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Abstract
The Program for International Student Assessment (PISA) of the OECD studies the in�uence of

time and personal background on the observed performance inequalities between school students in
many countries.

The present contribution analyzes variation of PISA data from 2003 to 2012 in France and Germany
for mathematics literacy through a multiplicative model by what we call Zighera's method. By con-
struction, obtained through repeated decomposition of Kullback-Leibler divergence, its parameters are
meaningful in terms of information, for testing simultaneously the crossed in�uence of all explanatory
variables, whichever be the dimension of the tables to be compared.

Zighera's method is shown to highlight evolution in the composition of the observed population that
may a�ect the observed evolution of performance of students.
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1 Introduction

Analysis of connections between qualitative variables essentially contributes to the understanding of
socio-demographic processes. One of its interests is to identify whether two or several characteristics of
a population are dependent or not, according to more or less identi�able complex relations of causality.

When the variable of interest is a behavior - or event of life, one will seek to distinguish the time
evolution of the structure of the population itself from the in�uence of the characteristics of this popula-
tion on the studied behavior. The di�culty of the exercise comes with the growing number of variables
and relations to be taken into account. From this point of view, multiplicative (also called log-linear)
models allow various levels of interactions between variables to be considered for a better understanding
of the nature of heterogeneity of the population. For example, (Vallet, 2006) uses a multiplicative model
to update the structural links between the occupational status of individuals and that of their father,
by taking as reference the status of independence between these variables. More recently, (Schwanitz
and Mulder, 2014) uses a multiplicative model to compare evolutions of di�erent forms of family life
existing in Europe, by means of various waves of census.

The Program for International Student Assessment (PISA), coordinated by the OECD, compares
outcomes of learning around the end of compulsory schooling. Surveys are conducted every three years
with a sample of 15 years old pupils in numerous countries. Pupils answer to many demographic and
personal questions before answering to questions in three competence �elds � reading, mathematics,
science � that are scored. Pupils not being tracked individually, it is impossible to establish cause
and e�ect links between the evolution of the score and the personal characteristics for a pupil over
several years. Only relations between skills of pupils and various factors can be studied from one survey
year to another. An OECD service is devoted to the development of questionnaires, management of
surveys, analysis and interpretation of results through the di�usion of reports. These reports, providing
data analysis primarily based on comparisons of mean levels or con�dence intervals between countries,
years and other variables, are the object of many critical studies; see for example (Bodin, 2009) and
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(Hopmann and al., 2007). (Ammermüller, 2008), (Barrera et al., 2011), (Meunier, 2007), (Goussé and
Le Donné, 2014), among many others, study the evolution of scores over several years. Most of them
use decomposition methods of score di�erences, as developed in (Oaxaca, 1973), (Blinder, 1973), (Juhn
et al., 1993). These methods forbid to take precisely into account variations in the composition of
population, that is to say the simultaneous evolution of its characteristics a�ecting scholar results. The
present analysis aims to �ll this gap by using a multiplicative modeling method initiated by (Zighera,
1985).

Usual parameterizations of multiplicative models retain only hierarchical associations: an interaction
of higher level can be considered only if the terms of lower level are present in the model. Zighera's
parameterization overcomes this obstacle, and brings several other bene�ts by being more �exible than
many classical approaches. Zighera's parameters are selected via simultaneous calculation and hence
more straightforwardly than for instance in the backward elimination procedure, see (Christensen,
1990). The reference distribution can easily vary for considering variation of the observed distribution
from a counterfactual situation. For socio-demographic data analysis, this �ts especially well studies of
evolution over time of the same population. As we will show through application to PISA, this approach
also appears useful for measuring what in the observed evolution can be explained by the composition
of the samples.

Precisely, we apply Zighera's method to analyze evolutions of mathematical skills of 15 years old
pupils in France and in Germany between 2003 and 2012, as measured by PISA. This enables us to
update evolution concerning the inequalities of score between France and Germany. It highlights that a
part of them is due to the evolution of the structure of the population, another to the e�ects of certain
characteristics of this population. Obtained results show that in the two countries the population
dynamics related to the evolution of school inequalities in mathematics are di�erent. The method also
makes us raise some questions about the sampling method and its evolution from one survey to another.

The paper is organized as follows. Section 2 presents classical multiplicative modeling obtained by
minimization of Kullback-Leibler divergence under marginal constraints, with speci�cations leading to
analysis of information through Zighera's parameterization and ensuing tests. Application to analysis of
PISA surveys, illustrating the potential of Zighera's method in the socio-demographic �eld, is developed
in Section 3.

2 Multiplicative models and Zighera's parameterization

A comparative analysis of two observed contingency tables induces to consider one of the tables' distri-
butions as reference; the other de�nes the marginal constraints. Thus, margins and reference can result
from economic or demographic results of two years or two countries, or depend on a binary variable.
The reference distribution may also correspond to a counterfactual situation speci�ed by the researcher
to measure the variation of the real situation to this imagined situation, which could be of interest in
evaluation of public policies.

Adjustment of the distribution with marginal �xed to the reference distribution is obtained by
minimization of Kullback-Leibler divergence, also called discrimination information. The ensuing model
is multiplicative; a logarithmic transformation makes it additive, and hence it may equivalently be
called log-linear. Note that it appears to be the maximum likelihood estimator subject to the marginal
constraints, a unique distribution with non-unique parameterization. Constraints making the model
identi�able are classically chosen by centering parameters. The approach of (Zighera, 1985), continued
in (Girardin and Ricordeau, 1996), (Thévenon, 2007, 2009) and thoroughly studied in (Girardin et al.,
2016), is based on constraints of identi�ability related to analysis of information. Especially, Zighera's
parameterization allows an additive analysis of information of the model into marginal, cross-marginal
and conditional e�ects, similar to analysis of variance ANOVA, with parameters meaningful in terms of
information.

Let us �rst brie�y present classical results on multiplicative modeling for categorical data; see (Chris-
tensen, 1990) and (Agresti, 2002) for details. We will then specialize to Zighera's parameterization; see
(Girardin et al., 2016) for details. Multiplicative models apply to tables of any dimension. However, to
avoid cumbersome notation, we will consider in this theoretical part only three-dimensional tables.

The set of observations of three variables, say X1, X2 and X3, with I, J and K modalities � or
categories, constitutes a contingency table. The distribution of (X1, X2, X3) is p ∈ P with order 1
and 2 margins p1 = (pi..)i and p12 = (pij.)(i,j), etc.; �nally p... =

∑
ijk pijk = 1. The discrimination

information will be minimized:
- at order 1 in the set PI

m of all distributions with order 1 margins equal to the margins of a given
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distribution m � in other words, pi.. = mi.., p.j. = m.j. and p..k = m..k for all i, j, k;
- at order 2 in the set PII

m of all distributions with order 1 and 2 margins equal to the margins of m.
Note the nested structure, PII

m ⊂ PI
m.

The divergence of a distribution p ∈ P with respect to another r ∈ P is K(p|r) =
∑

ijk pijk log(pijk/rijk).
For K(p|r) to be well-de�ned, pijk = 0 whenever rijk = 0. Note that K is convex and nonnegative, null
if and only if the two distributions are equal, which makes it a pertinent tool for discriminating between
distributions; see (Kullback, 1959) and (Cover and Thomas, 1991).

The distribution p that minimizes the information relative to r in Pu
m, for u = I or II, precisely

K(p|r) = min
q∈Pu

m

K(q|r), (1)

takes the multiplicative form

pijk = Z−1rijkΘ1
i Θ2

jΘ3
k in PI

m, and pijk = Z−1rijkΘ1
i Θ2

jΘ3
kΘ12

ij Θ13
ikΘ23

jk in PII
m , (2)

where Z is the normalization constant depending on the parameters; see (Csiszár, 1975). The unique
distribution p can be computed for instance through the IPF (Iterative Proportional Fitting) method
initiated in (Deming and Stephan, 1940), together with one set Θ. Nevertheless, since the constraints
depend on each others, this set is not unique. For ensuring identi�ability, more constraints are nec-
essary. They are usually chosen in order to simplify the associated calculus, for instance by centering
parameters. The parameters to be kept in the model are then tested through successive goodness-of-�t
tests in hierarchical models. Setting certain parameters to 1 is equivalent to rejection of underlying
independence hypotheses; see for example (Christensen, 1990) for details. For each tested sub-model
and linked parameterization, the probabilities have to be estimated and the test statistics computed.
Moreover, when several sub-models are not rejected, new tests have to be applied for selecting a �nal
parameterization.

The ANOVA method for linear models is well-known to yield an analysis of the total variance in
sums of model and residual variances. Then the most signi�cant factors and interactions are selected
through tests. Similarly, K(q|r) = K(q|p) + K(p|r), where K(p|r) is the information explained by the
model p, and K(q|p) the residual information; see (Csiszár, 1975). The approach proposed in (Zighera,
1985) goes further into analyzing the total information K(p|r) into a sum of divergences measuring the
marginal and crossed e�ects of the explanatory variables. We refer the reader to (Girardin et al., 2016)
for all mathematical details and proofs.

Precisely, at order 1, the parameters of the distribution (2), denoted by θ = (θ1, θ2, θ3), are chosen
as solutions of Zighera's constraints

ZI
m :

∑
i

mi..

θ1i
= 1,

∑
j

m.j.

θ2j
= 1,

∑
k

m..k

θ3k
= 1,

that make the model identi�able. Note they are harmonic constraints. Then we can write

K(p|r) = − logZ +
∑
i

pi.. log θ1i +
∑
j

p.j. log θ2j +
∑
k

p..k log θ3k (3)

= − logZ +
∑
i

pi.. log
pi..

pi../θ1i
+

∑
j

p.j. log
p.j.

p.j./θ2j
+

∑
k

p..k log
p..k

p..k/θ3k

= − logZ + K1 + K2 + K3. (4)

For parameters satisfying ZI
m, all denominators are distributions, and hence all terms K1, K2 and K3

are divergences.
Testing H0 : “Ka = 0” against H1 : “Ka 6= 0”, is equivalent to H0 : “θa = 1” against H1 : “θa 6= 1”,

since Ka given by (4) is null if and only if θ
a = 1. Completing these tests for a ∈ {1, 2, 3} yields the model

the closest to data in terms of information. Let us detail the test, say for X1. The margin constraints
are pni.. = Nn

i../n, where N
n
i.. is the number of observations of X1 = i in the table with distribution m

that �xes the margins. An estimator θ(n) = (θ1(n), θ2(n), θ3(n)) solution of ZI
m simply follows from the

set Θ(n) given by the IPF by setting θ
1(n)
i = Θ

1(n)
i

∑
imi../Θ

1(n)
i , and so on. Then K1 is estimated

by Kn
1 =

∑
i(N

n
i../n) log θ

1(n)
i . Under H0, the test statistic 2nKn

1 converges to a χ2(I − 1)-distribution.
Under the alternative, it converges to the divergence of the true distribution relative to the null model,
that is positive. A unique parameterization is thus obtained, keeping only the statistically signi�cant
parameters meaningful in terms of information.
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Similarly, at order 2, Zighera's constraints ZI
m and

ZII
m :


∑

j mij./θ
12
ij = mi..,

∑
imij./θ

12
ij = m.j., i, j,∑

kmi.k/θ
13
ik = mi..,

∑
imi.k/θ

13
ik = m..k, i, k,∑

km.jk/θ
23
jk = m.j.,

∑
j m.jk/θ

23
jk = m..k, j, k,

induce the analysis

K(p|r) = − logZ + K1 + K2 + K3 + K{1,2} + K{1,3} + K{2,3}, (5)

where the divergences Ka are given by (4) and the K{a,b} are also divergences. The interaction between,
say, X1 and X2 can thus be tested through H0 : “K{1,2} = 0” or equivalently “θ12ij = 1 for all i, j”.
The margin constraints are mn

ij. = Nn
ij./n where Nn

ij. is the number of observations of X1 = i, X2 = j.
Since no estimator of θ = (θ1, θ2, θ3, θ12, θ13, θ23) can be deduced from the IPF procedure, a numerical
procedure based on the projected gradient method is developed in (Girardin et al., 2016). All estimators
and linked divergences are instantly computed, through a program written in C++. Under H0, the test
statistic 2nKn

{1,2} =
∑

i,j N
n
ij./n log θ

12(n)
ij converges to a χ2((I − 1)(J − 1))-distribution.

Further, an analysis of K{a,b} in terms of conditional information is induced. For instance,

K{1,2} =
∑
ij

pij. log θ12ij =
∑
i

pi..
∑
j

pij.
pi..

log
pij./pi..

(pij./pi..)/θ12ij
=

∑
i

pi..K{1,2}/1=i.

For parameters θ satisfying ZII
m , the divergence K{1,2}/1=i measures the crossed e�ect between X1 and

X2 for the category i of X1. If “K{1,2} = 0” is rejected, then the interaction for a �xed category can
be tested, for instance H0 : “K{1,2}/1=i = 0” for a �xed i. Under H0, the test statistic 2Nn

i..Kn
{1,2}/1=i

converges to a χ2(J − 1)-distribution.
Zighera's approach leads to an all-in-one procedure for deciding which e�ects are signi�cant in

the model, with simultaneous computation of parameters and information. These parameters bear a
meaning in terms of information on the model. They can also be interpreted in terms of odds ratios;
see (Girardin et al., 2016). Moreover, the selected model may be non hierarchical.

3 Application to PISA surveys

Zighera's method is here applied to the evolution of PISA scores in mathematics between 2003 and
2012 �rst in France and then in Germany. The explanatory variables will be chosen to represent
the socio-demographic characteristics of pupils. The database and the choice of variables � gender,
father's occupational status (FOS) and parents' country of birth � are detailed in Section 3.1. In
Section 3.2, Zighera's method leads to select for each country one descriptive model analyzing, through
statistically signi�cant criteria, the evolution of scores according to e�ects and crossed-e�ects of the
three characteristics.

3.1 Data and variables

PISA evaluation is conducted every three years on three competence �elds, with one domain chosen
as major each year, representing two thirds of the evaluation. We will compare mathematical literacy
results in the only available major years 2003 and 2012. The following analysis is directly based on
PISA real data sets available as large �les of code ASCII on OECD's website1. The level of score in
mathematics is represented by a variable, that we callX1, and is grouped in classes re�ecting competence
levels of pupils, as de�ned by PISA.

PISA reports show that performance of pupils in mathematics has decreased in France, with average
score 511 in 2003 and 495 in 2012, and has increased in Germany with average score 503 in 2003 and
514 in 2012. Applying Zighera's method aims at accurately describing these evolutions according to
pertinent socio-demographic characteristics de�ning variables of the model. For determining these
variables, we have relied on both the real database and the conclusions of PISA reports. The score
changes noticeably according to pupil's gender, with better results for boys in both France and Germany,
and a greater improvement of average German boys' score than of girls' during the period; see Table 1.
PISA reports also attest of a strong correlation between pupils' performance and FOS; in particular, the

1https://www.oecd.org/pisa/pisaproducts/
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Average score

Country Year All pupils Boys Girls

France
2003 511 515 507
2012 495 499 491

Germany
2003 503 508 499
2012 514 520 507

Table 1: Average scores in mathematics of French and German pupils, by gender; source: Table I.2.3a,
I.2.3b and I.2.3c in (OECD 1, 2012).

web application Occupations@PISA20122 can be used for evaluating this correlation through average
scores. Performance gaps in mathematics are also highlighted between native pupils � pupils having at
least one parent born in the country of the study, and second-generation pupils � whose parents are
foreign-born. For example, Table II.3.6a in (OECD 2, 2012) states that the average score in mathematics
in 2012 in France is 448 for second-generation pupils and 508 for native pupils. By taking in account
these comments, we have chosen to analyze the evolution of score in mathematics for France and
Germany between 2003 and 2012 according to the following socio-demographic variables, with coding
given below:

X2= Gender : 1 - boy, 2 - girl ;

X3= Origin of parents : 1 - both born in France (or Germany), 2 - both born abroad, 3 - one parent
born abroad, the other in France (or Germany);

X4= Father's occupational status (FOS) : M - Profession declared unclear or not declared, 1 - Man-
agers; professionals, 2 - Technicians and associate professionals; clerical support workers; service
and sales workers, 3 - Skilled agricultural, forestry and �shery workers; craft and related trades
workers, 4 - Plant and machine operators and assemblers; workers in elementary occupations.

3.2 Analysis of scores in mathematics

We apply Zighera's method to the dataset summarised in 4-dimensional contingency tables, with
marginal �xed at orders 1 and 2. For each analysis, the variable score X1 is the variable of interest.
Thus, we can directly analyse : variations of score globally, by both direct e�ect ofX1 and cross-e�ects of
(X1, X2), (X1, X3) and (X1, X4); variations in socio-demographic characteristics by e�ects of X2, X3, X4

and their cross-e�ects.

3.2.1 Analysis of scores in France

For the comparison of mathematical results in France between 2003 and 2012, the tests presented in
Section 2 lead to the multiplicative model

pijk = Z−1rijkθ
1
i θ

4
l θ

13
ik θ

14
il θ

24
jl θ

34
kl , (6)

whose parameters and information are given in Table 2.
At order 1, direct e�ects of variables X1 and X4 are retained, with equal marginal information

K1 = K4 = 0.0189. The evolution of score between 2003 and 2012 thus appears to be of the same
amount as the evolution of the distribution of FOS. With θ1i > 1 for i = 0, 1, 2, the proportions of
levels 0, 1 and 2 have increased in the sample, showing a global decreasing of score. With θ41 = 1.274
and θ44 = 1.139, the proportions of FOS 1 and 4 have increased in the sample. However, questions
arise from the comparison of the distribution of FOS in France, according to the INSEE table3, with
the marginal distributions of the sample where for example 27.97% of pupils are declaring FOS 1 and
21.70% of pupils declaring FOS 3 in 2012.

Second-order information and tests related to the variable X1 of score show a signi�cant interaction
between score and FOS, with K{1,4} = 0.0059. Variations of score are stronger for pupils declaring
FOS 3, with K{1,4}/4=3 = 0.103. Similarly, θ1433, θ

14
53 and θ1463 are all higher than 1, showing that pupils

with FOS 3 have higher score in 2012 than in 2003.

2http://mi2.mini.pw.edu.pl:8080/SmarterPoland/PISAoccupations2012/
3http://www.insee.fr/fr/themes/tableau.asp?reg_id=0&ref_id=nattef02135
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Information K{1,3} = 0.0040 shows that variations of score di�er according to the origin of parents,
especially for parents both born abroad with conditional information K{1,3}/2=2 = 0.0194. Indeed, with
θ1302 = 1.084 and θ1322 = 1.091, an increased proportion of pupils with levels 0 and 2 is observed in 2012
in the category of parents both born abroad. Also, with θ1326 = 3.080, an increased proportion of pupils
with level 6 is observed in this category, suggesting that the level of pupils with high score may have
increased during the observed period. The level of pupils with one parent born abroad has decreased,
with θ13i3 > 1 for i = 0, 1, 2 and 4, and the level of score of native pupils has not evolved with θ13i1 ≈ 1 for
all i. These results show a great heterogeneity in the evolution of score in each category of the parents'
origin variable.

Information and tests also reveal signi�cative interactions between FOS and parents' origin and
between FOS and gender. First, K{3,4} = 0.0027 shows that variations in the distribution of FOS
depend on the parents' origin, especially, with conditional information K{3,4}/1=3 = 0.0103, when one
parent is born abroad. Precisely, with θ3434 = 1.288, in the sample, pupils having one parent born abroad
declare a greater proportion of FOS 4 in 2012 than in 2003, which agrees with the database: 17.34%
of FOS 4 in 2012 and 12.40% in 2003. Second, for example, with θ2412 = 0.935 < 1 < θ2422 = 1.067, a
greater proportion of girls declare in 2012 a middle-level profession for their fathers than in 2003. This
is con�rmed by database: girls accounts for 52.5% of pupils stating FOS 2 in 2012, and 50.1% in 2003.

The analysis concerning French pupils con�rms the already known clear decrease of score levels in
mathematics on the observed period. Relations between score level and parent's origins have particularly
evolved, especially for the category of pupils with both parents born abroad, showing a great increase
of heterogeneity in score results. Such a socio-demographic evolution of the samples seems quite too
strong for the relatively short period of the survey; questions on the sampling methods would deserve
further and deeper study.

3.2.2 Analysis of mathematics in Germany

For the comparison of mathematical results in Germany between 2003 and 2012, the tests lead to the
multiplicative model

pijk = Z−1rijkθ
1
i θ

3
kθ

4
l θ

12
ij θ

13
ik θ

14
il θ

24
jl θ

34
kl , (7)

whose parameters and information are given in Table 3.
Similarly to France, direct e�ects of variables X1 and X4 are retained, showing evolution of score

levels and of the distribution of FOS in the sample between 2003 and 2012. For Germany, the latter
is three times more marked than that of score, with K4 = 0.0147 and K1 = 0.0051. The model (7)
also contains a direct e�ect of variable X3 representing the origin of parents, for which K3 = 0.0034.
This analyzis of the PISA database thus reveals more important changing in the socio-demographic
composition of the sample than in the score levels in mathematics. With θ1i > 1 for i = 2, 5, 6, the
proportions of pupils with levels 2, 5 and 6 have increased and with level 0 has clearly decreased, thus
highlighting an improvement of score results. With θ44 = 1.275, the proportion of FOS 4 has increased
in the sample. Note also that the proportion of pupils with unclear response has much increased, with
θ4M = 1.248. With θ32 = 0.817, the proportion of pupils with both parents born abroad has decreased
between 2003 and 2012, while proportions of other categories have increased. According to (Bourgeois,
2006), this may be explained by an increase of mixed marriages.

With K12 = 0.0021, the variation of score di�ers according to the gender of pupils. With θ12i1 > 1 for
i > 3, boys' level has increased between 2003 and 2012, whereas girls' level has decreased with θ12i2 > 1
for i = 1, 2, thus widening the gap between boys and girls.

With K13 = 0.0043, the variation of score also di�ers according to the native country of parents,
especially when one parent at least is born abroad, with conditional information K{1,3}/3=2 = 0.0218
and K{1,3}/3=3 = 0.0310. The level of pupils having both parents born abroad has increased, with
θ13i2 > 1 for i ≥ 3, and the level of pupils having one parent born abroad has decreased, with θ13i3 < 1
for i ≤ 2. Conditional information K{1,3}/3=1 = 0.0001 and parameters θ13i1 ≈ 1 for all i show that score
has not much changed for native pupils.

With K14 = 0.0153, variation of score depends on FOS, and K14/4=M = 0.0322 shows a stronger
interaction for pupils not declaring FOS. Further, those pupils represent 20.55% of the sample in 2012,
which seems too high to interpret correctly a possible correlation between the score level and the FOS.
Note that, for France, they are only 9.93% of the sample.

With K24 = 0.0018, the evolution of FOS distribution in the sample depends on gender. For example,
θ24 show that more girls declaring a father manager have been questioned in 2012 than in 2003, with
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θ2421 = 1.126. Accordingly, the real database of pupils having a father manager contains 51.7% of girls
in 2012 and only 46.9% in 2003.

With K34 = 0.0185 the evolution of FOS distribution in the sample also depends on the origin
of parents, especially for parents born abroad with conditional information K{3,4}/3=2 = 0.1175 and
K{3,4}/3=3 = 0.0539.

The analysis concerning German pupils globally con�rms the already known clear increase of score
levels in mathematics on the observed period. For Germany, evolution of the FOS distribution in the
sample is also observed, with information three times greater than information linked to the score
itself. Similarly to France, the revealed important evolution in the socio-demographic composition of
the sample raises questions.

France and Germany greatly di�er in the simple e�ect of the variable giving the origin of parents.
This may be explained by an important migratory �ow observed in Germany since 1960's, that reached
a pic in 1990's; see (Münz and Ulrich, 1998). Both countries have known, according to experts' studies,
very di�erent demographic evolution in the last years. Zighera's multiplicative approach allows to
describe this evolution, although the variable giving the country of birth parents is not the variable of
interest in this study.

4 Conclusion

Zighera's parameterization of multiplicative models is shown in (Girardin et al., 2016) to have all re-
quired statistical properties for analysis of categorical data with any number of variables. Thanks to
the nested structure of the model and structural properties of the KLD, Zighera's method shows many
advantages compared to classical models based on successive likelihood ratio tests. By construction, its
parameters are meaningful in terms of information. Moreover, computation of all parameters and infor-
mation requires a single process, so yielding an all-in-one process providing through simultaneous tests
the model that best �ts data. Further, as illustrated by application to PISA data, such multiplicative
model may be non hierarchical.

Zighera's method enabled us to highlight that the di�erences in evolution of scores in France and
Germany between 2003 and 2012 are carried by very di�erent dynamics linked to socio-demographic
characteristics of the sample. Both analyses show an evolution of the demographic composition of
the samples, evaluated by direct e�ects of variables gender, native country parents, FOS and their
interactions.

Zighera's method also appears as a useful tool for a statistical quality control of the samples. A
problem of structure in PISA sampling is highlighted, in particular because of increasing missing answers.
Evolution in the sample composition through socio-demographic characteristics is also observed, whose
link with the real evolution of the population would deserve further study. To go further, it would
be necessary to specify what, in the education system or family practices, products such di�erences
in the evolution of score according to socio-economic pro�le; see (Goussé and Le Donné, 2014). Note
also that pupils are questioned, through its surveys, only on a small share of their skills: for example,
(Bodin, 2006) states that the contents of PISA questionnaires in mathematics cover approximately only
15% of the programs of secondary school programs, where more than 85% of the questioned pupils are
registered.

Zighera's method is applicable to many other �elds, and proved to be especially useful for very large
samples. For example, (Thévenon, 2009) adopted this approach to explore European data on women's
labour force participation in order to analyse the e�ects of family characteristics on the activity behaviors
of women. It would especially �t the evaluation of public policies by comparing the distributions of
population before and after a reform.
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Parameters and margins KLD

Score i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6
θ1 1.647 1.333 1.066 0.921 0.853 0.844 0.911 0.0189

Margins (2003) 0.0485 0.1000 0.2045 0.2560 0.2335 0.1191 0.0383
Margins (2012) 0.0724 0.1285 0.2147 0.2370 0.2033 0.1054 0.0386

FOS l =M l = 1 l = 2 l = 3 l = 4
θ4 0.715 1.274 0.840 1 1.139 0.0189

Margins (2003) 0.1256 0.2358 0.2767 0.2119 0.1500
Margins (2012) 0.0993 0.2797 0.2256 0.2170 0.1784

Interaction Score�Parent's origin

θ13 i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6

k = 1 0.922 0.998 0.967 1.021 1.005 1.063 0.969 0.0006
k = 2 1.084 0.977 1.091 0.891 0.936 0.600 3.080 0.0194
k = 3 1.195 1.053 1.091 0.981 1.008 0.806 0.698 0.0067

KLD 0.0046 0.0002 0.0015 0.0009 0.0002 0.0106 0.0549 0.0040

Interaction Score�FOS

θ14 i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6

l =M 0.924 0.934 1.123 1.047 0.996 0.797 1.132 0.0039
l = 1 1.140 1.129 0.924 0.930 1.090 1.043 0.816 0.0043
l = 2 1.048 1.149 1.042 0.943 1 0.788 1.533 0.0084
l = 3 0.994 0.912 0.979 1.180 0.805 1.298 1.178 0.0103
l = 4 1.022 0.954 0.998 0.982 1.053 1.151 0.858 0.0011

KLD 0.0017 0.0048 0.0016 0.0042 0.0057 0.0139 0.0357 0.0059

Interaction Gender�FOS

θ24 l =M l = 1 l = 2 l = 3 l = 4

j = 1 1.083 0.964 0.935 1.097 0.992 0.0020
j = 2 0.922 1.038 1.067 0.921 1.007 0.0017

KLD 0.0032 0.0007 0.0022 0.0038 0 0.0018

Interaction Parent's origin�FOS

θ34 l =M l = 1 l = 2 l = 3 l = 4

k = 1 1.060 0.988 0.994 1.032 0.960 0.0004
k = 2 0.949 1.111 1.201 0.838 1.024 0.0083
k = 3 0.789 0.999 0.882 1.089 1.288 0.0103

KLD 0.0046 0.0006 0.0028 0.0034 0.0039 0.0027

Table 2: Parameters of model (6) of results in mathematics in France and margins of observations
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Parameters and margins KLD

Score i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6
θ1 0.698 1.002 1.084 1.004 0.998 1.050 1.064 0.0051

Margins (2003) 0.0824 0.1153 0.1799 0.2340 0.2180 0.1226 0.0479
Margins (2012) 0.0617 0.1189 0.1961 0.2347 0.2135 0.1255 0.0496

Origin k = 1 k = 2 k = 3
θ3 1.018 0.817 1.196 0.0034

Margins (2003) 0.8135 0.1360 0.0505
Margins (2012) 0.8270 0.1116 0.0613

FOS l =M l = 1 l = 2 l = 3 l = 4
θ4 1.248 0.924 0.956 0.816 1.275 0.0147

Margins (2003) 0.1748 0.2113 0.2233 0.2646 0.1260
Margins (2012) 0.2055 0.2020 0.2196 0.2157 0.1572

Interaction Score�Gender

θ12 i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6

j = 1 1.019 0.898 0.928 1.086 1.001 1.020 1.053 0.0021
j = 2 0.982 1.117 1.069 0.923 0.998 0.976 0.917 0.0021

KLD 0.0002 0.0059 0.0025 0.0033 0 0.0002 0.0022 0.0021

Interaction Score�Parent's origin

θ13 i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6

k = 1 1.040 1.013 1.007 0.982 1.008 0.989 0.987 0.0001
k = 2 0.833 0.882 0.812 1.307 1.157 1.171 1.701 0.0218
k = 3 1.367 1.225 1.361 0.796 0.744 1.036 0.856 0.0310

KLD 0.0076 0.0030 0.0060 0.0053 0.0032 0.0007 0.0068 0.0043

Interaction Score�FOS

θ14 i = 0 i = 1 i = 2 i = 3 i = 4 i = 5 i = 6

l =M 0.553 0.808 1.175 1.156 1.229 1.063 1.288 0.0322
l = 1 1.840 0.710 1.029 1.036 1.017 0.996 0.954 0.0048
l = 2 1.514 1.408 0.855 0.875 1.029 1.113 0.906 0.0141
l = 3 1.523 0.985 0.937 1.077 0.894 0.979 1.096 0.0073
l = 4 1.519 1.242 1.038 0.865 0.885 0.706 1.189 0.0196

KLD 0.1223 0.0263 0.0065 0.0065 0.0055 0.0066 0.0062 0.0153

Interaction Gender�FOS

θ24 l =M l = 1 l = 2 l = 3 l = 4

j = 1 1.024 0.892 1.047 1.008 1.042 0.0017
j = 2 0.971 1.126 0.959 0.992 0.958 0.0019

KLD 0.0004 0.0068 0.0010 0 0.0009 0.0018

Interaction Origin of parents�FOS

θ34 l =M l = 1 l = 2 l = 3 l = 4

k = 1 1.148 1 0.960 0.947 0.929 0.0029
k = 2 0.321 0.885 1.779 1.139 1.245 0.1175
k = 3 0.469 1.111 0.917 1.530 1.065 0.0539

KLD 0.0605 0.0007 0.0139 0.0079 0.0072 0.0185

Table 3: Parameters of model (7) of results in mathematics in Germany and margins of obser-
vations
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