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ASYMPTOTIC DYNAMICS OF HAMILTONIAN
POLYMATRIX REPLICATORS

HASSAN NAJAFI ALISHAH, PEDRO DUARTE, AND TELMO PEIXE

ABSTRACT. In a previous paper [3| we have studied flows on poly-
topes presenting a method to encapsulate its asymptotic dynamics
along the heteroclinic network formed by the polytope’s edges and
vertices. These results apply to the class of polymatrix replicator
systems, which contains several important models in Evolutionary
Game Theory. Here we establish the Hamiltonian character of the
asymptotic dynamics of Hamiltonian polymatrix replicators.
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1. INTRODUCTION

A new method to study the asymptotic dynamics of flows defined on
polytopes is presented in . This method allows us to study the as-
ymptotic dynamics of flows defined on polytopes along the heteroclinic
network formed out of the polytope’s vertices and edges. Examples
of such dynamical systems arise naturally in the context of evolution-
ary game theory (EGT) developed by J. Maynard Smith and G. R.
Price [18].

One such example is the polymatriz replicator, introduced in [2,[4],
that is a system of ordinary differential equations developed to study
the dynamics of the designated polymatriz game. This game models
the time evolution of the strategies that individuals from a stratified
population choose to interact with each other.

The polymatrix replicator induces a flow in a polytope defined by

a finite product of simplices. These systems extend the class of the
1
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replicator and the bimatrix replicator equations studied in [19] and
in [16}/17], respectively.

In [2] the authors have introduced the subclass of conservative poly-
matrix replicators (see Definition which are Hamiltonian systems
w.r.t. appropriate Poisson structures. Moreover, in [4] the study of
this subclass is developed toghether with the subclass of dissipative
polymatrix replicators.

In this paper we will study the asymptotic dynamics of the conser-
vative polymatrix replicators, studying in particular its Hamiltonian
character. Namely, the main result of this paper states that for con-
servative polymatrix replicators a flow map defined in the dual of the
phase space is Hamiltonian w.r.t. some appropriate Poisson structure
on a system of cross sections (Theorem [6.19).

For this, we need to remember the main strategy of the method
developed in [3|, trying to avoid as much as possible the formal defi-
nitions as well the technical details that can be seen in more detail in
the referred paper.

The paper is organized as follows. In Section [2] we establish the nec-
essary background (based on [3]) to contextualize the results of this
paper. In particular we outline the construction of the asymptotic dy-
namics for a large class of flows on polytopes that includes the polyma-
trix replicators. In Section |3| we define a Poincaré map for Hamiltonian
systems on Poisson manifolds. In Section {4] we provide a short intro-
duction to polymatrix replicators, following [2|. Namely, we state the
basic definitions and results for the class of conservative polymatrix
replicators, that, based on the main results of |2,|4], we designate as
Hamiltonian polymatrixz replicators. In Section [5] we recall the tech-
nique developed in [3| to analyze the asymptotic dynamics of a flow
along the heteroclinic network formed by the edges and vertices of the
polytope where it is defined. In particular we review the main defini-
tions and results for the polymatrix replicator vector field. In Section 0]
we study the Poisson geometric properties of the Poincaré maps in the
case of Hamiltonian polymatrix replicators. Finally, in Section [7| we
present an example of a Hamiltonian polymatrix replicator with a non
trivial dimension to provide an illustration of the concepts and main
results of this paper. The graphics in this section were produced with
Wolfram Mathematica and Geogebra software.

2. OUTLINE OF THE CONSTRUCTION

We now outline the construction of the asymptotic dynamics for a
large class of flows on polytopes that includes the polymatrix repli-
cators. A polytope is a compact convex set in some Euclidean space
obtained as the intersection of finitely many half-spaces. A polytope is
called simple if the number of edges (or facets) incident with each vertex
equals the polytope’s dimension. Prisms, phase spaces of polymatrix
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replicators, are examples of simple polytopes. In [3]| we consider and
study analytic vector fields on simple polytopes which have the prop-
erty of being tangent to every face of the polytope. Such vector fields
induce complete flows on the polytope which leave all faces invariant.
Vertexes of the polytope are singularities of the vector field, while edges
without singularities, called flowing edges, consist of single orbits flow-
ing between two end-point vertexes. The vertexes and flowing edges
form a heteroclinic network of the vector field. The purpose of this
construction is to analyse the asymptotic dynamics of the vector field
along this one-dimensional skeleton. Throughout the text we assume
that every vector field is reqular. This means that the transversal de-
rivative of the vector field is never identically zero along any facet of
the polytope.

The analysis of the vector field’s dynamics along its edge heteroclinic
network makes use of Poincaré maps between cross sections tranversal
to the flowing edges. Any Poincaré map along a heteroclinic or ho-
moclinic orbit is a composition of two types of maps, global and local
Poincaré maps. A global map, denoted by P,, is defined in a tubu-
lar neighbourhood of any flowing-edge . It maps points between two
cross sections X7 and 2;“ transversal to the flow along the edge v. A
local map, denoted by P,, is defined in a neighbourhood of any vertex
singularity v. For any pair of flowing-edges 7, ' such that v is both the
ending point of 4/ and the starting point of 7, the local map P, takes
points from Zj, to 3. See Figure .

FIGURE 1. Local and global Poincaré maps along a heteroclinic
orbit.

Asymptotically, the nonlinear character of the global Poincaré maps
fade away as we approach a heteroclinic orbit. This means that these
non-linearities are irrelevant for the asymptotic analysis. For regular
vector fields, the skeleton character at a vertex, defined as the set of
eigenvalues of the tangent map along the edge eigen-directions, com-
pletely determines the asymptotic behaviour of the local Poincaré map
at that vertex.
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To describe the limit dynamical behaviour we introduce the dual cone
of a polytope where the asymptotic piecewise linear dynamics unfolds.
This space lies inside R, where F is the set of the polytope’s facets.
The dual cone of a d-dimensional simple polytope I' is the union

ci(r):=Jm,,

veV

where for each vertex v, II, is the d-dimensional sector consisting of
points y € R¥ with non-negative coordinates such that y, = 0 for every
facet that does not contain v. See Figure [2|

H’Yz
V3 Y2 V1
I1,,
II,,
ge! 3
1_["/3
Uz H’Yl I
U2

FIGURE 2. Dual cone of a triangle in RY".

Given a vector field X on a d dimensional polytope I' C R?, we now
describe a rescaling change of coordinates WX, depending on a blow up
parameter €. See Figure [3]

c* (1)
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3

I, I,

I1,

3

FIGURE 3. Asymptotic linearisation on the dual cone. The left
image represents an orbit on the simplex A? and the right one the
corresponding (nearly) piecewise linear image under the map WX
on the dual cone.

This change of coordinates maps tubular neighbourhoods of edges
and vertices to the dual cone C*(I'). For instance, the tubular neigh-
bourhood N, of a vertex v is defined as follows. Consider a system
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(x1,...,2q) of affine coordinates around v, which assigns coordinates
(0,...,0) to v and such that the hyperplanes z; = 0 are precisely the
facets of the polytope through v. Then N, is defined by

N,:={peTl® 0<mzip) <1 for 1 <j<d}

The sets {z; = 0} NN, are called the outer facets of N,. The remaining
facets of N, defined by equations like x; = 1, are called the inner facets
of N,. The previous cross sections fo can be chosen to match these
inner facets of the neighbourhoods N,.

The rescaling change of coordinates X maps N, to the sector IL,,.

Enumerating I’ so that the facets through v are precisely oy, ..., 04,
the map ¥ is defined on the neighbourhood N, by
UX(q) = (—€* logz1(q), ..., —€* logxa(q),0,...,0).

Similarly, given an edge v, ¥ maps a tubular neighbourhood N, of v
to the facet sector IL, := I, N1I, of I, where v’ is the other end-point
of . The map ¥ sends interior facets of N, and N, respectively to
boundary facets of II, and IL, while it maps outer facets of N, and
N, to infinity. As the rescaling parameter e tends to 0, the rescaled
push-forward ¢=2 (UX), X of the vector field X converges to a constant
vector field ¥ on each sector II,. This means that asymptotically,
as € — 0, trajectories become lines in the coordinates (y,)oer = V.
Given a flowing-edge v between vertices v and v’, the map U over N,
depends only on the coordinates transversal to v. Moreover, as € — 0
the global Poincaré map P, converges to the identity map in the coordi-
nates (Y, )oer = \Ilf . Hence the sector II, is naturally identified as the
common facet between the sectors II, and II,,. Hence the asymptotic
dynamics along the vertex-edge heteroclinic network is completely de-
termined by the vector field’s geometry at the vertex singularities and
can be described by a piecewise constant vector field x on the dual
cone, whose components are precisely those of the skeleton character
of X. We refer to this piecewise constant vector field as the skeleton
vector field of X. This vector field x induces a piecewise linear flow on
the dual cone whose dynamics can be computationally explored.

We use Poincaré maps for a global analysis of the asymptotic dynam-
ics of the flow of X. We consider a subset S of flowing-edges with the
property that every heteroclinic cycle goes through at least one edge in
S. Such sets are called structural sets. The flow of X induces a Poincaré
map Pg on the system of cross sections Yg := U%SE;“ . Each branch
of the Poincaré map Ps is associated with a heteroclinic path starting
with an edge in S and ending at its first return to another edge in S.
These heteroclinic paths are the branches of S. The flow of the skeleton
vector field x also induces a first return map ng : Dg C IIg — Ilg on
the system of cross sections Ilg := U,cgIL,. This map mg, called the
skeleton flow map, is piecewise linear and its domain is a finite union
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of open convex cones. In some cases, see Proposition [5.18] the map g
becomes a closed dynamical system.

We can now recall the main result in 3|, Theorem below, which
says that in the rescaling change of coordinates WX, the Poincaré map
Pg converges in the C'*° topology to the skeleton flow map 7g, in the
sense that the following limit holds

lim U)X o Pgo (U))™' = mg
e—0

with uniform convergence of the map and its derivatives over any com-
pact set contained in the domain Dg C Ilg.

Consider now, for each facet o of the polytope, an affine function
R? > ¢ — 2,(q) € R which vanishes on ¢ and is strictly positive on
the rest of the polytope. With this family of affine functions we can
present the polytope as I'Y = Nycp{r, > 0}. Any function function
h :int(I'Y) — R of the form

h(‘]) = Z o log xa(Q) (CU € R)

oeF

rescales to the following piecewise linear function on the dual cone

ny) =Y oo

ocEF

in the sense that n = lim._,qe~2 (h o (UX)~1). When all coefficients c,
have the same sign then 7 is a proper function on the dual cone and
all levels of 1 are compact sets. If the function A is invariant under the
flow of X, i.e. ho Ps = h, then the piecewise linear function 7 is also
invariant under the skeleton flow, i.e. nomwg = 1. Thus integrals of
motion (of vector fields on polytopes) of the previous form give rise to
(asymptotic) piecewise linear integrals of motion for the skeleton flow.

3. POISSON POINCARE MAPS

In this section we will define Poincaré map for Hamiltonian systems
on Poisson manifolds. For Hamiltonian vector fields on symplectic
manifolds it is well known that the Poincaré map preserves the in-
duced symplectic structure on any transversal section (see |20, Theorem
1.8.]). We extend this fact to Hamiltonian systems on Poisson mani-
folds, showing that any transversal section inherits a Poisson structure
and the Poincaré map preserves this structure.

A Poisson manifold is a pair (M, ) where M is a smooth manifold
without boundary and 7 a Poisson structure on M. Recall that a
Poisson structure is a smooth bivector field m with the property that
[m,m] = 0, where [-,] is the Schouten bracket (cf. e.g. [10]). The
bivector field 7 defines a vector bundle map

™ T*M —TM by &— (&) (3.1)
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The image of this map is an integrable singular distribution which
integrates to a symplectic foliation, i.e., a foliation whose leaves have
a symplectic structure induced by the Poisson structure.

Notice that a Poisson structure can also be defined as a Lie bracket
{,-} on C°(M) x C*°(M) satisfying the Leibniz rule

{fighy ={f,gth+g{f. R}, f.g,h € C™(M).

These two descriptions are related by w(df,dg) = {f,¢}. In a local
coordinate chart (U, x1, .., z,,), or equivalently when M = R™, a Poisson
bracket takes the form

{f> g}(x) = (dmf)t [ﬂ-ij(x)]ij d.g,
where m(z) = [m;;(x)];; = [{z: 2;}(x)];; is a skew symmetric matrix

valued smooth function satisfying

n

37% (97rjk 87rki ..
i =0 Vi, i, k .
; B2, T, + o, T + o1y T 1,7

Definition 3.1. Let (M, {, }) and (N, {.,.}n) be two Poisson mani-
folds. A smooth map v : M — N will be called a Poisson map iff
{fov,hovty ={f htnod Vf heC™NN). (3.2)
Using the map 7¥, defined at (3.1]), this condition reads as
(DY)h (D) = 7y 0, (3.3)
where we use the notation (D1))* to denote the adjoint operator of D1.

Notice that, if D1 is the Jacobian matrix of v in local coordinates, then
the matrix representation of the pullback will be (D))"

Remark 3.2. When 1 is a diffeomorphism and only one of the mani-
folds M or N is Poisson manifold, Definition can be used to push-
forward or pullback the Poisson structure to the other manifold.

Definition 3.3. Let (M, 7) be a Poisson manifold. The Hamiltonian
vector field associated to a given function H : M — R is defined by
derivation Xy (f) := {H, f} for f € C*(M), or equivalently Xy :=
7 (dH).

As in the symplectic case, to define the Poincaré map we will con-
sider the traversal sections inside the level set of the Hamiltonian. We
will show that such a transversal section is a cosymplectic submanifolds
of the ambient Poisson manifold and naturally inherits a Poisson struc-
ture. For more details on cosymplectic submanifolds see |21, Section
5.1].

Definition 3.4. N C (M,n) is a cosymplectic submanifold if it is
the level set of second class constraints i.e., N = N2 G;1(0) where

{G,...,Ga;} are functions such that [{G;,G;}(z)];; is an invertible
matrix at all points x € .
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Remark 3.5. A constraint is called first class if it Poisson commutes
with other constraints of the system. Sometimes, in the literature, a
constraint that has non-zero Poisson bracket with at least one other
constraint of the system is called a second class constraint. Defini-
tion demands a stronger condition, but the cosymplectic submani-
folds that we will use have codimension 2, where having non-zero Pois-
son bracket with the other constraint is the same as [{G;, G;}(2)]ij=1.2
being an invertible matrix.

Every, cosympletic submanifold is naturally equipped with a Poisson
bracket called Dirac bracket. Paul Dirac, |7], developed this bracket
to treat classical systems with second class constraints in Hamiltonian
mechanics.

Definition 3.6. For cosymplectic submanifold N C (M, ), let
Gl, ..,ng U —R

be its second class constraints, where U is a small enough neighbour-
hood of N in M such that the matrix [{G;, G,}(x)];; is invertible at
all points x € U. The Dirac bracket is defined on C*(U) by

{f7 g}DiraC = {f7 g} - [{fa G'L}]t [{Gla Gj}]il [{G’La g}]? (34)

where [{., G;}| is the column matrix with components {.,G;}i =1,...,2k.

Dirac bracket is actually a Poisson bracket on the open submanifold
U, see |21]. It takes an easy calculation to see that constraint functions
Gy, i = 1,...,2k are Casimirs of Dirac bracket. This fact allows the
restriction of Dirac bracket to the cosymplectic submanifold N. Note
that, in general, restricting (pulling back) a Poisson structure to an
arbitrary submanifold is not straightforward. Actually, the decompo-
sition

™(T,N°) ® T,N = T,M (3.5)
that holds for every point x € N and a strait forward calculation
yield the independence of the extension in the following definition. In
Equation , the term 7, N° is the annihilator of T, N in 7M. We
will use this notation in the rest of the paper. Equation can
be used as Definition of a cosymplectic submanifold, see |21], but for
our propose it suits better to use of second class constraints to define
cosymplectic submanifolds.

Definition 3.7. The restricted Dirac bracket on cosymplectic subman-
ifold NV, which will be also referred to as Dirac bracket, is simply defined
by extending in any arbitrary way functions on N to functions on U,
calculating their Dirac bracket on U and restricting the result back to
N.

We consider a Hamiltonian A on the m-dimensional Poisson man-
ifold (M, m) and its associated Hamiltonian vector field defined by
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Xy = {H,.} = 7*(dH). For a given point xqg € M let U be a neigh-
bourhood around it such that Xy(z) # 0 Vz € U, and &,, be the
energy surface passing through xg, i.e., the connected component of
H~'(H(xg)) containing xo. We call level transversal section to Xy at
a regular point zp € M any (m — 2)-dimensional transversal section
¥ C &, NU through z.

The following lemma shows that ¥ is a cosymplectic submanifold.

Lemma 3.8. Fvery level transversal section ¥ is a cosymplectic sub-

manifold of M.

Proof. Since d,,H # 0, there exist a function G locally defined in U
(shrink U if necessary) and linearly independent from H such that

Y =&, NUNG G (x0)).
Then, we have
m(dH,dG) = Xy (G) = dG(Xy) #0
by transversality. This finishes the proof. O

Remark 3.9. The second term in the right hand side of Equation ({3.4)
is

[{f.H} {1.G}] [{G?H} {H’OG}] i [}Z igﬂ |

Then, using extensions f and § of f,g € C(X) such that at every
point x € ¥ their differentials vanishes on X, yields

{fag}DiraC = {f7§}|2

We will use this fact to simplify our proofs but arbitrary extensions are
more suitable for calculating the Dirac structure. This also means that
the Poisson structure on the level transversal section ¥ is independent
of the choice we make for the second class constraint G.

We will use the same notation f for arbitrary extension and reserve
the notation f for extension that their differentials vanishes on Xy at
every point x € X. To avoid any possible confusion, we observe that
in 6, Section 8] and |6, Section 8| the notation f is used in a slightly
different sense.

Remark 3.10. Cosymplectic submanifolds are special examples of the
so called Poisson-Dirac submanifolds, see |6, Section 8|. The induced
Poisson structure on a Poisson-Dirac submanifold is defined by using
extensions such that their differentials vanish on 7#(T'%°). In |6, Section
8] and [21, Lemma 5.1] the notation f is used for this type of extensions.
For a cosymplectic submanifold ¥ given by second class constraints
G1, ..., Gy, we have

m(T%°) = &% RXe,, (3.6)
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and the Dirac bracket coincides with the bracket induced in this way,
see [21, Section 5.1]. In our case, we only have two constraints H, G and
requiring the vanishing of the differential only on Xy (or Xs) at every
point z € X is enough to obtain the same induced Poisson bracket.

For a fixed time tg, let z1 = ¢y (to, xo), where ¢g is the flow of the
Hamiltonian vector field Xy, and Y, 1 be level transversal sections
at xo and x1, respectively. As usual, a Poincaré map P = ¢y (7(x),x)
can be defined from an appropriate neighbourhood of zy in ¥y to a
neighborhood of z; in ;. The existence of the smooth function 7(z)
is guaranteed by the Implicit Function Theorem. We replace >y and
Y1 by the domain and the image of the Poincaré map P.

By Lemma both >;, ¢« = 0,1, are cosymplectic submanifolds
equipped with Dirac brackets {.,.}pirac;, ¢ = 0,1. We will show that
the Poincaré map P is a Poisson map (see Definition .

Proposition 3.11. The Poincaré map
P <207 {'7 -}Diraco) — (217 {'7 ~}Dirac1)
18 a Poisson map.

Proof. We define P:U, — U by
P(z) = ¢y (F(x), ),

where 7 is an extension of 7 to a neighborhood Uy of xy such that its
differential, d7, vanishes on Xp. Both neighborhood Uy and U; can be
shrunk, if necessary, in a way that both Dirac brackets around 3, and
Y, are defined in Uy and Uy, respectively. A straightforward calculation
shows that for every point x in the domain of 7, we have

D,P = Dy¢" + (duF) Xu (0" (2)),
where gbz(x)(.) = ¢ (7(x),.). Furthermore, for every x € ¥, we have
D, P(Xp () = Dody” (Xa (@) + (do? (Xi1(2)) X1t (9" (1))
=0
= D,y (Xu(2) = Xu(0" (2) = X (P(x)). (3.7)
Note that D, Zw) in Equation (3.7)) is the derivative of time-7(z) flow of
Xy and the fixed time flow maps of X are Poisson maps, i.e. it sends

Hamiltonian vector fields to Hamiltonian vector field. Furthermore,
the flow of Xy preserves H, this means that

H(P(x)) = H(¢," (x)) = H(x).

As we set in Remark , let f be an extension of a given f € C®(%,)
such that

d.f(Xy) =0, Vreyx,,
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then for every z € ¥,
do(f o P)(Xy) = dppy f 0 DaP(Xy) = dpy f(Xn) = 0.

Now, for f,g € C*(X%;) and = € ¥ we have

{foP.goPYa) = ((DoP) duf, (D.P) dui, )

=, (Dedi”) o f + (47 Xn)' 4o (Do) o + (AT X))
= 70 (D) o, (D2d}”) dug)

= 7(df,dg)(P(x)) = {f, 3} (P(x)),

and consequently,

{fopagoP}Diraco:{fopagop}k]o

= {f" g} © P|Eo
= {fag}Diracl o P:
where we used Remark [3.9] This finishes the proof. O

4. HAMILTONIAN POLYMATRIX REPLICATORS

In this section we provide a short introduction to polymatrix repli-
cators, following [2]. In particular we will focus on the class of conser-
vative polymatrix replicators that we designate as Hamiltonian poly-
matriz replicators.

Consider a population divided in p groups where each group is la-
belled by an integer a € {1,...,p}, and the individuals of each group «
have exactly n, strategies to interact with other members of the pop-
ulation (including of the same group). In total we have n = >""_ n,
strategies that we label by the integers i € {1,...,n}, denoting by

[a] ={n1+-4+na1+1,....n1+--+n,t CN

the set (interval) of strategies of group a.

Given o, 3 € {1,...,p}, consider a real n, x ng matrix, say A*?
whose entries af‘j’ﬁ , with ¢ € [a] and j € [3], represent the the average
payoff of an individual of the group o« using the i*" strategy when
interacting with an individual of the group 3 using the ;' strategy.
Thus the matrix A with entries a%’ﬁ, where o, 8 € {1,...,p}, i € [a]
and j € [f], is a square matrix of order n = ny + ...+ n,, consisting of
the block matrices A%”.

Let n = (ny,...,n,). The state of the population is described by a
point = (2%)1<a<, in the polytope

I, :=A""1x . xA™ ' CR",
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where A"~ = {z € R[f} D e T8 = 1} 2% = (2f)ig[o and the entry
1% represents the usage frequency of the i strategy within the group
a. We denote by JI'), the boundary of T',,.

Assuming random encounters between individuals, for each group
a € {1,...,p}, the average payoff of a strategy i € [a] within a popu-
lation with state z is given by

(Ax)i:i Aa’ﬁ B_Zza’zk xk?
p=1

B=1 ke[B

where the overall average payoff of group « is given by

Zx (Ax),

1€(a]

Demanding that the logarithmic growth rate of the frequency of each
strategy i € [a], a € {1,...,p}, is equal to the payoff difference between
strategy ¢ and the overall average payoff of group « yields the system
of ordinary differential equations defined on the polytope I',,

dxf =z ((Aa:)i - Z xd (Aa:)l) ,ae{l,...,p} i€ o], (4.1)
]

dt A
i€

that will be designated as a polymatrix replicator.

The flow ¢fl7 4 of this equation leaves the polytope I',, invariant. The
argument is analogous to that for the bimatrix replicator equation,
see |13, Section 10.3]. Hence, by compactness of I'y, the flow ¢} , is
complete. From now on we will call ‘polymatrix replicator’ to sys-
tem , to the flow ¢}, , and also to the underlying vector field on
I, which we denote by X, 4.

If p = 1 equation becomes the usual replicator equation with
payoff matrix A. When p = 2 and A'! = A??2 = 0 are null matrices,
equation becomes the bimatrix replicator equation with payoff
matrices A and (A%

Given n = (ny,...,n,), let

Ip={1C{l,...;n} : #(INJa]) >1, Va=1,...,p}.

A set I € .#, determines the face oy :={zx €D, : 2; =0,Vj ¢ 1}
of T,,. The correspondence between labels in .#, and faces of I'), is
bijective.

Remark 4.1. The partition of I',, into the interiors of := int(oy),
with [ € %, is a smooth stratification of I',, with strata oj. Every
stratum o7 is a connected open submanifold and for any pair o7 , o7, if
07 Nog, # 0 then o7, C op,. For more on smooth stratification see [12]
and references therein.

1 1 I)

For a set I € .#, consider the pair (n!, Ar), where n/ = (n, ... 1,

with né =#{Nla]), and A; = [a’ij]i,jel'
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Proposition 4.2. |2, Proposition 3| Given I € .%,, the face or of I',
is invariant under the flow of X, a and the restriction of (4.1)) to oy is
the polymatriz replicator X,r 4,.

For a fixed n = (n,...,n,) the correspondence A — X,, 4 is linear
and its kernel consists of the matrices C' = (C’“’ﬁ )1 <ap<p where each
block C*# has equal rows, i.e., has the form

c?’ﬁ cg’ﬁ co P

B B ,
oob oyt P
Pt e

Thus X,, 4, = X, 4, if and only if for every a, € {1,...,p} the matrix
AP — AP has equal rows (see |2, Proposition 1]).
We have now the following characterization of the interior equilibria.

Proposition 4.3. |2, Proposition 2| Given a polymatriz replicator
Xy, 4, a point g € int(I'y,) is an equilibrium of X, 4 iff (Aq); = (Aq);
foralli,j € la] anda=1,...,p.

In particular the set of interior equilibria of X, a is the intersection
of some affine subspace with int(I',).

Definition 4.4. A polymatrix replicator X, 4 is said to be conservative
if there exists:
(a) a point ¢ € R", called formal equilibrium, such that (Aq); =
(Ag); foralli,j € [a], and all « =1,...,p and Zje[a] ¢ =1
(b) matrices Ay, D € Mat,,«,(R) such that
(1) Xn.a,p = Xpa,
(i) Ap is a skew symmetric, and
(iii) D = diag(Ailn,, ..., Aply,) with Ay # Oforalla € {1,...,p}.
The matrix Ay will be referred to as a skew symmetric model for X, a,
and (A1,...,A,) € (R*)? as a scaling co-vector.

In [4], another characterization of conservative polymatrix replica-
tors, using quadratic forms, is provided. Furthermore, in [1| the concept
of conservative replicator equations (where p = 1) is generalized using
Dirac structures.

In what follows, the vectors in R™, or Rl are identified with col-
umn vectors. Let 1,, = (1,..,1)" € R". We will omit the subscript n
whenever the dimension of this vector is clear from the context. Simi-
larly, we write I = I, for the n x n identity matrix. Given x € R", we
denote by D, the n x n diagonal matrix D, := diag(zy,...,x,). For
each a € {1,...,p} we define the n, x n, matrix

T :=2*1" - 1T,

x

and T, the n x n block diagonal matrix T, := diag(T},...,TP).

T
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Given an anti-symmetric matrix Ay, we define the skew symmetric
matrix valued mapping 74, : R" — Mat,,«,(R)

T, (z) := (=1)T, D, Ay D, T". (4.2)

The interior of the polytope I',,, denoted by int(I',), equipped with
T4, is a Poisson manifold, see [2, Theorem 3.5]. Furthermore,

Theorem 4.5. |2, Theorem 3.7| Consider a conservative polymatriz
replicator X, 4 with formal equilibrium q, skew symmetric model Ay
and scaling co-vector (A1,...,\,). Then X, a, restricted to int(L',), is
Hamiltonian with Hamailtonian function

Z Ag Z qf logx (4.3)

B=1  jelp]
5. ASYMPTOTIC DYNAMICS OF POLYMATRIX REPLICATORS

Given a polymatrix replicator X, 4, the edges and vertices of the
polytope I',, form a heteroclinic edge network for the associated flow.
In this section we recall the technique developed in |3]| to analyze the
asymptotic dynamics of a flow on a polytope along its heteroclinic edge
network. In particular we review the main definitions and results for
the polymatrix replicator X,, 4 on the polytope I',.

The affine support of I',, is the smallest affine subspace of R" that

contains I',. It is the subspace ' = E; x...x E, whereforaa =1,...,p,
E, :=<{ z* e R Z x
i€la]

Following |3 Definition 3.1] we introduce a defining family for the
polytope I',,. The affine functions {f; : E — R},<;<, where f;(z) = z;,
are a deﬁning family for I';, because they satisfy:

ﬂf ([0, 4+00])

el

(b) TN f;71(0) # 0 for all i € {1,...,n}, and
(c) given J C {1,...,n} such that I';, N (ﬂ fj_l(O)> # (), the

jeJ
linear 1-forms (df;), are linearly independent at every point
p € Njes f; H(0).

Next we introduce convenient labellings for vertexes, facets and edges
of I',. Let (eq,...,e,) be the canonical basis of R™ and denote by V, the
Cartesian product V,, = [[’_,[a] which contains [[°_, n, elements.
Each label j = (ji,...,jp) € V, determines the vertex vj := (e;,, ..., €;,)
of I',,. This labelling is one-to-one. The set F, := {1,2,...,n} can
be used to label the n facets of I',,. Each integer ¢ € F,, labels the
facet o; := I'y N {z; = 0} of I',. Edges can be labelled by the set
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En={Je A #J=p+1}. Given J € &, there exists a unique
(unordered) pair of labels j;,j, € V, such that J is the union of the
strategies in j; and j,. The label J determines the edge v; := {tvj, +
(1 —t)v;,: 0 <t < 1}. Again the correspondence J +— v, between
labels J € &, and edges of I'), is one-to-one.

Given a vertex v of I';,, we denote by F;, and E), respectively the sets

of facets and edges of I',, that contain v. Given j = (ji,...,Jp) € V»

Fy ={oi: i€ Fu\{Jj1, - Jp}}
and this set of facets contains exactly n — p = dim(I',,) elements.
Triples in

C:={(v,v,0) eVXEXF:vyNo={v}},

are called corners. Any pair of elements in a corner uniquely determines
the third one. Therefore, sometimes we will shortly refer to a corner
(v,7,0) as (v,7) or (v,0). An edge v with end-points v, v’ determines
two corners (v,7,0) and (v/,7,0’), called the end corners of v. The
facets o, 0’ are referred to as the opposite facets of .

Remark 5.1. In a small neighbourhood of a given vertex v = vj, where
i = (1,---,Jp) € V,, the affine functions fi, : I, = R, fi(z) = x4,
with k € F, \ {J1,...,Jp}, can be used as a coordinate system for I',,.

Given a polymatrix replicator X, 4 and a facet o; with i € [a],
a € {1,...,p}, the i® component of X,, 4 is given by

dfi(Xpa) = ((A x); — i(xo‘)TAa’B:c5> :
=1
Definition 5.2. A polymatrix replicatﬁor Xp 4 is called regular if for
any ¢ € F,, the function H, : I', = R,
HL(2) = i) (X a(a)) = (Ax), — 3 ()T A%
=1
is not identically zero along o;. i

Clearly generic polymatrix replicators are regular. Using the concept
of order of a vector field along a facet |3, Definition 4.2|, X, 4 is regular
if and only if all facets of I';, have order 1. For the sake of simplicity
we will assume from now on that all polymatrix replicator vector fields
are regular.

Definition 5.3. The skeleton character of polymatrix replicator X, 4
is defined to be the matrix x := (X3)(v,01, )V xF Where

v | —H,(v), vVECT
Xo = 0 otherwise

where H, stands for H; when o = o; with ¢ € F,,. For a fixed vertex v,
the vector x¥ := (xY)ser is referred to as the skeleton character at v.
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Remark 5.4. Given a corner (v,7v,0) of I';,, H,(v) is the eigenvalue
of the tangent map (dX, ), along the eigen-direction parallel to .

Proposition 5.5. If X,, 4 is a reqular polymatrixz replicator for every
vertex v = v; with label j = (j1,...,Jp) € Vu, and every facet o = o;
with i € F,, and i € [ the skeleton character of X, 4 is given by
v 21521(%]';3 - aij@) ifveEo
Xo =
0 otherwise .
Proof. Straightforward calculation. O

Remark 5.6. For a given corner (v,v,0) of T,

o if x? < 0 then v is the a-limit of an orbit in ~, and
o if x¥ > 0 then v is the w-limit of an orbit in .

Let « be an edge with end-points v and v' and opposite facets o and
o', respectively. This means that (v,7,0) and (v/,7,0’) are corners of
I',. If X, 4 does not have singularities in int(7), then int(vy) consists
of a single heteroclinic orbit with a-limit v and w-limit ¢’ if and only
if x2 < 0and x% > 0. This type of edges will be referred to as flowing
edges. The vertices v = s(vy) and v' = t(ry) are respectively called the
source and target of the flowing edge v and we will write v — v’ to
express it.

Given v = v with j = (j1,...,Jp) € V, consider the vertex neigh-
bourhood

Ny={q€Tln: 0< filg) <1, Vk € Fu\{j1,.- .5} }-

Rescaling the defining functions f; we may assume these neighbour-
hoods are pairwise disjoint. See Remark [5.1]

For any edge v with end-points v and v" we define a tubular neigh-
bourhood connecting N, to N, by

N, ={ge T, \(NyUNy): 0< fi(q) <1, Vk € F, with v C o3 }.

Again we may assume that these neighbourhoods are pairwise disjoint
between themselves. Finally we define the edge skeleton’s tubular neigh-
bourhood of T',, to be

Np, = (Upey Ny) U (UyepN,). (5.1)

The next step is to define the rescaling map ¥2* on N, \dl',. See

[3, Definition 5.2]. We will write f, to denote the affine function fj
associated with the facet o = o}, with k € F,,.

Definition 5.7. Let ¢ > 0 be a small parameter. The e-rescaling
coordinate system
A Np, \oT, — RF

maps ¢ € Nr, to ¥ := (Y»)scr Where
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e if ¢ € N, for some vertex v:

[ —€logf,(q) if vew
Yo = 0 if védo

e if ¢ € N, for some edge 7:

_J —€logfo(q) if yCo
Yo = 0 if vZo

We now turn to the space where these rescaling coordinates take
values. For a given vertex v € V' we define

I, :={ (yo)oer €RY : 4y, =0, Vo ¢ F,} (5.2)
where R, = [0, +00). Since {f,}ser, is a coordinate system over N,
and the function A : (0,1] — [0, +00), h(z) := —logx, is a diffeomor-

phism, the restriction ¥24 : N, \oI', — II, is also a diffeomorphism
denoted by W24,

If v is an edge connecting two corners (v, o) and (v, 0'), F, N Fy =
{0 € F:~ C o} and we define

HV = { (ycr)chF S Ri Yo = 0 When/y gZ U} . (53)

Then ¥24(N,\OI',) = I, = II, N I, has dimension d — 1 while II, =
¥2A(N,\OL,) has dimension d. In particular the map U2 is not
injective over N,. See Figure [4]

v

FIGURE 4. An edge connecting two corners.

Definition 5.8. The dual cone of I, is defined to be

CH(Ty) = (J 1,

veV

where II, is the sector in ([5.2)).
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Hence W24 : Np \oI', — C*(I',,).

Denote by {¢! 4 : I'y = Tn}ier the flow of the vector field X, 4.
Given a flowing edge v with source v = s(7) and target v = t(7) we
introduce the cross-sections

55 = (U2 (int(IL,)) and  £F = (U527 (int(I1,))

transversal to the flow ¢} ,. The sets X7 and XF are inner facets of
the tubular neighbourhoods N, and N, respectively. Let %, be the
set of points x € X7 such that the forward orbit {¢], 4(x): ¢t > 0} has
a first transversal intersection with Ej. The global Poincaré map

P9y ¥l — Ej;
is defined by P, (z) := 902? (r), where
T(z) =min{t > 0: ¢} ,(z) € XTI }.

To simplify some of the following convergence statements we use the
terminology in |3, Definition 5.5].

Definition 5.9. Suppose we are given a family of functions F, with
varying domains U,.. Let F' be another function with domain . As-
sume that all these functions have the same target and source spaces,
which are assumed to be linear spaces. We will say that lim._,g+ F, = F
in the C* topology, to mean that:

(1) domain convergence: for every compact subset K C U, we have
K C U, for every small enough € > 0, and
(2) uniform convergence on compact sets:
li D'[F.(u) — F =0.
Jim, g sup | D[R = Pl
Convergence in the C* topology means convergence in the C* topology
for all k£ > 1. If F, is a composition of two or more mappings then its
domain should be understood as the composition domain.

Let now
II,(e) :=={ye€ll,: y, > € whenever ~Co}, (5.4)
and define
Fi= 0% o Py o (b2A)L,

v’ ,€

Notice that lim._,q IL,(e) = int(IL,).

Lemma 5.10. For a given k > 1, there exists a number r such that
the following limit holds in the C* topology,

lim F¢ Maes idnw

e—0t

where US C 1L, (€") is the domain of FY.
Proof. See |3, Lemma 7.2]. d



HAMILTONIAN POLYMATRIX REPLICATORS 19

Hence, since the global Poincaré maps converge towards the identity
map as we approach the heteroclinic orbit, the asymptotic behaviour
of the flow is solely determined by local Poincaré maps.

From Definition [5.3] for any vertex v, the vector x” is tangent to I,
in the sense that y* belongs to the linear span of the sector IL,. Let

() ={yell,: y, >e forall oceckF,} (5.5)
Using the notation of Definition [5.3| we have

Lemma 5.11. We have
(W%’?)*X’WA = 62 <X1€) 0) )
’ - "/ oeF

where i ((\If A) y )) 5 e
e ) —H((YS) T (y) o o€ R,
Xv,o‘(y) T { 0 Zf o ¢ Fv )

Moreover, given k > 1 there exists r > 0 such that the following limit
holds in the C* topology

lim (X)) 0y = X"

e—0

Proof. See |3, Lemma 5.6]. O

. . . . . o'
Consider a vertex v with an incoming flowing-edge v, — v and an

outgoing flowing-edge v — v’. Denote by o, the facet opposed to +/
at v. We define the sector

IL, . = {y € int(Il,) : y, — Xa Yo, > 0, Vo € F,, 0 # o, } (5.6)
X

v
Ox

and the linear map L, : 11, ,» — 1L, by
Xo
Loy (y) = (ya - ya*> . (5.7)
Xo. ocEF
Notice that I1, = {y € I, : y,, = 0} as well as IL, are facets to II,.
Proposition 5.12. The sector IL, ., consists of all points y € int(IL,)
which can be connected to some point y' € int(Il,/) by a line segment

inside the ray {y +tx":t > 0}. Moreover, if y € 1L, ./ then the other
endpoint is y' = L, (y).

Proof. See |3, Proposition 6.4]. d

Given flowing-edges v and 4" such that ¢(v) = s(y') = v we de-
note by 2, . the set of points x € X, , such that the forward orbit
{@la(x): t > 0} has a first transversal intersection with ¥, .. The
local Poincaré map

P%ﬁ/ : .@%7/ C Z,Jyr — E,;/
is defined by P, ,/(z) := QO;E? (x), where
7(z) == min{t > 0: ¢, o(r) € X }.
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Lemma 5.13. Let U5 , CIL,(€") be the domain of the map
FWEN’ = \IJ%:‘ o Py o0 (\IJ%,724)_1~
Then for a given k > 1 there exist r > 0 such that
lim (F.), =1L
Yy

!
e—0+ >

in the CF topology.
Proof. See |3, Lemma 7.5]. O
Given a chain of flowing-edges
Vo =25 V) 55 Vg —> ... — Uy 5 Uy
the sequence & = (7Y0,7M,---,7m) is called a heteroclinic path, or a
heteroclinic cycle when v, = 7.

Definition 5.14. Given a heteroclinic path & = (0,71, .-, Vm):

1) The Poincaré map of a polymatrix replicator X, 4 along ¢ is
the composition

P = (P'YWOP'Ym—la'Y'm)O"'O(P

71

oP

70,71 )’

whose domain is denoted by U.
2) The skeleton flow map (of x) along & is the composition map
me « lIg — II,,, defined by
mei=Ly, 0.0l

whose domain is
P— M m _1.
I = int(IL,,) N ﬂ(L'y*,’yj o...0Ly ) int(IL,)) .
j=1

The previous lemmas and imply that given a heteroclinic
path &, the asymptotic behaviour of the Poincaré map P along & is
given by the Poincaré map 7, of x.

Proposition 5.15. Let U be the domain of the map
€ n, n, -1
Fg = \Ijgmf}e o Feo (qjvoé)
from 1L, (") into 1L, (€"). Then

51—1>I(§£L (F5)|u§ T
in the C* topology.
Proof. See |3, Proposition 7.7]. O

To analyse the dynamics of the flow of the skeleton vector field y we
introduce the concept of structural set and its associated skeleton flow
map. See |3, Definition 6.8|.
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Definition 5.16. A non-empty set of flowing-edges S is said to be a
structural set for x if every heteroclinic cycle contains an edge in S.

Structural sets are in general not unique. We say that a heteroclinic
path € = (70, ...,7m) is an S-branch if
(1) 0, Vm € Sa
(2) v; ¢ Sforall j=1,...,m— 1.
Denote by As(x) the set of all S-branches.

Definition 5.17. The skeleton flow map ©g : Ds — 1lg is defined by
ms(y) == me(y) for all y e I,

where
Ds :=Ugemslle and  Ils:=UeslL,.

The reader should picture wg : Dg — Il as the first return map of
the piecewise linear flow of x on C*(I',,) to the system of cross-sections
IIg. The following, see |3, Proposition 6.10|, provides a sufficient con-
dition for the skeleton flow map mg to be a closed dynamical system.

Proposition 5.18. Given a skeleton vector field x on C*(I',) with a
structural set S, assume

(1) every edge of I',, is either neutral or a flowing-edge,

(2) every vertex v is of saddle type, i.e., X3, X5, < 0 for some facets

01,09 € Fv~
Then R
Ds = ()(ms)"(Ds)
nez

1s a Baire space with full Lebesgue measure in Ilg and g : bg — f)g
1s a homeomorphism.

Given a structural set S any orbit of the flow ¢! , that shadows
some heteroclinic cycle must intersect the cross-sections Uweszj recur-
rently. The following map encapsulates the semi-global dynamics of
these orbits.

Definition 5.19. Given X, 4, let S be a structural set of its skeleton
vector field. We define Py : Us C Yg — Xg setting Yg := UVGSZ;F,
Us = Ugemg(Ue and Ps(p) = Pe(p) for all p € Ue. The domain
components U and Uy are disjoint for branches £ # £ in HAg(x).

Up to a time re-parametrization, the map Pg : Dg C Xg — Xg
embeds in the flow gofﬂ 4)- In this sense the dynamics of Pg encapsulates
the qualitative behaviour of the flow ¢’ of X along the edges of T',,.

Theorem 5.20. Let X,, 4 be a regular polymatriz replicator with skele-

ton vector field x. If S is a structural set of x then
lim ¥, o Pyo (¥,) ' =g

e—0t
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in the C> topology, in the sense of Definition[5.9.
Proof. See |3, Theorem 7.9]. O

6. HAMILTONIAN CHARACTER OF THE ASYMPTOTIC DYNAMICS

In this section we discuss the Poisson geometric properties of the
Poincaré maps 7 in the case of Hamiltonian polymatrix replicator
equations.

Given a generic Hamiltonian polymatrix replicator, X,, 4,, we study
its asymptotic Poincaré maps, proving that they are Poisson maps.

Let X,, 4 be a conservative polymatrix replicator, ¢ a formal equilib-
rium, Ay and D as in Definition [£.4] and

p

h(z) = Z Z Aﬁqf log a:f (6.1)

B=1 je[p]

its Hamiltonian function as in Theorem . The Hamiltonian be-
longs to a class of prospective constants of motion for vector fields on
polytopes discussed in |3, Section 8|. Since the polymatrix replicator is
fixed we drop superscript (n, A) and use ¥, . for the rescaling coordi-
nate systems defined in Definition [5.7 The following proposition gives
us the asymptotic constant of motion, on the dual cone, associated to h.

Proposition 6.1. Let n: C*(I'y,) — R be defined by

n(y) =Y > Asd]y). (6.2)

p=1je[s]
(1) n= lim+ ho (U, )" over int(IL,) for any vertex v, with con-
e—0
vergence in the C'* topology.
(2) dn = lim € [(\va,e)_lr (dh) over int(IL,) for any vertex v, with
e—0
convergence in the C* topology.

(3) Since h is invariant under the flow of X, a, i.e., dh(X,.a) =0,
the function n is invariant under the skeleton flow of x, i.e.,
dn(x) = 0.

Proof. See |3, Proposition 8.2]. d

We will use the following family of coordinate charts for the Poisson

manifold (int(I',,), 74,) where 74, is defined at (4.2]).

Definition 6.2. Given a vertex v = (e;,...,¢e;,) of I'y, we set T, :=
(22)iefa\(joy @0d & 1= (2%)q, and define the projection map
P, :int(N,) = (R™ ' x ... xR» ™), P,(z):=1.

Clearly, P, is a diffeomorphism onto its image (0,1)" P. The inverse
map v, := P! can be regarded as a local chart for the manifold
int(T",).
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Remark 6.3. The projection map P, extends linearly to R™ and it is
represented by (n — p) x n block diagonal matrix

P, = diag(P}, ..., PP)

where PY o =1,...,p, is the constant (n, — 1) X n, matrix obtained
removing the row j, from the identity matrix.

Lemma 6.4. Consider the Poisson manifold (int(L',), m4,) where ma,
is defined at (4.2)). Then for any vertex v, the matrix representation of
T4, 0 the local chart 1, s

% (&) = (=1) P, T, D, Ay D, T! P, (6.3)
where D, and T, are as defined at (4.2)).

Proof. Notice that W?XO(:%) = [{zf, $f}] witha, 3 =1,...,pandk € [a],] € [A].
0
We used the notation f, instead of  to make it clear that the repre-
senting matrix is w.r.t. the local chart 1,. The following trivial Lemma

gives us the differential of the e-rescaling map W, ., which defined in
Definition in the coordinate chart ,,.

Lemma 6.5. The differential of the diffeomorphism
U, 0, : P,(int(N,)) — int(IL,)
18
D(V, 0th,); = —€ diag(D'(Vyc 0 dy)st, ..., DP(V, 0 ¢y)an),
where DY(V, .0 y)ze o =1,...,p is given by
diag (7)™, .o, (25, ) 7ot (2, ) et (2g,) ).

We push forward, by the diffeomorphism ¥, . o1, the Poisson struc-

ture Wif’o defined on P,(int(N,)) to int(IL,). The following lemma pro-
vides the matrix representation of the push forwarded Poisson struc-
ture. In order to simplify the notation we set

J(@) := D(Wyc09)s P, Ty D, (6.4)
and for every a =1,...,p
Ja(2%) = D*(Ty 0 ty)se P2 T2 Dy (6.5)
Notice that J(#) = diag(J1(21), ..., J,(2P)).
Lemma 6.6. The diffeomorphism ¥, .o, pushes forward the Poisson

structure 71'%0 to the Poisson structure ng’w on int(IL,) where
T (y) = (~1)IAT) 0 (¥ 04,) 7 (y). (6.6)

Proof. See Definition [3.1] and Remark [3.2] O
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If all the faces o € F, have order one, the Poisson structure 7'('%0’6 is

asymptotically equivalent to a linear Poisson structure. Let
E, = diag(E}, ..., EF), (6.7)

be ((n — p) x n)-matrix defined by diagonal blocks E%, for « =1, .., p,
where o' block is the ((n, — 1) X n4)-matrices in which the column
Ja is equal to 1, _; and every other columns k, # j, is equal to
—€k, € Rme—1,

Lemma 6.7. For a given verter v = (ejy, ..., €;,), let E, be the matriz
defined at (6.7) and B, := E,AoE!. If v, =1 for every o € F,, then

lim __1J o (\Ijv,e o ¢v)_1(y) = EU’

0t €2

over int(I1,) with convergence in C* topology. Consequently,

1
lim —ﬁ%’oﬁ(y) = B,,

0+ €2

over int(I1,) with convergence in C* topology.

Proof. A simple calculation shows that for every a =1, ..,p

(xf—1) ... Ty xS, Ty . o
_—lj] _ po xf (x?a_l - 1) Ty x5 z
2 e v xf, e sy (25 —1) ... Ty
x§ e Ty xS, T oo (an —1)
where
Dy, = diag((2f) ™", ... (2, ) T (@ ) T (2h,) )

Since v, = 1 for every o € F,, for any k € [a] we have

<
P

hm Ig (0] (\I[”U,e @) wv)_l(y) = llm e 2 = 0

0t e—0F

Considering that zj; =1— Z x, we get the first claim of the lemma

kelo)
and the second claim is an immediate consequence. U

Figure [5| explains the situation for T' = A2

Remark 6.8. The same linear Poisson structure B, := E,AE! ap-
pears in |2, Theorem 3.5].
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Vo

FIGURE 5. Poisson structures on the dual cone.

Lemma 6.9. For a given vertex v = (e;,, ...,e;,), let x¥ be the skeleton
character of Xy a, as in Definition[5.3. Then

Xv = Bvdnva
where 1, is the restriction of functionn (defined in (6.2)) ) to int(I1,). In

other words, x" restricted to int(IL,) is Hamiltonian w.r.t. the constant
Poisson structure B, having 0, as a Hamiltonian function.

Proof. We use the notation X, , (%) := (DyF,)Xn a(z) for the local
expression of the replicator vector field X,, 4 in the local chart v,. If
we write the function h(z), defined in (6.1)), as h(z) = h(1p, o P,(z))
then
dyh = (P,)'ds(h o, (7).
Notice that DP, = P,. By Theorem [£.5, X, 4, = ma,dh. Locally,
X?@,Ao)(i) =P, X, a(x) = Py s, Plds(h o).

Similarly, writing h o 1, (Z) = h o, 0 (¥, 01),) o (¥, 01,)(E) we
have

di(h o y) = (D(Wue 0 ¢n)) dy(h o (W) ™).
The vector field X,j defined in Lemma is

- 1 1
Xy = 5 (Da(Wy )X a) = 5 (Da(Voc 0 90) Xy a0))
€ €
1 _
= 5 (Da(Vuc 0 ) Poma, P Da(Voe 0 ) dy(h o (Vo))

= %W%O,e (62(<\Ijv,e)_1)*d:ﬂh>
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In the second equality we used v, o P, = Id. Applying Lemma |5.11],
Lemma[6.7| and Proposition [6.1] yields the result. Notice that IT,(€") C
int (11, ). O

Our aim is to show that for a given heteroclinic path £ = (79, V1, - - -, Vi),
the skeleton flow map of x along ¢ (see Definition [5.14]),

Tg = L'melv')/m ©...0 L’Yo,% )

restricted to the level set of 7, is a Poisson map. Notice that the
Poisson structure B, is only defined in int(Il,) and neither II, nor II
are submanifolds of int(Il,). So we need to define Poisson structures
on the sections IL,, ..., for all i = 0,...,m.
We start with a single flowing vertex vy = (e;,, ..., e;,) with an in-
coming flowing-edge vy — v; and an outgoing ﬂowing—gdge (1 i> Va.
v1

By construction of I, there exist 1 < af',as' < p, ko € [a]g" and
ko € [a]5* such that

vo = v1+(0,. .. €4, =€ vy 5., 0) and vy =v1+(0,... . e5,—€; ..., 0).
0 2

Remark 6.10. To simply notations, we omit the superscript v; from
ag', ot whenever there is no confusion. Also, denoting vo = (€0, ..., €j0),

clearly, 12;0 = jgvl and similarly ky = jivl. Again, in order to keep no-
0 2
tations as simple as possible we use notations kg and k.

Clearly, 7' = v1 +5(0,...,€e;, —€j,.,---,0). The opposite facet to '
at vy is o, 1= {yZ‘; = 0}. We also have

M, ={y eR}|y; =... =4} =0},
Hsz{yGRmy;—l:...:y;ﬁj:yg:zy?;;l]:...:yfpz()},r:O,Q 63
I ={y € RY[yj, = = g5 =i = v = vin's = = ¥, = O}, 09
Ly ={yeRy |y, =...=y2 =yi2 =y =yl =... =y, =0}

The skeleton flow map of x at vertex v; is the linear map L/ : IL, ,» — 1L,/
defined by

(X")s

Lyy(y) = (yf: - 12372 y:;) ) (6.9)

(x™ ),;;2 N

where
(x")s

I, = {y e int(Il,) : o — (x”l)‘;(; Y2 >0, Vo, to # (g, ky
ko

(6.10)

Remark 6.11. In [3|, this map is referred to as Asymptotic Poincaré
map. However, it is not a Poincaré map in the conventional way, since
the skeleton vector filed x is only defined in int(Il,) for all v € F' and
its value on the sections IL, is zero. For this reason, we cannot use,
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directly, the techniques introduced in Section [3] To solve this issue we
will use two cosymplectic foliations of int(IL,).

In fact, we need to restrict ourself to a tubular neighborhood, see
Definition rather than the entire int(IL,,). For the flowing vertex

Vg —= v1 —— v, we define the following family of maps

o(x")s
Liﬁ’(y) = (y:); - W?/zj I 5 €(0,1).

k2

Notice that L, (y) = ¢y (t(y),y) where ¢y (t,y) = y + tx", is the
ag

flow of the skeleton vector field ' and t(y) := —(Xz'fﬁ :
ks
Definition 6.12. We denote by
Ty = U Li,v'(nvw’)v (6.11)

0<o<1

the tubular neighborhood containing the segments of the flow of y!
connecting points in the domain of the asymptotic Poincaré map, L. -/,
to their images.

We, now, describe the Poisson structures on IL, ., and L. (I, /).

Lemma 6.13. As we adapted in Lemma[6.9, let n,, be the restriction
of function n, defined in (6.2), to int(IL,,). Consider two functions
Gy Ty = R, r=0,2 defined by G*(y) =y, then

1) Level sets of (0, G*) : T, » — R? partition T, ./ into a cosym-
plectic foliation F* i.e. every leaf of F is a cosymplectic
submanifold of (T, 1, By,). Furthermore, every leaf ¥ of this fo-
liation 1s a level transversal section to x** at every point x € 3.

2) For a fized r € {0,2} the Poincaré map between two given leafs
of F* 1s a Poisson map.

3) The Poincaré map from one given leaf of Fi* to a leaf of Fi*
18 a Poisson map.

Proof. For r = 0, 2, we have that
{0, G} = X5, (dGT) = X" (dGTY) = (X))

o
Since v is a flowing vertex both (x")7", r = 0,2 are nonzero. This
means that 7,, and G?' are second class constraints, s their level sets
are cosymplectic submanifolds, see Definition [3.4] The fact that ¥ is
a level transversal section is clear. Proposition yields the second
and third claims of the lemma. U

The Poincaré map mentioned in Item (2) of Lemma is a transla-
tion. Fixing r € {0,2}, consider two level set (1,,, G**)~ (¢, d;), j = 0,2,
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then the Poincaré map between them is the translation

B dy—dy \ _ [da—d
P(y) = ¢y (—(le)g: 7 y) <(le)g:> Xor T Y- (6.12)

The Poincaré map between two level sets

(Mo, s GSI)’l(c, do) and (1, Ggl)’l(c, ds)

1s
dy — 3/:22
P(y) = dym Teeryer Y (6.13)
Notice that the flow of x,, = X,, preserves n,. Clearly, the

Poincaré maps can be considered between level set of functions G}*, r =
0,2. So we define:

Definition 6.14. For 7 = 0,2, let F°* be the foliation constituted by
the level set of functions G* (y) = y;".

Instead of two foliations F*, r = 0,2, we will consider foliations
For. Every leaf of F*! is equipped with a Poisson structure, 7°1, which
has n,, as a Casimir and the level sets of this Casimir are leafs of
cosymplectic foliation F''. Cleary, for a fixed r € {0,2}, the leafs
of Ft are Poisson diffeomorphic through Poincaré maps of x“*. Since
these Poincaré maps are simply translations, see Equation , these

leafs are essentially same (as Poisson manifolds).

Definition 6.15. By (3}, m*), r = 0,2 we will denote a typical leaf
of Poisson foliation F* .

Notice that (XU, 72") is a union of Poisson submanifolds equipped
with Dirac bracket.

Proposition 6.16. If we identify 1L, ., with (X¢', 75") and L (1L, /)
with (331, w5") via Poincaré maps (translations) of type defined in Equa-
tion (6.12) then L. . is Poisson map, see Figure @

Proof. We decompose L., ., into three Poincaré maps P;*, P,' and Py*
where P is used to identify I1, ., with (3g!, 7o), P3* is used to identify
L, (1L, ) with (X5', 73") and P, is the Poincaré map from (X', 75")
to (33', m3'). P; and P are Poisson since they are simple translations.
Item (3) of Lemma [6.13 shows that P, defined in Equation (6.13), is
a Poisson map. Il

We describe now the matrix representation of the Dirac bracket
structure 7', r = 0, 2.

Lemma 6.17. The matrixz representation of the Dirac bracket gener-
ated in int(I1,,) by second class constrains n,, and G, r = 0,2, is

(ﬂ-]%lirac,r>ti = Bv1 - C(vl,r) ) (614)
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oo I, ny

FIGURE 6. Illustration of Proposition

where Cly, ) = [CL7 o with C5 = [e(a, B,00,7)) 6 5)cal g Where

(v1,r) v1,T
1

R _ v\ o, (78 v1 B8

Cij(Oé,B,Ul,’f’) - (Xm)ZT ((X )z b’%rj +b;];,T (X )5) :
In the matriz ((,.,)* the line and the column associated to GJ' =
ygT are null. Removing these line and column one obtains the matrix
representation of the Poisson structure ', r =0, 2.

Proof. Notice that

TBiraes ) = {085} .

( Dirac, ) {yz y]} (%,j)e[a]x[ﬁ}
A simple calculation yields (6.14)), see Definition of {.,.}pirac at Equa-
tion (3.4). The rest of the proof is trivial considering that the function
Gt =y is a Casimir of mp; and the submanifold X" is a level set

- Dirac,r

s O

Remark 6.18. The Poisson structure considered on domain of L., ./
is mo" and on its image is m)", see Proposition [6.16] Furthermore, this
Poisson structure only depends on v and is independent of L, ., so we
can actually consider this structure on whole II,. From now on we will

do so.
The main result of this manuscript is
Theorem 6.19. Let
€100 25 U1 = Vg — L Uy S U (6.15)

be a heteroclinic path. Then

(1) For everyl =1,...,m, two Poisson submanifolds, (X5 ", w5 ")
and (¢, ') (see Definition [6.15]), are Poisson diffeomorphic.
In other words, the Poisson structures considered on IL, | .,
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from int(I1
ure [0

(2) If we identify every IL,,_, ,,, L =1,...,m with Poisson subman-
ifold (357", 75" ") (or equivalently with (X, 7)), the skeleton
flow map of x along & (see Definition ,

Tg = L'melv')/m ©...0 L’Yo,% )

B,,_,) and int(1l,,, B,,) are the same, see Fig-

V-1

1s a Poisson map.

Proof. Item (2) if the lemma is a consequence of Item (1) and Propo-
sition (6. 16l

Notice that the two sectors II,, , and II,, are only different in the
v 1}1

Vi1 _ v Qo X
group oy = = o', where Yiw = 0 for the elements of II,,_, and y;°, =
“0

0 for the elements II,,, see Remark [6.10] Let
P, v = diag(Pl ..., PP )+ 114,

V-1, V1—1,V1
be the map defined by following items

1) For § # ag the associated component P£ L 18 the identity
map.

3) The constant vector 7;_1; is determined such that

P'L)O,'u (Z'Ul 1 ) Zvl

vl
Notice that 33! is a level set of the function G5 =y, , ¥¢' is a
0

1
level set of G = yko and P, |, sends the level set of the function

G5 to level sets of the function Gp'. This means that Item (3) above
is feasible. Using Item (3) above we set

P’Ulflvvl : U2121171 — UESL,

where U, v and Uy, v are neighborhoods of ¥3,'~" and U, DRE respectively,

such that the assomated Dirac brackets are defined.

It takes a simple calculation to verify that (DP,,_, .,)E,_, = E,,.
This fact together with the condition and the definitions of B,,_,, By,
(see Lemma yields that

PUL—LW : (Uggl—l ) sz_l) — (UESZ , Bvl)

is a Poisson map, i.e. P,,_, . preserves the ambient Poisson structure.
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We have
nlePvlflzvl (y) =

vl vl vl vl vl
DD sy | D Aand 0 =y |~ At vi,
0 0

B#agt j€[6] 1#ko

avl avl
Z Z/\,gq]y] Z/\ lq y% _)‘agl Zqio yjfgl
B;éozo JEIB] i#ko ?
=) Nl + ZA gy | = 1=, — 1,
B#agt j€[6]

(6.16)

vy vl
where we used the fact that —) - q;o = q?“vl — 1. In other word,
“0

P,, .., sends the second class constraint of 7, , of ¥, ' to second
class constraint 7,, of ¢’ (ignoring addition of —1 which does not do
any harm). Furthermore,

Gy 0 Poyy = Gy + Ty
Notice that, as mentioned in Remark the Poisson structure m, '
is independent of the choice of second class constraint Gy'. Since —Gy'
is a second class constraint as well, considering it as the second class
constraint , beside 7,, ,, as the constraint used to define 7,'", we have
shown P,,_, ., sends the second class constraints of 35’ to second class
constraints of ¥'. Consequently, the map

(Pory )l + (2571, my ™) = (¢, ),

is a Poisson map since P,,_, ,, preserves the ambient Poisson structure
as well.

We denote by P,'~" the map used to identify IL,, ., with (35", m5' ")
via flow of x¥=1, see Equation (6.12)), and by P;" the map used to 1den—
tify IL,, | -, Wlth (X6, m!) via ﬂow of x". Another consequence of
Equation is that P,,_, ., sends x"~' to x* which means that the
following diagram

H’Yl— 1M

o\

Pop_y v

U —
¥, ! > 2o

is commutative. This finishes the proof. U
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The Poisson structures defined on the sectors associated to an edge
depend only on the edge and on the skeleton vector field, and is in-
dependent of the the heteroclinic path containing the edge (see Re-
mark [6.18)). Let us denote this structure by {-,-},. Our result holds
for the skeleton flow map (see Definition as an immediate conse-
quence of Theorem [6.19]

Theorem 6.20. Let Bs(x) denote the set of all S-branches of the
skeleton vector field & (see Definition and set Dg 1= Ugegg(x)1le
to be the open submanifold of

(HSv {'7 }S) = U7€S<H77 {" '}7)7
with the same Poisson structure. Then the skeleton flow map wg :
(Dg,{",-}s) = (Ils,{-,-}s)) is Poisson.

7. EXAMPLE

We will now present an example of a Hamiltonian polymatrix repli-
cator system with a non trivial dimension. This example was chosen to
provide an illustration of the concepts and main results of this paper.
In particular it has a small structural set with a simple heteroclinic
network.

7.1. The fish example. Consider the polymatrix replicator system
defined by matrix

0o 1 0 0 0 0 -1
-1 0 1 0 0 0 O
0o -1 0 1 0 0 O
A= 0o 0 -1 0 1 0 O
6o 0 o0 -1 0 0 1
o 0 o0 o0 0 0 0
1 0 o0 0 —-10 0

We denote by X 4 the vector field associated to this polymatrix repli-
cator that is defined on the polytope
F(572) = A4 X AI .

The point

satisfies
(1) Ag=(0,0,0,0,0,0,0);
R a+tetatatg=landg+qg =1,
where ¢; stands for i-th component of the vector ¢, and hence is an equi-

librium of X 4 (see Proposition4.3). Since matrix A is skew-symmetric,
the associated polymatrix replicator is conservative (see Definition |4.4]).
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The polytope I'(52) has seven faces labelled by an index j ranging
from 1 to 7, and designated by oy,...,07. The vertices of the phase
space I'59) are also labelled by i € {1,...,10}, and designated by
v1,..., 010, as described in Table

| Vertex | 5,2 | | Vertex | T5.2) |
|1 =(1,6) | (1,0,0,0,0,1,0) | | ws=(3,7) | (0,0,1,0,0,0,1) |
| vy =(1,7) | (1,0,0,0,0,0,1) | | vr=(4,6) |(0,0,0,1,0,1,0) |
| v3 =(2,6) | (0,1,0,0,0,1,0) | | vs=(4,7) | (0,0,0,1,0,0,1) |
| vy =(2,7)](0,1,0,0,0,0,1) | | vo =(5,6) |(0,0,0,0,1,1,0) |
| vs =(3,6)](0,0,1,0,0,1,0) | | vi0 = (5,7) | (0,0,0,0,1,0,1) |

TABLE 1. Identification of the ten vertices of the polytope,
v1,...,010 in F(572).

The skeleton character x4 of X4 is displayed in Table 2| (See Defi-
nition [5.3) and Proposition [5.5)

v

Xo H 01 02 03 04 05 0O O7
Uy * 1 0 0 0 * —1
Vg * 0 -1 -1 -2 1 *
vy || —1 * 1 0 0 =x 0
Uy 0 * 1 0 —1 0 *
Vs 0 —1 * 1 0 * 0
Vg 1 -1 * 1 -1 0 =
V7 0 0 —1 * 1 * 0
Ug 1 0 -1 * 0 0 x
Ug 0 0 0 —1 * * 1
V10 2 1 1 0 x* —1 *

TABLE 2. The skeleton character y 4 of X 4, where the symbol *
in the i-th line and j-th column of the table means that the vertex
v; does not belong to the face o; of the polytope I'(5 o).

The edges of I'(5 9) are designated by 71, ..., 725, according to Table ,
where we write 7 = (4,7) to mean that ~ is an edge connecting the
vertices v; and v;. This model has 25 edges: 12 neutral edges,

Y25 V35 V4> V75 V85 V105, V125 V165 V175 V185 V165 V225 V25,
and 13 flowing-edges,

Y15 V55 V6795 Y115 V135 V145 V155 719, V20, V215 V23, V24-
The flowing-edge directed graph of y 4 is depicted in Figure [7]
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=12 %=031) 1m =28 =137 72 =(86)
Y2=(3,4) w=(2,4) 7m2=(19) mnr=(48) 72=(509)
V3= (57 6) V8 = (17 5) Y13 = (27 10) Y18 = (37 9) Y23 = (67 10)
V4 = (77 8) Yo = (27 6) Y14 = (57 3) Y19 = (47 10) Y24 = (97 7)
Y5 = (10,9) v0=(1,7) 75 =1(6,4) 720 =(7,5) 725 = (8,10)

TABLE 3. Edge labels.

From this graph we can see that

S={m=(01,2)}

is a structural set for x 4 (see Definition[5.16)) whose S-branches denoted
by &1, . .., & are displayed in Table[d] where we write & = (j, k,[,...) to
indicate that & is a path from vertex v; passing along vertices vy, vy, . .. .

FIGURE 7. The oriented graph of 4.

From\To 7 =(1,2))

H 52 17276710797775737172)

=(1,2,10,9,7,5,3,1,2) |
| ( |
‘ ne (1 H 53 (1 2’ 6’ 47 107 9a 77 57 37 17 2) ‘
‘ H 54 - (1 2’8’67 1079’ 775737 1a 2) ‘
| ( |

| & =(1,2,8,6,4,10,9,7,5,3,1,2)

TABLE 4. S-branches of x 4.

Considering the vertex vy, which has the incoming edge v5 —> v; and
the outgoing edge v; —= vs, we will now illustrate Proposition .
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(212]37 Wg) H’Y6 (281 ’ 71-(%)

e-(r\O2, I,

FIGURE 8. Illustration of Proposition for the example.

By straightforward calculations we obtain

0 2 1 1 1 0 2 1 1 —1
-2 0 1 0 1 -2 0 1 0 —1
B, = -1 -1 0 1 1|, By= -1 -1 0 1 -1
-1 0 -1 0 2 -1 0 -1 0 -2
-1 -1 -1 -2 0 1 1 1 2 0
and
0O -2 -1 -1 -1
2 0 2 1 0
Bi=|1 -2 0 1 o [,
1 -1 -1 0 1
1 0 0 -1 0
and bywe get
0 1 0 -1 0
-1 0 1 0 0
(7.‘-]1))111@“:,2)ﬁ = (ﬂ-IUDQiraC,O)ji = 0 -1 0 L0
1 0 -1 0 0
0o 0 0 0 0
and
o 0 0 0 O
0 0 1 0 -1
(Tr]l:))girac,Q)ﬁ - (ﬂ-],L:})Oimc,l)jj = 0 -1 0 1 0
0O 0 -1 0 1

0o 1 0 -1 0

The matrix (7r}3"’im’0)ti is the representation of the Poisson structure
on IL,; in the coordinates (y2,Yys,Ys, Vs, y7). Notice that yo = 0 on
IL,,. Similarly, the matrix (712 . _)* is the representation of the Poisson
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structure on I1,, in the same coordinates (y2, Y3, Y4, Y5, y7). Notice again

that y7 = 0 on II,,. Now the matrix representation of L., in the
coordinates (y27 Y3, Ya, Ys, y7> is

00001

01000

Ly,=10201200

00010

0000O0°O
A simple calculation shows that

LVG’Yl (71-112))211ra<:,0)jj (L’Yéﬂl)t - (W]zi))oirac,l)ﬁ?

confirming the fact that the asymptotic Poincaré map L., is Poisson

(see(3.3) in Definition [3.1]).

Consider now the subspaces of R”

7
H:{(xl,..., YER" : sz— ,Zwizl}

i=6
and

H0:{<I1,..., E]R7 sz—O ZIZ—O}

For the given matrix A, its null space Ker(A) has dimension 3. Take
a non-zero vector w € Ker(A) N Hy. For example,

= (=2,3,-2,3,-2,-3,3).

The set of equilibria of the natural extension of X4 to the affine hy-
perplane H is

Eq(Xa) =Ker(A)NH ={q+tw:t € R}.
The Hamiltonian of X4 is the function b, : I'52) — R

7
= Z q;log x;
i=1

where ¢; is the i-th component of the equilibrium point ¢ (see Theo-
rem [4.5). Another integral of motion of X is the function A, : I'(5 2y —

R 7
= Z w; IOg Z;,
i=1

where w; is the i-th component of w, which is a Casimir of the under-
lying Poisson structure.
The skeletons of hgy and h,, are respectively 1g, 7, : C*(I'(52)) = R,

7 7
ny) = qyi and n,(y) =Y wy;,
i=1

i=1
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(see Proposition [6.1)), which we use to define 1 : C*(I'52)) — R?,

n(y) == Mg(y); mw(y))-

Consider the skeleton flow map 7g : IIg — Ilg of x4 (see Def-
inition [5.17). Notice that IIg = II,, where by Proposition [5.18|
IL,, = U,_; Il (mod 0). By Proposition the function n is in-
variant under mg. Moreover, the skeleton flow map mg is Hamiltonian
w.r.t. a Poisson structure on the system of cross sections I1g (see The-
orem [6.19).

For alli =1,...,5, the polyhedral cone Il;, has dimension 4. Hence,
each polytope A, . :=IIg, N~ (c) is a 2-dimensional polygon.

Remark 7.1. We came from dimension 5 to 2. This will happen for
any other conservative polymatrix replicator with the same number of
groups and the same number of strategies per group. In fact when
n — p is odd, where n is the total number of strategies in the popula-
tion and p is the number of groups, we will have a minimum drop of
3 dimension. The reason is that a Poisson manifold with odd dimen-
sion (in this example is 5) has at least one Casimir, and considering
the transversal section we drop two dimensions from the symplectic
part (not from the Casimir). So in total we drop a minimum of three
dimensions. If the original Poisson structure has more Casimirs, the
invariant submanifolds yielded geometrically, are going to have even
less dimensions, which is good as long as it not zero. In the case of an
even dimension, the drop will be at least of two dimensions.

By invariance of 7, the set Ag_ is also invariant under mg. Consider
now the restriction mgja,  of g to Ag.. This is a piecewise affine area
preserving map. Figure |§| shows the domain Ag. and 20000 iterates
by mg of a point in Ag,.. Following the itinerary of a random point we
have picked the following heteroclinic cycle consisting of 4 S-branches

5 = (547€1a§3a§4) :

The map 7 is represented by the matrix

0O 0 0 0 0 0 0
1 -1 1 -2 2 -390
1 0 1 -1 1 2 0
M=| -1 2 -1 2 -2 5 1
o 0 0 1 0 1 0
0o 0 0 0 0 0 0
0o 0 0 0 0 0 0

oL

The eigenvalues of M, besides 0 and 1 (with geometric multiplicity

3 and 2, respectively), are

Ay = 5.31174..., and A\, =\,
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Remark 7.2. The determinant of (3. ,)* is zero which means that
the Poisson structure on II,; is non-degenerate. So, Il has a two di-
mensional symplectic foliation invariant under the asymptotic Poincaré

map. The leaf of this foliation are affine spaces parallel to the kernel
of

-1 0 1 0
v # _
(T‘-Dzirac,()) |H76 - 0 -1 0 1 )
1 0O -1 0

i.e. the set of the form

{(q?n 44,45, Q7) + (87 t; _ta _8) | (Q37 44, gs, q7) € H’YG S7t € ]R} N H’YG‘

The restriction of the asymptotic Poincaré map to these leafs is a sym-
plectic map. One important consequence is that its eigenvalues are of
the form A and $.

TN

FIGURE 9. Plot of 20 000 iterates (in orange) by 7s of a point in
Ag ., with ¢ = (%, —0.5), the iterates of the periodic point pg (in
green) of the skeleton flow map 7g with period 4, and the iterates
of another periodic point of the skeleton flow map mg with period

14 (in blue).
An eigenvector associated to the eigenvalue 1 is
po = (0.,0.5,1.,0.,0.,0.,0.).

We have chosen ¢ := (¢, ¢) = (%, —0.5) so that n(pe) = ¢, i.e., po €
Age. In fact we have pg € A¢, . C A, .. Hence po is a periodic
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point of the skeleton flow map mg with period 4 (whose iterates are
represented by the green dots in Figure @

Figure [J] also depicts the polygons A¢, o, Ag, e, Agye, Agye, Ngg e cON-
tained in A,,, and the orbit of another periodic point of the skeleton
flow map mg with period 14 (represented by the blue dots in Figure @[)

By [3, Theorem 8.7] we can deduce the existence of chaotic behaviour
for the flow of X4 in some level set h_*(ci/€) N hy'(c2/€), with ¢ =
(¢1,¢2) chosen above and for all small enough € > 0.
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