v̄). As before, (p̄,−v̄) ∈ Mφ and hε is a local diffeomorphism
at x1. Finally, define Gε : V →Mφ by Gε := hε ◦ gε. It is not difficult to see
that G0 = id, Gε(x1) = x1 and

Fε = f−1
φ ◦Gε ◦ fφ.

Now we expand Gε in leading order of ε. Starting with gε, let (p̄ε,−v̄) =
gε(p, v). Clearly,

p̄ε = p+ τεv̄ and v̄ = RNφ(p)v

where τε = 〈p̄ε − p, v̄〉. Since p̄ε → p as ε→ 0, we have

τε = ετ̄ +O(ε2)

for some function τ̄ = τ̄(p, v̄) that we now determine. As p̄ε ∈ Γφε , there is
sε ∈ S such that sε → φ−1(p) as ε→ 0 and

p̄ε = φ(sε) + εu ◦ φ(sε)Nφ ◦ φ(sε).

Therefore,

φ(sε)− p = ε(τ̄ v̄ − u(p)Nφ(p)) +O(ε2),

which implies that τ̄ v̄ − u(p)Nφ(p) ∈ TpΓφ. Equivalently,

〈τ̄ v̄ − u(p)Nφ(p), Nφ(p)〉 = 0,

which gives

τ̄ =
u(p)

〈v̄, Nφ(p)〉
.
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Putting all together,

p̄ε = p+ ε
u(p)

〈v̄, Nφ(p)〉
v̄ +O(ε2)

= p− ε u(p)

〈v,Nφ(p)〉
RNφ(p)v +O(ε2).

Next, we expand (p̃ε, ṽε) = hε(p̄ε,−v̄) in leading order of ε. First, notice
that defining w = w(p, v) := τ̄ v̄ − u(p)Nφ(p) we have

Nφε(p̄ε) = Nφε(p+ εu(p)Nφ(p) + εw +O(ε2))

= Nφε(p+ εu(p)Nφ(p)) + εDNφ(p)w +O(ε2)

= Nφ(p) + ε(DNφ(p)w − PNφ(p)∇u(p)) +O(ε2),

by Lemma 4.3. Let

Θ(p, v) := DNφ(p)w − PNφ(p)∇u(p).

Notice that Θ(p, v) ∈ TpΓ. Expanding ṽε = RNφε (p̄ε)v̄ in powers of ε we get

ṽε = v̄ − 2〈v̄, Nφε(p̄ε)〉Nφε(p̄ε)

= RNφ(p)v̄ − 2ε(〈v̄,Θ(p, v)〉Nφ(p) + 〈v̄, Nφ(p)〉Θ(p, v)) +O(ε2).

Taking into account that v̄ = RNφ(p)v and

〈v̄,Θ(p, v)〉Nφ(p) = 〈v,Nφ(p)〉(Θ(p, v)− PNφ(p)
v Θ(p, v)),

we get

ṽε = v + 2ε〈v,Nφ(p)〉PNφ(p)
v Θ(p, v) +O(ε2).

Now, by a direct computation we have

w(p, v) = − u(p)

〈v,Nφ(p)〉
PNφ(p)v,

and

P
Nφ(p)
v Θ(p, v) = −PNφ(p)

v PNφ(p)∇u(p) +
u(p)

〈v,Nφ(p)〉
P
Nφ(p)
v L(p)PNφ(p)v.

Putting all together,

ṽε = v + 2ε
(
u(p)P

Nφ(p)
v L(p)PNφ(p)v − 〈v,Nφ(p)〉PNφ(p)

v ∇u(p)
)

+O(ε2).

Finally, we expand p̃ε in leading order of ε. First, notice that 〈p̃ε− p̄ε, ṽε〉 =
τ̃ ε+O(ε2) where τ̃ = τ̃(p, v) is a function to be determined. Hence,

p̃ε = p̄ε + ετ̃v +O(ε2)

= φ(sε) + εu ◦ φ(sε)Nφ ◦ φ(sε) + ετ̃v +O(ε2)

= φ(sε) + ε(u(p)Nφ(p) + τ̃ v) +O(ε2)

= p+ ε(u(p)Nφ(p) + τ̃ v + w)ε+O(ε2).

Since p̃ε ∈ Γ and converges to p as ε → 0, we conclude that u(p)Nφ(p) +
τ̃ v + w ∈ TpΓ, thus

τ̃ = − u(p)

〈v,Nφ(p)〉
.
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Therefore,

p̃ε = p̄ε − ε
u(p)

〈v,Nφ(p)〉
v +O(ε2)

= p− ε u(p)

〈v,Nφ(p)〉
(v +RNφ(p)v) +O(ε2)

= p− ε 2u(p)

〈v,Nφ(p)〉
PNφ(p)v +O(ε2).

�

Proposition 4.5.
d

dε

∣∣∣∣
ε=0

Fε = XH

where XH is the Hamiltonian vector field of the Hamiltonian

H = h ◦ fφ, h(p, v) = 2u(p)〈v,Nφ(p)〉 (4.3)

with respect to the symplectic form ω.

Proof. Let χ be the vector field of Proposition 4.4. Given (η, γ) ∈ T(p,v)Mφ

we find that

ω(χ(p, v), (η, γ)) = −2u(p)
〈PNφ(p)v, γ〉
〈v,Nφ(p)〉

+ 2〈Z, η〉

where

Z := u(p)P
Nφ(p)
v DNφ(p)PNφ(p)v + 〈v,Nφ(p)〉PNφ(p)

v PNφ(p)∇u(p).

Taking into account that η ∈ TpΓ we get

〈Z, η〉 = u(p)〈DNφ(p)PNφ(p)v, η〉+ 〈v,Nφ(p)〉〈PNφ(p)∇u(p), η〉
= u(p)〈DNφ(p)η, PNφ(p)v〉+ 〈v,Nφ(p)〉〈∇u(p), η〉
= u(p)〈DNφ(p)η, v〉+ 〈v,Nφ(p)〉〈∇u(p), η〉.

Moreover, since γ ∈ v⊥, we have

〈PNφ(p)v, γ〉 = −〈v,Nφ(p)〉〈γ,Nφ(p)〉.

Now, taking the derivative of h(p, v) = 2u(p)〈v,Nφ(p)〉 we see that

dh(p, v)(η, γ) = 2u(p) (〈v,DNφ(p)η〉+ 〈γ,Nφ(p)〉)
+ 〈v,Nφ(p)〉〈∇u(p), η〉.

Thus, ω(χ, ·) = dh, which shows that χ is Hamiltonian with respect to ω.
By Proposition 4.4, X := d

dε

∣∣
ε=0

Fε = f∗φχ, hence X is the Hamiltonian
vector field of h ◦ fφ with respect to ω. �

Given k ∈ N, denote by Rk+1[y, z] the vector space of homogeneous poly-
nomials of degree k+1 with real coefficients in the variables y = (y1, . . . , yd)
and z = (z1, . . . , zd). Let

` = `(d, k) := dimRk+1[y, z].

It is clear that

`(d, k) =

(
2d+ k

k + 1

)
. (4.4)
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For G ∈ Rk+1[y, z] given by

G(y, z) = yk+1
1 , (4.5)

we define

Gk := {(A1, . . . , A`) ∈ Sp(R2d)` : span{G ◦Ai}`i=1 = Rk+1[y, z]},

where Sp(R2d) stands for the symplectic linear group on R2d.

Proposition 4.6 ([17]). For each k ∈ N, the subset Gk is open and dense
in Sp(R2d)`.

Let {x0, x1, . . . , xn} ⊂ Mφ be an orbit segment of fφ with n ≥ 2. Let

(Vi, ψi) be a Darboux chart around xi = (pi, vi), where ψi : Vi → R2d is
such that ψi(xi) = 0. On Vi we have the embedding of Γφ in Mφ defined
by ι : π1(Vi) → Mφ, p 7→ (p, vi). As ι(π1(Vi)) is Lagrangian, we may as-
sume that the local coordinates (y, z) = (y1, . . . , yd, z1, . . . , zd) given by the
Darboux chart (Vi, ψi) satisfy

ι(π1(Vi)) ∩ Vi = {z1 = 0, . . . , zd = 0}. (4.6)

Definition 4.7. We say that fφ is k-general along {x0, x1, . . . , xn} if there
exist positive integers 0 < n1 < n2 < · · · < n` < n such that (A1, . . . , A`) ∈
Gk where Ai = D(ψni ◦ f

ni
φ ◦ ψ

−1
0 )(0).

In the following we suppose that the orbit segment {x0, x1, . . . , xn} passes
only once through each of its reflection points, i.e., π1(xi) 6= π1(xj) whenever
i 6= j. As in (4.1), for each i ∈ {1, . . . , n− 1}, we perturb the body Γφ in a
neighborhood of pi,

φε = (id +(ε1u1 + . . .+ εn−1un−1)Nφ) ◦ φ,

where ε = (ε1, . . . , εn−1) ∈ Rn−1 and ui : Rd+1 → R is a C∞ function with
compact support Ki containing a neighborhood of pi such that Ki ∩Kj = ∅
whenever i 6= j. According to (4.6), we also choose ui so that

Jk+1
0 (ui ◦ π1 ◦ ψ−1

i )(y, z) = G(y, z),

where G is defined in (4.5). This choice of ui can always be achieved using
appropriate C∞ bump functions.

By Lemma 4.3, φε ∈ Br for every ε ∈ Bδ(0) := {ε ∈ Rn−1 : ‖ε‖ < δ}. In
a neighborhood V ⊂ V0 of x0 we define the map,

F
(n)
ε = f−nφ ◦ fnφε .

Notice that F
(2)
ε = Fε1 as defined in (4.2). As in the case of n = 2, the map

F
(n)
ε is a local diffeomorphism at x0. Next, we define the map S : Bδ(0) →

ker(πk) ⊂ J ks (d) by

S(ε) = Jk0 (ψ0 ◦ F (n)
ε ◦ ψ−1

0 ),

where πk : J ks (d)→ J k−1
s (d) is the canonical projection.

Notice that S(0) = id ∈ ker(πk).

Theorem 4.8. If fφ is k-general along {x0, x1, . . . , xn}, then S is a sub-
mersion at 0.
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Proof. Let εi = εiei ∈ Rn−1 where ei is the vector with value one in the
i− th entry and zero elsewhere. Clearly,

F
(n)
εi = f−i+1 ◦ Fεi ◦ f i−1

where Fεi is the map defined in (4.2). By Proposition 4.5, Fεi = id +εiXH̃i
+

O(ε2
i ) where H̃i is the Hamiltonian H̃i = hi ◦ fφ with hi given in (4.3), i.e.,

hi(p, v) = 2ui(p)〈v,Nφ(p)〉. Therefore,

∂S
∂εi

(0) = Jk0Xi,

where Xi is the Hamiltonian vector field of the Hamiltonian Hi = hi◦f iφ◦ψ
−1
0

with the respect to the standard symplectic form dy∧dz in R2d. Notice that

Jk+1
0 Hi = Jk+1

0 (hi ◦ f iφ ◦ ψ−1
0 )

= Jk+1
0 (hi ◦ ψ−1

i ) ◦ (ψi ◦ f iφ ◦ ψ−1
0 )

= 2〈vi, Nφ(pi)〉G ◦D(ψi ◦ f iφ ◦ ψ−1
0 )(0)

where G is the polynomial given in (4.5). Since fφ is k-general along
{x0, x1, . . . , xn}, there are positive integers 0 < n1 < n2 < · · · < n` < n such

that {Jk+1
0 Hnj}`j=1 spans the vector space Rk+1[y, z]. Thus, {Jk0Xnj}`j=0

spans the tangent space of the Lie subgroup ker(πk) at id, which proves that
S is a submersion at 0. �

4.2. Proof of Theorem 4.1. Recall ` from (4.4). Let k ∈ N and Σ be an
open, dense and invariant subset of J ks (d) and x ∈Mφ be a periodic point of
fφ with period m ≥ 4` whose periodic orbit O(x) passes only once through
each of its reflection points. Splitting the orbit O(x) in blocks of length 4, we
can use Lemma 6.4 and Lemma 6.6 together with Lemma 2.1 to perturb the
derivatives {Df4i

φ (x)}`i=1 by an arbitrary C∞- small smooth perturbation

φ0 = φ+ u0 so that O(x) is still a periodic orbit of fφ0 and fφ0 is j-general
along O(x) for every j = 1, . . . , k. Hence, by applying k times Theorem 4.8,
there is an arbitrary C∞- small smooth perturbation φ1 = φ0 +u1 such that
Jkx (f−mφ0 ◦ f

m
φ1

) ∈ f−mφ0 Σ. This shows that Jkxf
m
φ1
∈ Σ. �

4.3. Proof of Theorem 4.2. Recall ` from (4.4). Let Σ be an open, dense
and invariant subset of J ks (d), k ∈ N. Given m ≥ 4`, denote by Ym the
set of φ ∈ B∞ such that fφ has only a finite number of periodic orbits of
period less than or equal to m, all periodic orbits are non-degenerate and
each periodic orbit passes only once through each of its reflection points,
and any two differente periodic orbits have no common reflection point. By
Theorem 2.8, Ym is a C∞-residual subset of B∞. Now, denote by Rm the
subset of Ym such that for every φ ∈ Rm and every periodic point x of fφ of
period π ≤ m, the k-jet of fπφ at x belongs to Σ. Because, for each φ ∈ Rm,
the billiard map fφ has only a finite number of periodic orbits of period less
than m and Σ is open, by continuity of φ 7→ fφ we conclude that Rm is
open relative to Ym. Moreover, by Theorem 4.1, the set Rm is C∞ dense.
Hence, Rm is a C∞-residual set. Taking the intersection, R =

⋂
m≥4`Rm

we conclude that R is also C∞-residual. �
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5. Proof of Theorem 3.1

We start by presenting some tools related to elliptic orbits of symplecto-
morphisms that will be later applied to the billiard maps. We conclude with
a perturbation assuring positive topological entropy.

5.1. Birkhoff normal form. Let q ∈ N and ω0 be the canonical symplectic
form on R2q. Given a symplectomorphism f : R2q → R2q so that the origin
is a totally elliptic fixed point, we write the eigenvalues of Df(0) as

e±2πia1 , . . . , e±2πiaq .

Moreover, the fixed point is called 4-elementary if

q∑
j=1

ajνj 6∈ Z,

for every ν1, . . . , νq ∈ Z such that 1 ≤
∑q

j=1 |νj | ≤ 4.
One can find coordinates for which f takes a more explicit form, called the

Birkhoff normal form (see below). We will be using the map ψ : Rq ×Rq →
Cq, ψ(x, y) = x+ iy.

Theorem 5.1 (Birkhoff normal form [34, Lemma 3.3.2]). Let f be a C1-
symplectomorphism on (R2q, ω0) of class C3 at the origin. If the origin is a
4-elementary totally elliptic fixed point, then there is a Cω-symplectomorphism
h, a q × q real matrix β and a C1-map R : Cq → Cq such that F : Cq → Cq,
F := ψ ◦ h ◦ f ◦ h−1 ◦ ψ−1, is given by

F (z) = Φ(z)z +R(z)

with

Φ(z) =

e
2πiϕ1(z) 0

. . .

0 e2πiϕq(z)


where ϕj(z) = aj +

∑q
k=1 βj,k|zk|

2 and D`R(0) = 0 for ` = 0, 1, 2, 3.

5.2. Contreras-Arnaud-Herman theorem. Consider the exact symplec-
tic manifold (Tq×Rq, ω) with ω = dλ and λ = r dθ by using the coordinates
(θ, r) ∈ Tq×Rq. So, ω = dr∧dθ. Denote by π1 : Tq×Rq → Tq the canonical
projection on the first q components.

A symplectomorphism f is weakly monotonous if

det(∂2π1f(θ, r)) 6= 0

(when q = 1 it is usually called a twist map).
A completely integrable symplectomorphism is defined to be of the form

g(θ, r) = (θ + τ(r) mod Zq, r)

for a given τ ∈ C1(Rq,Rq) with τ(0) = 0. It is an exact symplectomorphism.
In addition, it is weakly monotonous if det(Dτ(θ, r)) 6= 0. Notice that in
this case any symplectomorphism C1-close to g is also weakly monotonous.

The following theorem is proved in [20, Theorem 4.1] by Contreras using
previous results of Arnaud and Herman [4].
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Theorem 5.2 (Contreras). If f : Tq × Rq → Tq × Rq is a weakly monot-
onous exact C4-symplectomorphism without degenerate periodic orbits and
C1-close to a completely integrable symplectomorphism, then f has a 1-
elliptic periodic point near Tq × {0}.
5.3. Periodic orbits of a generic billiard. We show here that generically,
periodic orbits are hyperbolic or a specific kind of q-ellipticity holds. We
make use of the version of the Klingenberg-Takens theorem for billiard maps
given by Theorem 4.2.

Let φ ∈ Br, r ∈ {2, 3, . . . ,∞}, and x be a q-elliptic periodic point with
period m. The map fmφ restricted to the center manifold W c(x) in a small
enough neighbourhood of x, can be written in appropriate coordinates as
a Cr−1-diffeomorphism f : R2q → R2q preserving the canonical symplectic
form ω0 and fixing the origin. If the origin is 4-elementary, then we say that
x is a 4-elementary q-elliptic periodic point of φ.

Moreover, we say that x is weakly monotonous if there is a Birkhoff normal
form (Theorem 5.1) satisfying det(β) 6= 0. Notice that this condition is
invariant under conjugation by symplectomorphisms. In addition, observe
that the 3-jet of the new map F at the origin is solely determined by Φ.

Proposition 5.3. There is a C∞-residual set R1 ⊂ B∞ such that for any
φ ∈ R1 any periodic point of period ≥ 4

(
2d+3

4

)
is either hyperbolic or 4-

elementary weakly monotonous q-elliptic for some 1 ≤ q ≤ d.

Proof. Let Σ be the subset of 3-jets in J 3
s (d) for which the origin is either

hyperbolic or 4-elementary weakly monotonous q-elliptic for some 1 ≤ q ≤ d.
Notice that Σ is open, dense and invariant. So, by Theorem 4.2, there is a
residual set of billiards in B∞ whose 3-jets are in Σ. �

5.4. Reduction to 1-elliptic. We now find conditions for the existence of
a 1-elliptic periodic point nearby a q-elliptic one.

Consider φ ∈ B2 and a 4-elementary weakly monotonous q-elliptic m-
periodic point. We look again at fmφ restricted to the center manifold of the
period point. This defines a Birkhoff normal form F as in Theorem 5.1, for

the coordinates z = x + iy ∈ Cq, and F̃ = ψ−1 ◦ F ◦ ψ for the coordinates
(x, y).

Let ε > 0 and

Qε : Rq × Rq \ {(0, 0)} → Tq × Rq+
be a coordinate change such that Q−1

ε (θ, r) = (x, y) with

xj =
√
εrj cos(2πθj) and yj =

√
εrj sin(2πθj).

We then define on Tq × Rq+ the map

Fε = Qε ◦ F̃ ◦Q−1
ε .

Let λε = Q∗ε(r dθ) = 1
2πε(x dy − y dx) be the pull-back by Qε of the form

r dθ. Recall that F̃ ∗(λε)− λε is exact since F̃ is a symplectomorphism on a
simply connected domain. So, F ∗ε (r dθ)− r dθ is exact. The same applies to
any iterate FNε .

Consider also the map

Gε = Qε ◦ ψ−1 ◦G ◦ ψ ◦Q−1
ε ,
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whereG(z) = Φ(z)z is the first term of F . It follows by a simple computation
that

Gε(θ, r) = (θ + a+ εβr mod Zq, r).
Any iterate of Gε is a weakly monotonous completely integrable exact sym-
plectomorphism sinceGNε (θ, r) = (θ+Na+Nεβr mod Zq, r) and det(Nεβ) 6=
0 for every N ∈ N.

Notice that the fixed point of F is not in the domain since Qε is not
defined at the origin. In fact, we focus on the following strip near Tq × {0}
so that we can use Theorem 5.2. Given 0 < ρ < 1

2q , define the domain

Bρ =

(θ, r) ∈ Tq × Rq :

q∑
j=1

(
rj −

1

2q

)2

< ρ2

 .

Lemma 5.4 (Moser, cf. [4]). Let 0 < ρ′ < ρ and C > 0. There is ε0 > 0
such that for every 0 < ε < ε0 and N ∈ N verifying εN < C, we have

lim
ε→0
‖FNε −GNε ‖C1 = 0 on Bρ′ .

For sufficiently small ε recall that FNε is weakly monotonous because it
is C1-close to GNε . Since we can extend these maps so that the conditions
of Theorem 5.2 are fulfilled, we have thus proved the following result by
using [4, Lemma 8.6].

Proposition 5.5. Let φ ∈ B5 without degenerate periodic points. Any 4-
elementary weakly monotonous q-elliptic periodic point, 1 ≤ q ≤ d, has a
1-elliptic periodic point nearby.

5.5. Essential invariant curves with rational rotation number. Let
φ ∈ B2 and x a 1-elliptic periodic point with period m. Restrict fmφ to the
two-dimensional center manifold of x, which is normally hyperbolic. Use
the Birkhoff normal form and the above coordinate change into T1 × (0, δ)
for some small δ > 0. We can extend this to an area-preserving twist
diffeormorphism on the cylinder A = T1× [0, 1], that can be written in local
coordinates as

ϕ : A→ A,
with ϕ(θ, 0) = (θ, 0) corresponding to the periodic point x and ϕ(θ, 1) ∈
T1 × {1}.

Recall the following criterium to find positive topological entropy in the
case of area-preserving twist maps (see also [15, 46]). An essential curve is
a non-contractible simple closed curve on A.

Theorem 5.6 (Angenent [2, 3]). Let ϕ be an area-preserving twist home-
omorphism on A with rotation interval I and preserving the boundaries. If
there is ρ ∈ I such that there are no essential invariant curves with rotation
number ρ, then htop(ϕ) > 0.

In the case ϕ is a C1+α-diffeomorphism, α > 0, a celebrated result by
Katok [32, Corollary 4.3] states that positive topological entropy implies the
existence of a hyperbolic periodic point with a transversal homoclinic point.
The hyperbolic periodic point in the central manifold is also a hyperbolic
periodic point for the map by [4, Lemma 8.6]. The same holds for the
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transversal homoclinic point. Hence, there is a horseshoe for some iterate
of the billiard map [33, Theorem 6.5.5].

We are therefore left with the case of existence of essential invariant curves
of ϕ for any rotation number inside a small interval close to zero. If the ro-
tation number is rational, only two cases can occur: the invariant curve
either consists entirely of periodic points or is a heteroclinic chain, i.e. a set
formed by finitely many hyperbolic periodic points x1, . . . , xn and hetero-
clinic connections between them (cf. [27, 38]). In the first case, all periodic
points must be degenerate, which is a situation not allowed generically (see
Theorem 2.8). To deal with the second case, first we observe that a hy-
perbolic periodic point for ϕ is an hyperbolic periodic point for the billiard
map. Then we use Theorem 5.7 together with parts (1) and (2) of Theo-
rem 2.8 to obtain a convex body arbitrarily close to φ for which the points
x1, . . . , xn are hyperbolic periodic points with transverse heteroclinic points.
This property implies the existence of transverse homoclinic points for each
periodic point xi, which in turn implies the existence of a horseshoe for some
iterate of the billiard map (see [33, Section 6]). This concludes the proof of
Theorem 3.1.

5.6. Transverse heteroclinic intersections. The theorem presented here
is the multidimensional analog of [22, Theorem 1].

Let φ ∈ Br, r ∈ {2, 3, . . . ,∞}. Recall that π1(x) = p for every x = (p, v) ∈
Mφ and Nφ(p) ∈ Rd+1 is the unit normal vector of Γφ at p inward-pointing,
as defined in section 2. Given a hyperbolic periodic point x ∈ Mφ of fφ,
denote by W s

φ(x) and W u
φ (x) the stable and the unstable manifolds of x.

Theorem 5.7. Suppose that fφ has two hyperbolic periodic points x and y
and a heteroclinic point z ∈ W s

φ(x) ∩W u
φ (y) such that π1(z) /∈ π1(O(x) ∪

O(y)). There exist u ∈ C∞(S,R) and ε0 > 0 such that for every 0 < ε < ε0

the following holds:

(1) φε := φ+ εu ·Nφ(π1(z)) ∈ Br,
(2) φε = φ except for a small neighbourhood of π1(z),
(3) O(x) and O(y) are hyperbolic periodic orbits of fφε,
(4) z ∈W s

φε
(x) ∩W u

φε
(y),

(5) TzW
s
φε

(x) and TzW
u
φε

(x) are transverse.

Proof. Let z = (p, v) and consider a neighbourhood U ⊂ Γφ of p such that
U does not intersect π1(O(x)), π1(O(y)) and π1(O(z) \ {z}). Recall the
definition of K(x) in (2.12). To stress the dependence on φ we write Kφ(x).
By Lemma 2.1, there exist ε0 > 0 and u ∈ C∞(S,R) such that for every
0 ≤ ε < ε0 the following holds:

• supp(u) ⊂ φ−1(U)
• φε := φ+ εu ·Nφ(p) ∈ Br,
• p ∈ Γφε and TpΓφε = TpΓφ,
• Kφε(z) = Kφ(z) + εΩφ,

where Ωφ := −2〈v,Nφ(p)〉(P vNφ(p))
∗P vNφ(p) is an invertible self-adjoint linear

operator on v⊥. Then

fnφε(x) = fnφ (x), fnφε(y) = fnφ (y) and fnφε(z) = fnφ (z), n ∈ Z.
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Hence, x and y are hyperbolic periodic points of fφε , and z is a heteroclinic
point of fφε ., i.e., z ∈W s

φε
(x) ∩W u

φε
(y). Moreover,

• Tfφ(z)W
s
φε

(fφ(x)) = Tfφ(z)W
s
φ(fφ(x)),

• Tf−1
φ (z)W

u
φε

(f−1
φ (y)) = Tf−1

φ (z)W
u
φ (f−1

φ (y)).

By Lemma 2.5, it follows that

TzW
s
φε(x) = TzW

s
φ(x).

Since the stable and unstable manifolds of x and y with respect to fφ are

Lagrangian, there exist self-adjoint linear operators Aφ and Bφ on Nφ(p)⊥

such that the tangent spaces TzW
s
φ(x) and TzW

u
φ (y) can be written in Jacobi

coordinates as follows (see [49, Appendix B] and references therein),

TzW
s
φ(x) =

{
(J, (P vNφ(p))

∗AφP
v
Nφ(p)J) : J ∈ v⊥

}
,

TzW
u
φ (y) =

{
(J, (P vNφ(p))

∗BφP
v
Nφ(p)J) : J ∈ v⊥

}
.

Then, again by Lemma 2.5,

TzW
u
φε(y) =

[
I 0

Kφε(z) I

] [
I 0

−Kφ(z) I

]
TzW

u
φ (y)

=
{

(J,BεJ) : J ∈ v⊥
}

with

Bε := (P vNφ(p))
∗BφP

v
Nφ(p) +Kφε(z)−Kφ(z)

= (P vNφ(p))
∗BφP

v
Nφ(p) + εΩφ

= (P vNφ(p))
∗(Bφ − 2ε〈v,Nφ(p)〉I)P vNφ(p).

Now, the manifolds W s
φε

(x) and W u
φε

(y) are transversal at z if and only

if Bφ − Aφ − 2ε〈v,Nφ(p)〉I is invertible. This is equivalent to say that
2ε〈v,Nφ(p) is not an eigenvalue of Bφ − Aφ. If Aφ = Bφ, then just choose
any 0 < ε < ε0, otherwise choose any 0 < ε < min{ σ

2〈v,Nφ(p) , ε0} where σ is

the least non-zero singular value of Bφ −Aφ. �

Remark 5.8. Our main result applied to ellipsoids in Rn+1 implies that
there are convex bodies with smooth boundary arbitrarily close to ellipsoids
whose billiards map has positive topological entropy. We observe that this
conclusion can be obtained in a straightforward manner by applying Theo-
rem 5.7 directly to ellipsoids, similarly to what Donnay did for billiards in
ellipses [22]. Indeed, for a billiard in a ellipsoid φ of Rn+1 with a unique
major axis, the periodic orbit γ = {x1, x2} corresponding to the major axis
of the ellipsoid is hyperbolic, and the periodic points x1 and x2 have het-
eroclinic connections, i.e. W s

φ(x1) = W u
φ (x2) and W u

φ (x1) = W s
φ(x2) [12,

Section 6]. Using Theorem 5.7, we can C2-approximate the ellipsoid φ by
convex bodies φε with smooth boundary such that x1 and x2 are hyper-
bolic periodic points of period 2 also for fφε , and W s

φε
(x1) and W u

φε
(x2) as

well W u
φε

(x1) and W s
φε

(x2) have transverse intersections. Hence, x1 and x2

form a heteroclinic chain with transverse heteroclinic points for the billiard
map of φε, and so each point x1 and x2 must have a transverse homoclinic
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point. In particular, the billiard inside φε has positive topological entropy.
Similar results were obtained in [21, 12] using a variational approach and
Poincaré-Melnikov method.

6. Franks’ lemma for multidimensional billiards

In this section we generalize the Franks’ lemma for multidimensional bil-
liards.

Denote by Sp(TxM) the set of linear symplectic automorphisms on TxM .

Theorem 6.1. Let r ∈ {2, 3, . . . ,∞}. There is a Cr-residual subset R ⊂ Br
such that for every φ ∈ R, every periodic point x ∈Mφ of fφ having period
m ≥ 4 and any ε > 0 there is δ > 0 such that for any Π ∈ Sp(TxM) which
is δ-close to Dfmφ (x) : TxM → TxM , there is u ∈ C∞(S,Rd+1) which is

ε-C2-close to 0 such that

(1) φu := φ+ u ∈ Bk,
(2) O(x) is a periodic orbit of both fφ and fφu,
(3) Dfmφu(x) = Π,

(4) the perturbation u can be chosen to vanish outside an arbitrary small
neighbourhood of 4 consecutive reflection points of the periodic orbit
O(x).

6.1. Some linear algebra. Let V be a d-dimensional real vector space with
an inner product 〈·, ·〉. Let L(V) denote the ring of linear operators on V
and Sym(V) denote the linear space of self-adjoint linear operators on V.
Given X ∈ L(V), let ΨX : Sym(V)→ L(V) be the linear map

ΨX(Y ) = X∗Y − Y X, (6.1)

where X∗ is the adjoint linear operator of X. Clearly, ΨX(Y ) = 0 iff Y X ∈
Sym(V).

Lemma 6.2. If X has all its eigenvalues distinct, then there is a subspace

V ⊂ Sym(V) of dimension d(d−1)
2 such that ΨX restricted to V is invertible.

Proof. By fixing an orthonormal basis of V, the linear operator Z := ΨX(Y )

is represented by a matrix Ẑ := X̂>Ŷ −Ŷ X̂ where X̂ and Ŷ are the matrices
of X and Y in the basis of V, and X̂> is the transpose matrix of X̂. Using
the Kronecker product ⊗ we can write

Ẑ = Φ(Ŷ ) := (X̂> ⊕ (−X̂>))vec(Ŷ ),

where A⊕B := (I ⊗A) + (B ⊗ I) for A,B ∈ Mat(d),

A⊗B =

a1,1B · · · a1,nB
...

. . .
...

an,1B · · · an,nB

 and vec(A) =

A∗,1...
A∗,n

 .
It is known that A ⊕ B has eigenpair (λA + λB, vA ⊗ vB) if (λA, vA) is an
eigenpair of A and (λB, vB) is an eigenpair of B (see [30, Theorem 4.4.5]).

Any eigenvalue of A⊕B arises in this way. Since X̂ has d distinct eigenvalues,
the kernel of Φ has dimension d. Moreover,

Ker(Φ) = {v ⊗ v : v is a left eigenvector of X̂} ⊂ Sym(d),
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where we make the identification v⊗v ≡
[
v1v · · · vdv

]
∈ Sym(d). There-

fore, Ker(ΨX) ⊂ Sym(V) and dim Ker(ΨX) = d.
Now consider any subspace V ⊂ Sym(V) such that Sym(V) = Ker(ΨX)⊕

V . Clearly, ΨX restricted to V is invertible and

dimV = dim Sym(V)− dim Ker(ΨX) =
d(d− 1)

2
.

�

On V× V we introduce the canonical symplectic form

Ω(w1, w2) = 〈y1, z2〉 − 〈y2, z1〉,

where wi = (yi, zi) ∈ V×V. We denote by Sp(V×V) the group of symplectic
linear operators on V× V.

Let C,F ∈ Sp(V× V) given by

C(K) =

[
I 0
K I

]
and F (τ) =

[
I τI
0 I

]
where K ∈ Sym(V), τ ∈ R and I is the identity operator on V. The
derivative of the billiard map in Jacobi coordinates has the form,

A(K, τ) := C(K)F (τ) =

[
I τI
K I + τK

]
∈ Sp(V× V).

Throughout this section fix τ1, τ2, τ3, τ4 ∈ R \ {0} and define the map

B : Sym(V)4 → Sp(V× V)

by

(K1,K2,K3,K4) 7→ A(K4, τ4)A(K3, τ3)A(K2, τ2)A(K1, τ1). (6.2)

We also define the following linear operators on V:

Ω(K2) := K2 + (1/τ2 + 1/τ3)I (6.3)

and

∆(K2,K3) := (K3 + (1/τ3 + 1/τ4)I)(K2 + (1/τ2 + 1/τ3)I), (6.4)

where K2 and K3 belong to Sym(V).

Definition 6.3. We say that (K2,K3) ∈ Sym(V)2 satisfy the F -property if
Ω(K2) is invertible and ∆(K2,K3) has d distinct eigenvalues.

The following result is crucial in the proof of Franks’ lemma.

Lemma 6.4. If K = (K1,K2,K3,K4) ∈ Sym(V)4 such that (K2,K3) satisfy
the F -property, then DB(K) has full rank and B is a submersion at K.

Proof. Let Ω = Ω(K2) and ∆ = ∆(K2,K3) as defined in (6.3) and (6.4),
respectively. Fix a basis {Ei,j}1≤i≤j≤d for Sym(V). By Lemma 6.2, there
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is a subspace V of Sym(V) of dimension d(d−1)
2 such that Ψ∆ (as defined in

(6.1)) restricted to V is invertible. Let {Vj} denote a basis for V and define,

X(j) := DB(K)(Vj , 0, 0, 0),

Y (i,j) = DB(K)(0, Ei,j , 0, 0),

Z(i,j) = DB(K)(0, 0, Ei,j , 0),

W (i,j) = DB(K)(0, 0, 0, Ei,j).

Since

dimV + 3× dim Sym(V) = dim Sp(V),

to prove that DB(K) has full rank it is sufficient to show that the tangent
vectors defined above are linearly independent, i.e.,∑

j

αjX
(j) +

∑
i≤j

βi,jY
(i,j) +

∑
i≤j

γi,jZ
(i,j) +

∑
i≤j

θi,jW
(i,j) = 0

implies that αj = βi,j = γi,j = θi,j = 0. Taking into account that

DA(K, τ)(S) =

[
0 0
S τS

]
, S ∈ Sym(V)

we compute,

X(j) =

[
0 0
Vj τ4Vj

] [
I τ3I
K3 I + τ3K3

] [
I τ2I
K2 I + τ2K2

] [
I τ1I
K1 I + τ1K1

]
,

Y (i,j) =

[
I τ4I
K4 I + τ4K4

] [
0 0
Ei,j τ3Ei,j

] [
I τ2I
K2 I + τ2K2

] [
I τ1I
K1 I + τ1K1

]
,

Z(i,j) =

[
I τ4I
K4 I + τ4K4

] [
I τ3I
K3 I + τ3K3

] [
0 0
Ei,j τ2Ei,j

] [
I τ1I
K1 I + τ1K1

]
,

W (i,j) =

[
I τ4I
K4 I + τ4K4

] [
I τ3I
K3 I + τ3K3

] [
I τ2I
K2 I + τ2K2

] [
0 0
Ei,j τ1Ei,j

]
.

Define X̂(j) := A(K4, τ4)−1X(j)F (τ1)−1, Ŷ (i,j) := A(K4, τ4)−1Y (i,j)F (τ1)−1,
etc. Using the fact that

A(K, τ)−1 =

[
I + τK −τI
−K I

]
and F (τ1)−1 = F (−τ1)

we find that

X̂(j) =

[
−τ4X

(j)
2,1 −τ4X

(j)
2,2

X
(j)
2,1 X

(j)
2,2

]

Ŷ (i,j) =

[
0 0

Ŷ
(i,j)

2,1 Ei,j((τ2 + τ3)I + τ2τ3K2)

]

Ẑ(i,j) =

[
τ3Ei,j(I + τ2K1) τ2τ3Ei,j

(I + τ3K3)Ei,j(I + τ2K1) τ2(I + τ3K3)Ei,j

]
Ŵ (i,j) =

[
((τ2 + τ3)I + τ2τ3K2)Ei,j 0

(τ2K3 + (I + τ3K3)(I + τ2K2))Ei,j 0

]
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where Ŷ
(i,j)

2,1 , X
(j)
2,1 and X

(j)
2,2 can be explicitly computed, but only the expres-

sion for X
(j)
2,2 will be needed,

X
(j)
2,2 = Vj(τ2I + (I + τ2K2)τ3 + τ4(I + τ3K3)(I + τ2K2) + τ2τ4K3)

= τ2τ3τ4Vj

(
∆− 1

τ2
3

I

)
.

Hence, in the (1, 2)-th block we have the equation

−τ2τ3τ
2
4

∑
j

αiVj

(∆− 1

τ2
3

I

)
+ τ2τ3

∑
i≤j

γi,jEi,j = 0.

Thus, we must have H∆ ∈ Sym(V) where H =
∑

j αjVj ∈ V . Equivalently,

Ψ∆(H) = 0. By Lemma 6.2, Ψ∆ restricted to V is invertible, hence H = 0,
i.e., αj = 0 for every j. This also implies that γi,j = 0 for every i ≤ j. Now,
looking at the (2, 2)-th block we have the equation τ2τ3

∑
i≤j βi,jEi,jΩ = 0.

Since Ω is invertible, we conclude that βi,j = 0 for every i ≤ j. Finally,
looking at the (1, 1)-th block we get, by the same argument, that θi,j = 0
for every i ≤ j. This concludes the proof. �

Remark 6.5. When d = 1, we have K2 = 2k2
cos θ2

where k2 is the curvature
of the billiard table at the collision point p2 and θ2 the reflection angle at
p2, and the pair (K2,K3) satisfies the F -property iff Ω(K2) is invertible, i.e.
iff

K2 6= −
(

1

τ2
+

1

τ3

)
.

This is precisely the non-focusing condition for the three consecutive colli-
sions {p1, p2, p3} ⊂ Γ used in [48].

Lemma 6.6. The set of pairs (K2,K3) ∈ Sym(V)2 that satisfy the F -
property is open and dense in Sym(V)2.

Proof. Clearly, the set of invertible linear operators GL(V) is open and dense
in L(V). Moreover, the set S(V) of linear operators with simple spectrum,
i.e., distinct eigenvalues, is also open and dense in L(V). ThusN := GL(V)∩
S(V) is open and dense. Now, consider the map ϕ : (A1, A2) 7→ A1A2 map-
ping GL(V)2 to GL(V). By continuity, ϕ−1(N ) is open. Moreover, ϕ−1(N )
is dense. Indeed, suppose by contradiction that ϕ−1(N ) ∩ (V1 × V2) = ∅
for some open subsets Vi of GL(V). Given A ∈ V1, the map ϕA : GL(V)→
GL(V) defined by ϕA(B) = ϕ(A,B) is a continuous surjective homomor-
phism, thus it is open by the open mapping theorem for locally compact
groups (see e.g. [28, Theorem 5.29]). This implies that ϕA(V2) is open in
GL(V), and since N is dense, we can find C ∈ N ∩ϕA(V2) and B ∈ V2 such
that AB = C, which contradicts the fact that ϕ−1(N ) does not intersect
V1 × V2. Therefore, the set

M1 = {(K2,K3) ∈ Sym(V)2 : ∆(K2,K3) has simple spectrum}
is open and dense in Sym(V)2. By the definition of Ω(K2) is is also clear
that

M2 = {K2 ∈ Sym(V) : Ω(K2) is invertible}
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is also open and dense in Sym(V). Hence, M = M1 ∩ (M2 × Sym(V)) is
open and dense as we wanted to show. �

6.2. Proof of Theorem 6.1. Recall K(x) : v⊥ → v⊥ from (2.12) where
x = (p, v) ∈ M . We say that an orbit segment γ = {xi}ni=0 ⊂ int(M) of f
is F -admissible if n ≥ 3, π1(γ) consists of n + 1 points in Γφ and there is
2 ≤ k < n such that (K(xk), R

−1
pk+1

K(xk+1)Rpk+1
) satisfy the F -property as

linear operators in Sym(v⊥k ).

Theorem 6.7. Let r ∈ {2, 3, . . . ,∞}. Let φ ∈ Br and consider an F -
admissible orbit segment γ = {xi}ni=0 ⊂ int(Mφ) of fφ. For every ε > 0
there is δ > 0 such that for any symplectic linear map A : Tx0Mφ → TxnMφ

which is δ-close to Dfnφ (x0), there is u ∈ C∞(S,Rd+1) which is ε-C2-close
to 0 such that

(1) φu := φ+ u ∈ Bk,
(2) γ is an orbit segment of both fφ and fφu,
(3) Dfnφu(x0) = A,

(4) the perturbation u can be chosen to vanish outside a arbitrary small
neighbourhood of four consecutive points in π1(γ).

Proof. Let xi = (pi, vi) for i = 0, . . . , n. According to Lemma 2.5, the
derivative of fnφ at x0 in Jacobi coordinates is the linear map Dfnφ (x0) : v⊥0 ×
v⊥0 → v⊥n × v⊥n given by

Dfnφ (x0) = C(xn)U(pn)F (τn) · · ·C(x1)U(p1)F (τ1) (6.5)

where

C(xi) =

[
I 0

K(xi) I

]
, U(pi) =

[
Rpi 0
0 Rpi

]
, F (τi) =

[
I τiI
0 I

]
,

and τi = ‖pi − pi−1‖ > 0 for i = 1, . . . , n. Also recall that K(xi) is a self-
adjoint linear operator on v⊥i and Rpi : v⊥i−1 → v⊥i is the reflection about

the hyperplane N(pi)
⊥ which maps v⊥i−1 isometrically onto v⊥i .

We can rewrite the product (6.5) in the following way

Dfnφ (x0) = U(pn) · · ·U(p1)A(Kn, τn) · · ·A(K1, τ1)

where

Ai := A(Ki, τi) =

[
I τiI
Ki I + τiKi

]
∈ Sp(v⊥0 × v⊥0 )

and Ki := (Rpi · · ·Rp1)−1K(xi)Rpi · · ·Rp1 ∈ Sym(v⊥0 ). By hypothesis, there
is 2 ≤ k < n such that (Kk,Kk+1) satisfy the F -property. Hence, by
Lemma 6.4, the map B defined in (6.2) with V := v⊥0 is a submersion at
K := (Kk−1,Kk,Kk+1,Kk+2). This shows that for any ε > 0 there is a
δ > 0 such that any symplectic linear map Π ∈ Sp(v⊥0 × v⊥0 ) which is δ-close
to An · · ·A1 may be realized as

Π = An · · ·Ak+3B(K̂)Ak−2 · · ·A1

by choosing K̂ ∈ Sym(v⊥0 )4 which is ε-close to K. By Lemma 2.1, for

each i ∈ {k − 1, k, k + 1, k + 2}, we can realize the curvature K̂i at pi by
choosing appropriate smooth functions ui ∈ C∞(S,R) which are ε-C2-close
to 0 and whose supports are contained in arbitrarily small neighbourhoods
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of pi. Finally, we define the perturbation u =
∑k+2

i=k−1 uiNφ(pi) and the rest
of the properties follow. �

Given m ≥ 4, denote by Ym the set of φ ∈ Br such that fφ has only
a finite number of periodic orbits of period less than or equal to m, each
periodic orbit passes only once through each of its reflection points, and
any two differente periodic orbits have no common reflection point. By
Theorem 2.8, Ym is a Cr-residual subset of Br. Now, denote by Rm the
subset of Ym consisting of those φ ∈ Rm such that every periodic orbit of
fφ of period ≥ 4 is F -admissible. Being F -admissible means that the pair of
curvature operators at two consecutive collision points belongs to an open
and dense set (Lemma 6.6). Since, for each φ ∈ Rm, the billiard map fφ has
only a finite number of periodic orbits of period less than m, by continuity
of φ 7→ Lφ we conclude that Rm is Cr-open relative to Ym. Moreover, by
Lemma 2.1, the set Rm is also Cr-dense. Hence, Rm is a Cr-residual set
and the intersectionR =

⋂
m≥4Rm is also Cr-residual. Finally, Theorem 6.1

follows from Theorem 6.7. �

7. Proof of Theorem 3.2

Let R1 be the C∞-residual set of Theorem 6.1 and R2 the one of Theo-
rem 2.8. Hence, one can take a C∞-residual

R = R1 ∩R2

on which there are an infinite number of periodic orbits with arbitrarly large
periods, all nondegenerate.

Consider the set of periodic points Permd(φ) with period≥ md, and denote
its closure by

Λ = Λ(φ) := Permd(φ).

Theorem 7.1. If φ ∈ R ∩ F2, then Λ(φ) is hyperbolic.

Proof. Since φ ∈ F2, the periodic points are hyperbolic, i.e.

P := Permd(φ) ⊂ H(φ).

We will apply the general result on the hyperbolicity of families of periodic
sequences of bounded symplectic linear maps given in [20, Theorem 8.1].
It is a symplectic version of the Mañé dichotomy on uniform dominated
splitting versus trivial spectrum.

For x ∈ P and n ∈ Z choose an orthonormal symplectic basis B(x, n) of
the tangent space Tfnφ (x)M . Thus the tangent map

Dfφ(fnφ (x)) : Tfnφ (x)M → Tfn+1
φ (x)M

is represented in the basis B(x, n) by a matrix denoted by ξxn ∈ Sp(R2d), a
symplectic linear map on R2d. Consider the family ξ = (ξx)x∈P of sequences
ξx = (ξxn)n∈Z.

For each periodic point x with period m we have periodicity of ξ in the
sense that

ξxn+m = ξxn, n ∈ Z,
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because they represent the matrices of Dfφ(fn+m(x)) = Dfφ(fn(x)) as
before. In addition, we have hyperbolicity of ξ, i.e.

ξxm−1 . . . ξ
x
0

is hyperbolic as this product of matrices corresponds to Dfmφ (x) which is

hyperbolic. Notice that all maps ‖ξxn‖ are uniformly bounded as the manifold
is compact.

Suppose that we can perturbDfmφ (x) within Sp(TxM) to a non-hyperbolic

map Π (there is an eigenvalue of modulus 1). Use Franks’ lemma Theo-

rem 6.1 to find φ̃ which is C2-close to φ such that Dfm
φ̃

(x) = Π. This means

that φ 6∈ F2 since x is a non-hyperbolic period point for φ̃ with period ≥ md.
So, ξ is a stably hyperbolic family of periodic sequences of bounded sym-

plectic linear maps. By [20, Theorem 8.1], ξ is uniformly hyperbolic. There-
fore, on P the tangent map Dfφ has an invariant spliting as in (1.1) and P
is hyperbolic. By the continuity of the splitting, this extends to the closure
Λ of P . �

Remark 7.2. There is a known alternative approach to prove Theorem 7.1
following the strategies used in several contexts, cf. [7, 13, 45, 29, 5]. The
main tool is the use of a symplectic version of [14, Corollary 2.18] as in [16].
It can be used to show the following dichotomy: there is either an uniform
dominated splitting on the set of periodic orbits having sufficiently large pe-
riods, or else a perturbation of the tangent map with trivial spectrum. Our
version of the Franks’ lemma (Theorem 6.1) then allows us to realize any
small perturbation of the tangent map by a C2-perturbation of the body
having a degenerate periodic point. However that is not allowed in F2.
Therefore, Permd(φ) has a uniform dominated splitting, which in the sym-
plectic case means that Permd(φ) is in fact partially hyperbolic [11, Theorem
11]. Restrict the tangent map to the central subspace of the splitting. Using
a Jordan normal form for symplectic matrices [36, 26], again by the above
dichotomy one gets a partially hyperbolic splitting. So, the dimension of the
stable and unstable subspaces of the original tangent map on Permd(φ) in-
creases. Repeating this procedure leads us to the conclusion that Permd(φ)
is in fact hyperbolic, and the same holds for Λ.

In view of the previous theorem and the Spectral Decomposition Theo-
rem [44, pp.385], the set Λ is a union of finitely many pairwise disjoint basic
hyperbolic sets. Since Λ is infinite by Theorem 2.7, at least one of those
basic sets must be nontrivial.
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104:1–221, 1983.

[28] E. Hewitt and K. Ross. Abstract Harmonic Analysis I,. Springer, Berlin, 1963.
[29] V. Horita and A. Tahzibi. Partial hyperbolicity for symplectic diffeomorphisms. Ann.
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of Riemannian metrics and applications to persistence. J. Mod. Dyn., 10:379–411,
2016.

[38] P. Le Calvez. Propriétés dynamiques des difféomorphismes de l’anneau e du tore.
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5, 56127 Pisa, Italy

Email address: gianluigi.delmagno@unipi.it
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