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The Itô Integral definition and properties

Definition

Denote by {Ft}t≥0 the filtration generated by the one-dimensional Brownian
motion Bt and by B the Borel σ-algebra on [0,∞).
Let V = V(S ,T ) be the class of functions f : [0,∞) × Ω → R such that

(i) (t, ω) → f (t, ω) is B × F-measurable.

(ii) f (t, ω) is Ft-adapted.

(iii) E
[

∫ T

S
(f (t, ω))2dt

]

< ∞.

We have already defined the Itô integral for functions f ∈ V (as well as for
larger classes of functions) and studied some of its properties.
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The Itô Integral definition and properties

Definition (Elementary function)

A function φ ∈ V(S ,T ) is called elementary if it has the form

φ(t, ω) =
∑

j

ej(ω)I[tj ,tj+1)(t) ,

where the points tj define a partition of the interval [S ,T ].
We have been using a partition defined by the points

tj = t
(n)
j =











j2−n if S ≤ j2−n ≤ T

S if j2−n < S

T if j2−n > T

.

Note that since φ ∈ V then ej(ω) must be Ftj -measurable.

For elementary functions φ(t, ω) we define the stochastic integral as
∫ T

S

φ(t, ω)dBt(ω) =
∑

j≥0

ej(ω)[Btj+1
− Btj ](ω) ,
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The Itô Integral definition and properties

Definition (The Itô integral)

Let f ∈ V(S ,T ). Then the Itô integral of f (from S to T ) is defined by

∫ T

S

f (t, ω)dBt(ω) = lim
n→∞

∫ T

S

φn(t, ω)dBt(ω) limit in L2(P) , (1)

where {φn} is a sequence of elementary functions such that

E

[

∫ T

S

(f (t, ω) − φn(t, ω))2dt

]

→ 0 as n → ∞ , (2)

where the limit in (1) exists and does not depend on the choice of {φn}, as long
as (2) holds.
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The Itô Integral definition and properties

Properties of the Itô integral:
◮ Itô isometry:

E

[

(

∫ T

S
f (t, ω)dBt(ω)

)2
]

= E
[

∫ T

S
(f (t, ω))2

dt
]

for all f ∈ V(S , T )

◮ Linearity

◮ E
[

∫ T

S
f dBt

]

= 0

◮

∫ T

S
f dBt is FT -measurable

◮ Existence of a continuous version
◮ The martingale property
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Motivation for the Itô formula
Let us recall the computation of the Itô integral

∫ t

0
BsdBs = 1

2B2
t − 1

2 t.

Example

Assume B0 = 0. We consider the sequence of elementary functions

φn(t, ω) =
∑

j

Bj(ω)I[tj ,tj+1)(t),

where Bj = Btj . Then

E

[∫ t

0

(φn − Bs)
2
ds

]

= E





∑

j

∫ tj+1

tj

(Bj − Bs)
2
ds





=
∑

j

∫ tj+1

tj

(s − tj) ds

=
∑

j

1

2
(tj+1 − tj)

2
→ 0 as ∆tj → 0.
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Motivation for the Itô formula

Example

Thus,
∫ t

0

BsdBs = lim
∆tj→0

∫ t

0

φndBs = lim
∆tj→0

∑

j

Bj∆Bj .

We now note that

∆(B2
j ) = B2

j+1 − B2
j = (Bj+1 − Bj)

2 + 2Bj(Bj+1 − Bj) = (∆Bj)
2 + 2Bj∆Bj ,

and therefore

B2
t =

∑

j

∆(B2
j ) =

∑

j

(∆Bj)
2 + 2

∑

j

Bj∆Bj ,

that is
∑

j

Bj∆Bj =
1

2
B2

t −
1

2

∑

j

(∆Bj)
2 .

Noting that
∑

j(∆Bj)
2 → t in L2(P) as ∆tj → 0, we obtain the result.
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Motivation for the Itô formula

Example
∫ t

0

BsdBs =
1

2
B2

t −
1

2
t .

This example illustrates that the definition of Itô integral is not very useful
when we try to evaluate a given integral.

◮ We face the same kind of problems posed by the computation of ordinary
Riemann integrals using its definition.

⋆ But to compute Riemann integrals we do not usually use its definition, but
rather a combination of the fundamental theorem of calculus and the chain rule.

◮ However, in the context of stochastic calculus, we have no differentiation
theory, only integration theory.

◮ Nevertheless, it is possible to establish an Itô integral version of the chain rule,
called the Itô formula.

◮ The Itô formula turns out to be extremely useful for evaluating Itô integrals.
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Itô processes
From the identity

∫ t

0

BsdBs =
1

2
B2

t −
1

2
t .

we get
1

2
B2

t =
1

2
t +

∫ t

0

BsdBs .

Note that the image of the Itô integral Bt =
∫ t

0
dBs by the map g(x) = 1

2x2

is not again an Itô integral of the form
∫ t

0

f (s, ω)dBs(ω)

but rather a combination of two integrals.

1

2
B2

t =

∫ t

0

1

2
ds +

∫ t

0

BsdBs .

If we introduce Itô processes (also called stochastic integrals) as sums of a Itô
integral and a Riemann integral then this family of integrals is stable under
smooth maps.
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Itô processes

Before giving a precise definition of Itô processes, let us recall the definition
of the class of functions WH.

Definition (Class of functions WH(S , T ))

We denote by WH(S ,T ) the class of functions f : [0,∞) × Ω → R satisfying the
following three conditions

(i) (t, ω) → f (t, ω) is B × F-measurable.

(ii)’ There exists an increasing family of σ-algebras Ht , t ≥ 0 such that:

a) Bt is a martingale with respect to Ht

b) f (t, ω) is Ht-adapted.

(iii)’ P
[

∫ T

S
f (s, ω)2ds < ∞

]

= 1.

We denote by WH the set defined by WH = ∩T>0WH(0,T ).
We denote by Wm×n

H (S ,T ) the set of m × n matrices with entries on WH(S ,T ).
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Itô processes

Definition (1-dimensional Itô process)

Let Bt be 1-dimensional Brownian motion on a probability space (Ω,F ,P).
A (1-dimensional) Itô process is a stochastic process Xt on (Ω,F ,P) of the form

Xt = X0 +

∫ t

0

u(s, ω)ds +

∫ t

0

v(s, ω)dBs ,

where v ∈ WH so that

P

[∫ t

0

v(s, ω)2ds < ∞ for all t ≥ 0

]

= 1

and u is Ht-adapted and such that

P

[∫ t

0

|u(s, ω)|ds < ∞ for all t ≥ 0

]

= 1 .
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Itô processes

An Itô process Xt of the form

Xt = X0 +

∫ t

0

u(s, ω)ds +

∫ t

0

v(s, ω)dBs ,

can be written in the shorter differential form

dXt = udt + vdBt .

Recalling the example above, we note that the Itô process

1

2
B2

t =

∫ t

0

1

2
ds +

∫ t

0

BsdBs .

can be rewritten as

d

(

1

2
B2

t

)

=
1

2
dt + BtdBt .
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The 1-dimensional Itô formula

Theorem (The 1-dimensional Itô formula)

Let Xt be an Itô process given by

dXt = udt + vdBt

and let g(t, x) ∈ C 2([0,∞) × R). Then

Yt = g(t,Xt)

is again an Itô process, and

dYt =
∂g

∂t
(t,Xt)dt +

∂g

∂x
(t,Xt)dXt +

1

2

∂2g

∂x2
(t,Xt)(dXt)

2 ,

where (dXt)
2 = (dXt).(dXt) is computed according to the “multiplication table”

dt.dt = dt.dBt = dBt .dt = 0 , dBt .dBt = dt .
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The 1-dimensional Itô formula

Proof.
Observe that if we substitute

dXt = udt + vdBt

in

dYt =
∂g

∂t
(t,Xt)dt +

∂g

∂x
(t,Xt)dXt +

1

2

∂2g

∂x2
(t,Xt)(dXt)

2 ,

and use the “multiplication table”

dt.dt = dt.dBt = dBt .dt = 0 , dBt .dBt = dt .

we get the equivalent expression

g(t,Xt) = g(0,X0) +

∫ t

0

∂g

∂t
(s,Xs) + u

∂g

∂x
(s,Xs) +

1

2
v2 ∂2g

∂x2
(s,Xs)ds

+

∫ t

0

v
∂g

∂x
(s,Xs)dBs ,

which is still an Itô process.
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The 1-dimensional Itô formula

Proof.
We can assume that:

1) the functions g , ∂g
∂t

, ∂g
∂x

and ∂2g
∂x2 are bounded.

◮ If this is the case, we obtain the general case by approximating by C 2

functions gn such that gn,
∂gn

∂t
, ∂gn

∂x
and ∂

2gn

∂x2 are bounded for each n and

converge uniformly on compact subsets of [0, +∞) × R to g , ∂g

∂t
, ∂g

∂x
and ∂

2g

∂x2 ,
respectively.

2) u(t, ω) and v(t, ω) are elementary functions.
◮ Because if f ∈ WH then for all t there exist step functions fn ∈ WH such that

∫ t

0

|f − fn|ds → 0 (in probability)

and, therefore,

∫ t

0

f (s, ω)dBs(ω) = lim
n→∞

∫ t

0

fn(s, ω)dBs(ω) (in probability) .
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The 1-dimensional Itô formula

Proof.
Using Taylor’s theorem we get

g(t,Xt) = g(0,X0) +
∑

j

∆g(tj ,Xj)

= g(0,X0) +
∑

j

∂g

∂t
∆tj +

∑

j

∂g

∂x
∆Xj

+
1

2

∑

j

∂2g

∂t2
(∆tj)

2 +
1

2

∑

j

∂2g

∂t∂x
∆tj∆Xj +

1

2

∑

j

∂2g

∂x2
(∆Xj)

2

+
∑

j

Rj ,

where

the functions g , ∂g
∂t

, ∂g
∂x

, ∂2g
∂t2 , ∂2g

∂t∂x
and ∂2g

∂x2 are all evaluated at (tj ,Xtj ).

∆tj = tj+1 − tj , ∆Xj = Xj+1 − Xj , ∆g(tj ,Xj) = g(tj+1,Xj+1) − g(tj ,Xj).

Rj = o
(

|∆tj |
2 + |∆Xj |

2
)

for all j.
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The 1-dimensional Itô formula

Proof.
If ∆tj → 0 then

∑

j

∂g

∂t
∆tj =

∑

j

∂g

∂t
(tj ,Xtj )∆tj →

∫ t

0

∂g

∂s
(s,Xs)ds

and
∑

j

∂g

∂x
∆Xj =

∑

j

∂g

∂x
(tj ,Xtj )∆Xj →

∫ t

0

∂g

∂x
(s,Xs)dXs .

Since u and v are elementary, we get

∑

j

∂2g

∂x2
(∆Xj)

2 =
∑

j

∂2g

∂x2
(tj ,Xtj )u

2
j (∆tj)

2 +
∑

j

∂2g

∂x2
(tj ,Xtj )ujvj∆tj∆Bj

+
∑

j

∂2g

∂x2
(tj ,Xtj )v

2
j (∆Bj)

2 .

where uj = uj(tj , ω) and vj = vj(tj , ω).
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The 1-dimensional Itô formula

Proof.
The first two terms in the previous equality tend to zero as ∆tj → 0. To see this,
note that, for instance

E











∑

j

∂2g

∂x2
ujvj∆tj∆Bj





2





=

∑

j

E

[

(

∂2g

∂x2
ujvj

)2
]

(∆tj)
3 → 0 as ∆tj → 0.

In a similar fashion the terms

1

2

∑

j

∂2g

∂t2
(∆tj)

2

and
1

2

∑

j

∂2g

∂t∂x
∆tj∆Xj

also tend to zero as ∆tj → 0.
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The 1-dimensional Itô formula

Proof.
It remains to be proved that

∑

j

∂2g

∂x2
(tj ,Xtj )v

2
j (∆Bj)

2 →

∫ t

0

v2 ∂2g

∂x2
ds in L2(P) as ∆tj → 0.

To prove it, we introduce the notation a(t) = v2(t, ω)∂2g
∂x2 (t,Xt), aj = a(tj) and

consider

E











∑

j

aj(∆Bj)
2 −

∑

j

aj∆tj





2





=

∑

i,j

E
[

aiaj((∆Bi )
2 − ∆ti )((∆Bj)

2 − ∆tj)
]

.

If i < j then the terms aiaj((∆Bi )
2 − ∆ti ) and ((∆Bj)

2 − ∆tj) are independent
and so the corresponding terms in the sum vanish in this case and similarly for
i > j .
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The 1-dimensional Itô formula

Proof.
Therefore, we are left with
∑

j

E
[

a2
j ((∆Bj)

2 − ∆tj)
2
]

=
∑

j

E
[

a2
j

]

E
[

(∆Bj)
4 − 2(∆Bj)

2(∆tj) + (∆tj)
2
]

=
∑

j

E
[

a2
j

]

E
[

3(∆tj)
2 − 2(∆tj)

2 + (∆tj)
2
]

= 2
∑

j

E
[

a2
j

]

(∆tj)
2 as ∆tj → 0.

Therefore, we have established that

∑

j

aj(∆Bj)
2 →

∫ t

0

a(s)ds in L2(P) as ∆tj → 0,

which is also often expressed as (dBt)
2 = dt

The arguments above also prove that
∑

j Rj → 0 as ∆tj → 0, which completes
the proof of the Itô formula.
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The 1-dimensional Itô formula

Note that:
◮ it is enough that g(t, x) is C 2 on [0,∞) × U, if U ⊂ R is an open set such

that Xt(ω) ∈ U for all t ≥ 0 and ω ∈ Ω.
◮ it is enough to assume that g(t, x) is C 1 in t and C 2 in x .
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The 1-dimensional Itô formula

Example

To compute the integral
∫ t

0

BsdBs

one can choose Xt = Bt and g(t, x) = 1
2x2 and apply Itô formula to

Yt = g(t,Bt) =
1

2
B2

t

to get

dYt = g(t,Bt) =
∂g

∂t
(t,Bt)dt +

∂g

∂x
(t,Bt)dBt +

1

2

∂2g

∂x2
(t,Bt)(dBt)

2

= BtdBt +
1

2
dt

=
1

2
dt + BtdBt .

Diogo Pinheiro (CEMAPRE) LXDS Seminar December 2, 2009 22 / 30



The 1-dimensional Itô formula

Example

Therefore,

d

(

1

2
B2

t

)

=
1

2
dt + BtdBt

and thus
1

2
B2

t =
t

2
+

∫ t

0

BsdBs

or
∫ t

0

BsdBs =
1

2
B2

t −
t

2
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The 1-dimensional Itô formula

Example

Let us assume that f : R → R is C 1. To compute the integral

∫ t

0

f (s)dBs .

we can use some real variable calculus intuition, i.e. it seem reasonable that a
term of the form f (t)Bt should appear when computing the integral above.
Therefore, we choose Xt = Bt and g(t, x) = f (t)x and apply Itô formula to

Yt = g(t,Bt) = f (t)Bt

to get

dYt = g(t,Bt) =
∂g

∂t
(t,Bt)dt +

∂g

∂x
(t,Bt)dBt +

1

2

∂2g

∂x2
(t,Bt)(dBt)

2

= f ′(t)Btdt + f (t)dBt .
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The 1-dimensional Itô formula

Example

Therefore,
d (f (t)Bt) = f ′(t)Btdt + f (t)dBt

and thus

f (t)Bt =

∫ t

0

f ′(s)Bsds +

∫ t

0

f (s)dBs

or
∫ t

0

f (s)dBs = f (t)Bt −

∫ t

0

f ′(s)Bsds
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The 1-dimensional Itô formula

We can extend the previous reasoning to obtain the following analogue of the
integration by parts formula.

Theorem (Integration by parts)

Suppose the f (s, ω) = f (s) only depends on s and that f is continuous and of
bounded variation in [0, t]. Then

∫ t

0

f (s)dBs = f (t)Bt −

∫ t

0

Bsdf (s) .
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The Multi-dimensional Itô formula

Definition (Multi-dimensional Itô process)

Let B(t, ω) = (B1(t, ω), ...,Bm(t, ω)) denote m-dimensional Brownian motion.
Assume that for each i ∈ {1, ..., n} and each j ∈ {1, ...,m} we have that the
processes ui = ui (t, ω) and vij = vij(t, ω) are such that vij ∈ WH and

P

[∫ t

0

vij(s, ω)2ds < ∞ for all t ≥ 0

]

= 1,

and ui is Ht-adapted and such that

P

[∫ t

0

|ui (s, ω)|ds < ∞ for all t ≥ 0

]

= 1 .

A (Multi-dimensional) Itô process is a stochastic process of the form











dX1 = u1dt + v11dB1 + · · · + v1mdBm

...
...

...
dXn = undt + vn1dB1 + . . . + vnmdBm

.
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The Multi-dimensional Itô formula

Note that one could also represent a Multi-dimensional Itô process on matrix
form

dX = udt + vdB ,

where

X (t) =







X1(t)
...

Xn(t)






, u =







u1

...
un







v =







v11 · · · v1m

...
...

vn1 · · · vnm






, dB(t) =







dB1(t)
...

dBm(t)






.
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The Multi-dimensional Itô formula

Theorem (The Multi-dimensional Itô formula)

Let
dX (t) = udt + vdB(t)

be an n-dimensional Itô process and let g(t, x) = (g1(t, x), ..., gp(t, x)) be a C 2

map from [0,∞) × R
n into R

p.
Then the process

Y (t) = g(t,X (t))

is again an Itô process and its kth component Yk is given by

dYk =
∂gk

∂t
(t,X )dt +

n
∑

i=1

∂gk

∂xi

(t,X )dXi +
1

2

n
∑

i,j=1

∂2gk

∂xi∂xj

(t,X )dXidXj ,

where the following “multiplication table” holds

dt.dt = dt.dBi = dBi .dt = 0 , dBi .dBj = δijdt .

The proof is analogous to the 1-dimensional version.
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The Multi-dimensional Itô formula

Example

Let B = (B1, ...,Bn) be a Brownian motion in R
n and n ≥ 2. Consider the

stochastic process given by

R(t, ω) = |B(t, ω)| =
(

B2
1 (t, ω) + · · · + B2

n (t, ω)
)1/2

,

i.e. the distance to the origin to the Brownian motion B.
Although g(t, x) = |x | is not a C 2 function at the origin, Itô’s formula still holds
since B never hits the origin a.s. when n ≥ 2. We get

dR =
n

∑

i=1

Bi

R
dBi +

n − 1

2R
dt .

The process R above is called the n-dimensional Bessel process.
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