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Abstract

We consider the Cauchy problem for a second-order parabolic PDE in half spaces,
arising from the stochastic modelling of a multidimensional European financial
option. To improve generality, the asset price drift and volatility in the underlying
stochastic model are taken time and space-dependent and the payoff function is
not specified.

The numerical methods and possible approximation results are strongly linked
to the theory on the solvability of the PDE. We make use of two theories: the
theory of linear PDE in Holder spaces and the theory of linear PDE in Sobolev
spaces.

First, instead of the problem in half spaces, we consider the corresponding
problem in domains. This localized PDE problem is solvable in Hélder spaces.
The solution is numerically approximated, using finite differences (with both the
explicit and implicit schemes) and the rate of convergence of the time-space finite
differences scheme is estimated. Finally, we estimate the localization error.

Then, using the L? theory of solvability in Sobolev spaces and in weighted
Sobolev spaces, the solution of the PDE problem is approximated in space, also
using finite differences. The approximation in time is considered in abstract spaces
for evolution equations (making use of both the explicit and implicit schemes)
and then specified to the second-order parabolic PDE problem. The rates of

convergence are estimated for the approximation in space and in time.
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Chapter 1

Introduction

Financial options or derivatives are contingent financial claims and their mod-
elling is made in a stochastic framework (according with the Financial Mathe-
matics theory initiated by the works of Fisher Black and Myron Scholes (1973)
and Robert Merton (1973)). We are interested, in particular, in one basic type
of financial option: the European option, in its general multidimensional version
(the option on a basket of assets).

The European option modelling lies on the stochastic equation describing the
dynamic of the underlying asset prices. It is well known that pricing an option can
be reduced, with the use of Feynman-Kac formula, to solving the Cauchy problem
with a final condition for a second-order parabolic PDE in half spaces, where the
parabolic operator’s coefficients associated with the first and second-order partial
derivatives are unbounded.

The topic of this research is the numerical approximation of the PDE arising
from the stochastic financial problem, in this general multidimensional version.

In the available numerical analysis literature, several numerical schemes can
be found for the European option price approximation. However, we could not
find a systematic approach to the subject, namely considering the PDE problem
in its general form (with time and space dependent coefficients and non specified
independent term and final condition) and simultaneously producing the rates
of convergence for the corresponding approximation schemes. The aim of the
present study is to contribute to this systematic approach.

We make some comments on the choice of the European option (in the general
multidimensional form) as the derivative type motivating this research. This
choice seemed to be appropriate as its general modelling can be applied or be
adapted, more or less easily, to the other several types of options with no early
exercise. At the same time, the particularities of the study of each of the multiple
different types of options are avoided in this first stage. We expect that our

numerical approximation study can be used beyond the particular derivative type
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motivating it.
Finally, we mention that, in this research, we will not put the emphasis in the
numerical methods sophistication: the basic finite differences explicit and implicit

schemes will be used.

We summarize the chapters’ content.

Chapter 2 - European financial options After briefly reviewing the
stochastic background for the European option modelling, we consider the simple
unidimensional Black-Scholes model and a few of its immediate generalizations.
Then, we outline the way the parabolic PDE Cauchy problem arises from the
stochastic problem.

Chapter 3 - Parabolic PDE in Holder spaces: space and time dis-
cretization In this chapter, we follow the approach by N. V. Krylov (in Krylov
[29]). We approximate the parabolic PDE Cauchy problem in Hélder spaces (im-
posing that the operator is non-degenerate elliptic in space and its coefficients
are bounded). We localize the problem on a bounded domain and study the ap-
proximation for this localized problem, using both the implicit and the explicit
schemes. Then we estimate the localization error, i.e. the error due to considering
the Cauchy problem on a bounded domain instead of the whole space. The main

content of the chapter is:

— Existence and uniqueness result for the solution of the discrete problem corre-
sponding to the continuous initial-boundary value problem - this is a result

stated in Krylov [29], but proved only for an elliptic problem.

— Estimate for the convergence rate of the discrete problem solution to the cor-
responding continuous problem solution - this result is also stated in Krylov
[29], but proved only for an elliptic problem. We also estimate the rate of
convergence for a case where weaker conditions are imposed over the initial
data.

— Construction of discrete operators approximating the corresponding continu-
ous operator, using the explicit and implicit schemes - these operators are

considered in Krylov [29], but for a more specific example of the equation.

— Stochastic representation of the solutions of the Cauchy and the initial-
boundary value problems for a parabolic PDE, under milder conditions and
capturing wider situations than we could find in the literature. Estimate of
the localization error. These results are obtained for the cases where strong

and weak solutions of the corresponding stochastic equation are considered.
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Chapter 4 - Parabolic PDE in Sobolev and weighted Sobolev spaces:
space discretization We consider the Cauchy problem in Sobolev spaces (as-
suming that the operator is non-degenerate elliptic in space but imposing less reg-
ularity from the data) and study its space-discretized version in discrete Sobolev
spaces. Next, in order to consider PDE with unbounded coefficients, we take the
problem in weighted Sobolev spaces and study its space-discretization in discrete

weighted Sobolev spaces. The main results we obtain are:

— Existence and uniqueness of the discretized problem solution in discrete

Sobolev spaces.

— Estimate for the discrete problem solution rate of convergence to the corre-
sponding continuous problem solution in Sobolev spaces. Stronger estimate

for the particular unidimensional (in space) case.

— Existence and uniqueness result for the discrete problem solution in discrete

weighted Sobolev spaces.

— Estimate for the discrete problem solution rate of convergence to the continu-

ous problem solution in weighted Sobolev spaces.

Chapter 5 - Evolution equations in abstract spaces: time discretiza-
tion We consider the approximation in time in abstract spaces for evolution equa-
tions, using both the implicit and the explicit schemes. The particular second-
order parabolic PDE problem approximation is given as an example. We prove

the following main results for each of the approximation schemes:
— Existence and uniqueness result for the solution of the discrete problem.
— Estimate for the solution of the discrete problem.

— Estimate for the discrete problem solution rate of convergence to the corre-

sponding continuous problem solution.

Chapter 6 - Conclusion and further research We discuss some of the
results obtained in the previous chapters and outline further research directions.

Appendix A - Notation The notation is mostly introduced in the text.
For the convenience of the reader, we list the basic notation symbols used.

Appendix B - Useful results We list some basic inequalities and conver-

gence theorems we use.



Chapter 2

European financial options

We will introduce the European financial option. Basically, this derivative is a
contract giving its owner the right (and not the obligation) to trade (either to
buy or to sell) a stock (or a commodity, an index or a currency) for a fixed price
at a fixed future date.

We will sketch the stochastic model for the pricing of a European option and
the way this problem can be reduced to solve the Cauchy problem for a second-
order parabolic PDE. Finally, we will discuss the potentiality of the modelling for

application to other types of options.

2.1 Stochastic processes background

In this section we summarize the basic stochastic processes concepts and results
(see e.g. Lamberton et all [34], pp. 29-56, Friedman [18], ch. 5).

Stochastic processes.

Definition 2.1.1. A continuous-time stochastic process in a space E endowed
with a o—algebra € is a family (X;);cg+ of random variables defined on a prob-

ability space (2, A, P) with values in a measurable space (E, £).

We introduce the concept of filtration, which represents the information avail-

able at time ¢.

Definition 2.1.2. Let (2, A, P) be a probability space. A filtration (F;):>o is an

increasing family of o—algebras included in A.

A process (X¢)i>o is said to be adapted to the filtration (F;)¢>o if, for any ¢,
X, is F;—measurable. We say that the filtration ¥, = o(X,, s < t) is gener-
ated by the process (X;)i>0. We will work with filtrations which contain all the
P —null sets of A. The completion of (F;);>¢ is the filtration generated by both
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0(Xs, s <t) and N (the o—algebra generated by all the P—null sets of A) and

is called the natural filtration of the process (X¢)¢>o.
A stopping time is a random time that depends on the process (X;) in a
non-anticipative way.

Definition 2.1.3. 7 is a stopping time with respect to the filtration (F;);>¢ if 7 is
a mapping €2 — [0,4o00] such that, for any t > 0, {7 <t} € F;. The oc—algebra
associated with 7is F, = {A € A: forany t > 0, AN{r < t} € F;}, and

represents the information available until the random time 7.

Next we state some stopping time properties (see Lamberton et all [34], p. 31).
Proposition 2.1.4. The following hold

1. If S is a stopping time then S is Fg measurable;

2. If S is a stopping time, finite almost surely, and (X;)i>o @s a continuous

adapted process then Xg is Fg measurable;
3. If S and T are two stopping times such that S <T P a.s. then Fs C Fr;

4. If S and T are two stopping times then S AT = inf(S,T) is a stopping
time. In particular, if S is a stopping time and t is a deterministic time

then S At is a stopping time.

Brownian motion.
An important example of stochastic process is the Brownian motion (or Wiener

process). This process is central in the financial option modelling.

Definition 2.1.5. A Brownian motion is a real-valued, continuous stochastic

process (X¢)i>0, with independent and stationary increments. That is
1. Continuity: P a.s. the map s — X (w) is continuous;

2. Independent increments: If s < ¢t then X; — X, is independent of F, =
o(Xy,u < s);

3. Stationary increments: If s < ¢t then X; — X, and X, , — Xy have the

same probability law.

We state the Gaussian property of a Brownian motion (see Lamberton et all
[34], p. 31).



Theorem 2.1.6. If (X;);>0 s a Brownian motion then X; — Xy is a normal
random variable with mean rt and variance o*t, where r and o are constant real

numbers.

Definition 2.1.7. A Brownian motion is standard if
1. Xo=0 Pa.s,;
2. E(X;) = 0;
3. E(X}) =t

In the sequel text, if we do not state differently, a Brownian motion is assumed
to be standard. A stronger result for the Gaussian property holds (see Lamberton
et all [34], p. 32).

Theorem 2.1.8. If (X});>0 is a Brownian motion and if 0 <t <--- <t, then

(X, .-, Xy,) is a Gaussian vector.

We define the Brownian motion with respect to a filtration.

Definition 2.1.9. Areal-valued continuous stochastic process is a(JF;) —Brownian

motion if it satisfies
1. For any t > 0, X; is F;—measurable;
2. If s <t then X; — X, is independent of the o—algebra F;;
3. If s <t then X, — X, and X, , — X have the same probability law.

Martingales.
The financial notion of arbitrage, to be introduced in the next section, is explained

with the concept of martingale.

Definition 2.1.10. Let (2, A, P) be a probability space and (F;);>¢ a filtration
on this space. An adapted family (M;);>o of integrable random variables, i.e.
E(|M;|) < oo for any t, is a martingale if, for any s < t, E(M;|Fs) = M;.

We give some examples of martingales (see Lamberton et all [34], p. 32).
Proposition 2.1.11. If (X;)>o is a standard F;— Brownian motion then

1. X; is a Fy—martingale;

2. X2 —t is a F;—martingale;

3. exp(oX; — (02/2)t) is a Fy—martingale.
7



The martingale property E(M;|F;) = M still holds when ¢ and s are bounded
stopping times (see Lamberton et all [34], p. 34).

Theorem 2.1.12. (Optional sampling Theorem). If (M;)i>o is a continuous
martingale with respect to the filtration (F¢)i>0, and if T and T are two stopping
times such that 1 < 7 < K, where K is a finite real number, then M., is
integrable and E(M.,|F,) = M, P a.s.

We state a property of the hitting time of a point a by a Brownian motion
(see Lamberton et all [34], p. 34). If a is a real number, we define T,
inf{s > 0, X, =a} or +oo if that set is empty.

Proposition 2.1.13. Let (X;)i>0 be an Fy— Brownian motion and a a real num-
ber. Then T, is a stopping time, finite almost surely, and its distribution is

—)\Ta) —V2\la|

characterized by its Laplace transform E(e =e

Next result gives an estimate for the second-order moment of supy<,<z [M/,

where M, is a square integrable martingale (see Lamberton et all [34], p. 35).

Theorem 2.1.14. (Doob inequality). If (M;)o<i<r 1S a continuous martingale
then E (supgc,<p |M;[*) < 4E(|M7|?).

Stochastic integral.
In the financial option modelling, we will deal with expressions of the type
(fot H dWy)o<i<r, where (W);>o is a F;—Brownian motion and (Hy)o<i<r is a
F;—adapted process. As Brownian motion paths are, almost surely, not differen-
tiable at any point, this integral with respect to a Brownian motion (the stochastic
integral ) needs to be defined.

Let (Wi)i>0 be a standard F;—Brownian motion defined on a filtered proba-
bility space (2, A, (F¢)i>0, P). Take T" a strictly positive, finite real number. We

will begin by considering a set of processes called simple processes.

Definition 2.1.15. (H;)o<:<7 is a simple process if it can be written as

Zéf% W)y, (1),

where 0 =ty <t <---<t, =T and ¢; is F;, , —measurable and bounded.

By definition, the stochastic integral of a simple process is the continuous

process (I(H)¢)o<i<r defined for any t €lty, ty11] as

H)y= Y ¢i(Wy, = Wi ,) + brar (Wy — Wi,).

1<i<k
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We write [ HydW, = I(H);.
We next state some fundamental properties of the stochastic integral of a

simple process (see Lamberton et all [34], p. 36).
Proposition 2.1.16. If (H;)o<i<r is a simple process then

1. (fot HSdWS> s a continuous Fy—martingale;
0<t<T

2 E (( I HSdW5>2) —E (J, H2ds);

3. E (SuptST o Hoaw,

2) < 4B (Jy H2ds) .

We extend the concept of stochastic integral to a larger class of adapted pro-

cesses H

T
H= {(Ht)ogth, (Ft)i>0 — adapted process : E (/ Hfds) < +oo} .
0

We define the extension (see Lamberton et all [34], p. 38).

Proposition 2.1.17. Let (W;);>¢ be an F— Brownian motion. There exists a
unique linear mapping J from I to the space of the continuous F;—martingales
defined on [0,T], such that

1. If (Hi)i<r is a simple process then P a.s. for any 0 <t < T, J(H); =
I(H)t,'

2. If t <T then E(J(H)?) = E (fg Hgds) .

This linear mapping is unique in the sense that if both J and J' satisfy the previous
properties then P a.s. V0 <t <T, J(H),=J(H);. We denote, for H € H,
[y HydW, = J(H),.

We note that the condition E( fOT H2ds) < +oo in the definition of H is sat-
isfied if and only if E(supge,<r(f; HdWs)?) < +00.

The following properties hold (see Lamberton et all [34], p. 38).

Proposition 2.1.18. If (H;)o<i<r belongs to H then
2 T
< 4E (fo Hgds) ;

2. If 7 is a Fy—stopping time then P a.s. [] HdW, = fOT 1<y HydW.

I E <Supt§T o HodW,




We extend the stochastic integral to a class of processes satisfying a weaker

integrability condition. Let

T
H= {(Hs)ogng, (Ft)i>0 — adapted process : / H%ds < 400 P a.s.} )
0

We define the extension to H (see Lamberton et all [34], p. 40).

Proposition 2.1.19. There exists a unique linear mapping J from H into the

vector space of continuous processes defined on [0,T], such that
1. If (H))o<i<r is a simple process then P a.s. Y0 <t <T, J(H), = I(H);

2. If (H);>o is a sequence of processes in H such that fOT(Hg)st converges to

0 in probability then sup, .y \j(HZ)t] converges to 0 in probability.
We write, for H € K, fg H,dW, = J(H),.

In this case the integral is not necessarily a martingale.
We introduce next some basic concepts of [t6 calculus. Let us define a [to

process.

Definition 2.1.20. Let (2,5, ()0, P) be a filtered probability space and
(Wi)i>0 an F—Brownian motion. (X¢)o<i<r is an R—valued Ito process if it

can be written as
t t
Pas Vt<T, X,=X, +/ K.ds —1—/ H,dWs,
0 0

where X, is Fp—measurable, (K;)o<i<r and (Hi)o<i<r are F,—adapted pro-
cesses, fOT\Ks]ds < 400 Pa.s. and fOT\HS\st < 400 Pa.s.

The previous decomposition is unique (see Lamberton et all [34], p. 43).

Proposition 2.1.21. If (M;)o<t<r is a continuous martingale such that M; =
[ Kyds, with P as. []|K|ds < 400 then P a.s. ¥t < T, M, = 0. This
implies that

1. An It6 process decomposition is unique. That means that if
t t t t
X, =X, +/ sts—l—/ H,dW, = X +/ K;ds+/ H.dW,
0 0 0 0

then Xo = X} dP a.s. Hy = H. ds x dP a.e. Ky =K. ds x dP a.e.;

2. If (Xi)o<t<r is a martingale of the form Xy + fot Kds + f(f H,dW, then
K, =0 dt xdP a.e.

10



In next result the stochastic integral is defined in the interval [0, 75|, with 7y
a stopping time (the stochastic integral is interpreted as a random variable) (see
Friedman [18], p. 72).

Theorem 2.1.22. Let f a process such that B [ | f(t) Zdt < oo and T a stopping
time with respect to F;, 0 < 7 < T. Then the process fo (s)dW(s), 0<t<T,
is a martingale and EfTM (s)dW (s) = 0.

We state [to formula (see Lamberton et all [34], p. 44).

Theorem 2.1.23. (It6 formula). Let (X;)o<i<r be an Ito process

t t
Xt:X0+/ sts+/ H,dW,,
0 0

and f be a twice continuously differentiable function. Then

X)) = F(Xo) + /f dX+/f” X),,

where (X, X); = fo H?ds and fo )X, = fo XK ds—i—fo FIX) HodW,.
Also, if f is a function twice dzﬁer@ntmble with respect to x and once differ-

entiable with respect to t, with continuous partial derivatives in (t,x), then

F6X) = F(0,X0) + /O £, X,)ds

t 1 t
+/ f;(s,Xs)dXs—{—é/ f:;/Z(S7X5)d<X7X>5’
0 0

We give the integration by parts formula (see Lamberton et all [34], p. 46).

Proposition 2.1.24. (Integration by parts formula). Let (X;) and Y; be two Ito
processes, X, = Xo + [y Kods + [} HdW, and Y, = Yy + [) Klds + [ H.dW,.
Then

t t
XoYy = XoYo + | XodYs + / YodXs 4+ (X, Y ),
0 0

with (X,Y), := [, H,H!ds.

We have a multidimensional version of Ito formula to be applied when f is
a function of several It0 processes, each of them function of several Brownian

motions.

Definition 2.1.25. A p—dimensional F;—Brownian motion is an RP—valued
F,—adapted process (W, = (W}, ..., W?))i>0, where all the (W});> are inde-

pendent standard F;—Brownian motions.
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We define the multidimensional 1to process.

Definition 2.1.26. (X;)o<;<7 is a (multidimensional) It6 process if

t p t
Xt:X0+/ sts+2/ HdW?,
0 =1 J0

where K; and all the processes (H;) are adapted to Fy, fOT |K|ds < 400 Pa.s.
and fOT(Hg)st < +o0o Pa.s.

We state the multidimensional It6 formula (see Lamberton et all [34], p. 48).

Theorem 2.1.27. (Multidimensional 1t6 formula). Let (X},..., X{) be d Ito

processes
t p t
X;’:Xg+/ K;’de/ HY AW
0 : 0
7j=1

and [ a function twice differentiable with respect to x and once differentiable with

respect to t, with continuous partial derivatives in (t,x). Then

t
f, Xt XY = f(o,Xg,...,Xg)Jr/ %(S,X;,...,Xf)ds
0 S

d t 92
+12/ ) f ( ?Xsla'-'?Xg)d<Xi’Xj>57

with dX! = K'ds + Z§:1 H9dWJ and d(X', X7), =3P _ H™HI™ds.

Stochastic differential equations.
We begin by considering a type of process that, as it will be mentioned later,

models the behaviour of certain financial assets. Let
t
Sy = xo + / Ss(pds + odWy), (2.1)
0

where o and p are real numbers and (IW;):>o is a Brownian motion.

We show next that the process Sy = zgexp((n — 0?/2)t + oW;) solves (2.1).
Let f(t,z) = xgexp((u — 0?/2)t + ox) so that we can write S; = f(t,W;). As
(Wi)i>o0 is an It process (identifying Ky = 0 and Hy = 1) we apply [t6 formula

and obtain

So= f(LW) = F(0, W) + / f1(5,W,)ds + / f1(s, W)V,

/ AW, W),.



As d(W, W), = dt,

t t 1 t
S, = —I—/ Sy(u — 0?/2)ds +/ SsodW, + 5/ S.o2ds
0 0 0

¢ ¢
= x0+/ Ss,uds+/ S,odWs.
0 0

The uniqueness of this solution can obtained using Proposition 2.1.24. We

have the following theorem (see Lamberton et all [34], p. 47):

Theorem 2.1.28. Let o, p be two real numbers, T a strictly positive constant
and (Wy)i>o a Brownian motion. There ezists a unique Ité process (Si)o<i<t
which satisfies, for any t < T, equation (2.1). This process is given by S; =
zoexp((pu — o?/2)t + aWy).

We consider now the equation

t t
X = Z+/ b(s,Xs)dS—i—/ o(s, Xs)dWs, (2.2)
0 0
a more general version of equation (2.1). Equation (2.2) is also written:
dXt = b(t, Xt)dt + O'(t, Xt)th, XO =Z.

Equations of this type are called stochastic differential equations and their
solutions are called diffusions. Most financial assets are modelled using these

equations. We define the solution of equation (2.2).

Definition 2.1.29. Let (2, A, P) be a probability space equipped with a filtration
(Ft)e>0. Let b and o be functions such that b: R* xR —- R, 0: Rt xR — R,
Z a Fp—measurable random variable and (W;);>o a F;—Brownian motion. A
solution to the equation (2.2) is an F;—adapted stochastic process (X¢):>o such
that

1. For any ¢ > 0, the integrals [ b(s, X,)ds and [ o(s, X,)dW, exist, i.e.
t t
/ |b(s, X;)|ds < +o00 and / lo(s, X,)|?ds < 400 P a.s.;
0 0
2. (Xp)e>o satisfies (2.2), i.e.
t t
Vi>0 Pas X,=Z7 +/ b(s, Xs)ds +/ o(s, Xs)dWs.
0 0

We state the existence and uniqueness of the solution of equation (2.2) (see
Lamberton et all [34], pp. 49-50).
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Theorem 2.1.30. If b and o are continuous functions and if there exist con-
stants K, L < 400 such that

1. |b(t, ) = b(t,y)| + |o(t, z) — o(t, y)| < K|z —y],
2. [b(t, z)| + |o(t, )| < L(1 + [z]),
3. E(|Z]?) < +co,

for all t € RT, for all xz,y € R. Then there exists a unique solution of (2.2) in
[0,T], T > 0. Moreover, this solution satisfies E(supy<,<p|X¢|*) < +00. The
uniqueness means that if (X¢)o<i<r and (Yi)o<i<r are two solutions of (2.2) then
Pas YOZ<t<T, X;=Y,.

We extend the stochastic differential equation analysis to the multidimensional

case. Let

W, = (W}, ...,WF) an R —valued J, — Brownian motion;
b:RT x RY — RY, b(s,z) = (b'(s,2),...,b%s, 2));

0 :RT xR = R”P g(s,2) = (6"(s,7))1<i<d1<j<p;

Il B

Z =(Z',...,Z% an F, — measurable random variable in R?.

Consider the multidimensional equation
X, =27 +/ b'(s, Xs)ds + Z/ o”(s, Xs)dW!, for i=1,...,d,
0 = /o
which can be written

t t
X, = 7+ / b(s, X.)ds + / o (s, X)dIW, (2.3)
0 0

We state the existence and uniqueness of a solution of (2.3) (see Lamberton
et all [34], p. 53). If x € RY, denote by |z| the Euclidean norm of z and if

o € R denote 0> =371 iy 1<j<,(07)*.

Theorem 2.1.31. Assume that b and o are continuous functions and that there

exist constants K, L < +o0o such that
1 b(t, ) = b(t,y)| + o (t, z) — o(t, y)| < K|z —y],
2. 1b(t,x)| + |o(t,z)| < L(1 4+ |x|),
3. E(|Z]*) < +oo,

for allt € RY, for all z,y € RY. Then there exists a unique solution of (2.3) in
0,7], T > 0. Moreover, this solution satisfies E(supyc,<p|X;]?) < +o0.
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We next state the flow and Markov properties for the solution of equation
(2.2).
We say that an F—adapted process (X;):>o satisfies the Markov property if,

for any bounded Borel function f and for any s and t such that s <,
E(f(X:)|Fs) = E(f(Xy)]X,).

Intuitively, this means that the future behaviour of (X;);>¢ depends only on the
value X; and not on any other previous information. We will see that this property
will play an important role in the financial option pricing.

Let us denote by X% for s > ¢, the solution of equation (2.2) starting from

x at time £. For s > ¢, X;"’“" satisfies
X0 = x+/ b(u,XfL’x)du—i-/ o(u, XL)dW,.
t t

We state the flow property of X; (see Lamberton et all [34], p. 54).

Lemma 2.1.32. Under the assumptions of Theorem 2.1.30, if s >t then
X" =X Pas.

For the Markov property of X, we have the following result (see Lamberton
et all [34], p. 55):

Theorem 2.1.33. Let (X;)i>0 be a solution of (2.2). Then (Xi)i>o is a Markov
process with respect to the filtration (F;)i>0. Furthermore, for any bounded Borel

function f, we have P a.s. E(f(X,)|Fs) = &(Xs), with ¢(x) = E(f(X;]")).

We state an extension of Theorem 2.1.33, result useful when interest rate

models are considered (see Lamberton et all [34], p. 55).

Theorem 2.1.34. Let (X,)i>0 be a solution of (2.2) and r(s,x) be a non-negative

measurable function. Then, for t > s,
Pas. E (e_ Is T(U’X“)duf(XtH?s) = ¢(X5),

with
o(zr) =E (e_ N T(u,Xi’I)duf(X:,wD '

It is also written as

E (e_fs r(u,Xu)duf(Xt)|3r8> =E (e_fs T(“’X’S"I)d“f(Xf’m)|$:Xs> .
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2.2 European option stochastic modelling

In this section we briefly present the Black-Scholes model (see e.g. Lamberton et
all [34], pp. 63-93).

Statement of the problem.
An FEuropean option on a stock S is a contract giving its owner the right to trade
the stock (to buy it in the case of a call option or to sell it in the case of a
put option) for a fixed price K (the strike price) at a future date T' (the option
maturity or expiry). If, at time T, the option’s owner opts to trade the stock the
option is said to be exercised .

In the most simple case, the payoff of an option is
Cr = (St — K); = max(Sr — K, 0),
for a call option and
Pr = (K — S7); = max(K — Sr,0),

for a put option.

The model we will outline enables us to determine the price for this type of
security, that is, what is the value at time ¢ of an option worth Cr (for a call) or
Pr (for a put) at time T

As consequence of a model’s assumption (the absence of arbitrage opportunity

to be mentioned later), we have the put-call parity equation
Cy— P =8 —Ke """,

which holds for all ¢ < T". Then it suffices to consider one of the two cases: we

will approach the call option case.

Remark 2.2.1. In the model we are presenting we assume, for simplification, that

the stock does not pay dividends until the expiration date 7'.

Remark 2.2.2. We have defined a European option on a stock. It can be defined

in the same way on a commodity, an index or a currency.

Behaviour of prices.
We will consider a model with two assets: a riskless asset S° and a risky asset S.
Their price behaviour is described as follows.

For S° we have the ordinary differential equation

dS? = rSYdt,
16



where S? is the price of the asset at time ¢ and 7 is a non-negative constant
representing the riskless rate of interest. Assuming an initial condition SJ = 1,

we have
SP=e", t>0.
For S we have the stochastic differential equation
dS; = Sy(udt + 0dBy), (2.4)

where 1 and o > 0 are constants representing the expected return or average
growth rate of the asset (drift rate) and the standard deviation of returns (volatil-
ity), respectively, and (B;) is a standard Brownian motion. The model is valid
on [0, 7).

As we saw in the previous section (Theorem 2.1.28), a closed-form unique

solution for the stochastic differential equation can be determined
Sy = Soexp((u — 0%/2) t + 0 By),

where Sy is the stock price observed at time 0. The process (log(S;)) is a (non
necessarily standard) Brownian motion. We then have the following properties

for the process (S;):

1. Continuity of the sample paths;

2. Independent of the relative increments: If u < t then (S; — S,)/S, is
independent of o(S,,v < u);

3. Stationarity of the relative increments: If u < ¢ then (S; — S,)/S., and
(Si—w — So)/So have the same probability law.

These properties characterize the stock price behaviour assumed in Black-

Scholes model.

Strategies.

A strategy is defined as a process

¢ = (P)o<i<r = ((HY, Hy)),

with values in R?, adapted to the natural filtration (F;) of the Brownian motion.
The components HY and H; of the portfolio (HY, H) are the quantities of riskless
asset and risky asset, respectively, held at time ¢t. The value of the portfolio at

time ¢ is

Vt(¢) = H?S? + H.S;.
17



We define strategies in which the decisions made on the composition of the port-
folio do not affect its value, that is, changes in the portfolio value would only be

brought by price moves.

Definition 2.2.3. A self-financing strategy is a pair ¢ of adapted processes
(HP)OStST and (Ht)OStST S&tiSfyng

L[ HO|dE+ [ (Hp)2dt < 400 as;
2. HPSY + HSy = HYSY + HoSo+ [y H2ASS + [y H,dS, as., for all t € (0,7,

Denote the discounted price of the risky asset by S, = e "S,. We have the
following result (see Lamberton et all [34], p. 65):

Proposition 2.2.4. Let ¢ = (¢p)o<i<r = ((HY, H;)) be an adapted process with
values in R?, satisfying fOT |H?|dt + fOT(Ht)2dt < +oo a.s. Let Vi(¢) = HPS? +
H,S, and V,(¢) = e "'Vi(¢). Then ¢ defines a self-financing strategy if and only
if

Ti(6) = Volo) + / HodS, as.
for all t € [0,T].

Remark 2.2.5. The model we are presenting assumes that the (continuous) changes
in the portfolio composition are made with no cost (the model is called with no

transaction costs).

Girsanov’s Theorem. Martingale representation.

In order to price an option, we will construct self-financing strategies replicating
the option. We need first to consider an equivalent probability measure under
which discounted prices of assets are martingales.

We define equivalent probabilities (see Lamberton et all [34], p. 66).

Definition 2.2.6. Let (€2, A, P) be a probability space. A probability measure
Q on (2,A) is absolutely continuous with respect to P if VA€ A P(A) =0 =

Q(A) = 0.

Theorem 2.2.7. Q s absolutely continuous relative to P if and only if there
exists a non-negative random variable Z on (2, A) such that VA € A Q(A) =
J1 Z(w)dP(w). Z is called density of Q relative to P and denoted dQ/dP.

Definition 2.2.8. Let Q and P be two probability measures on (2, A). P and

Q are equivalent if each one is absolutely continuous relative to the other.

With next result, a probability measure Q equivalent to a given probability

measure P is constructed (see Lamberton et all [34], p. 66).
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Theorem 2.2.9. (Girsanov’s Theorem). Let (Q,F, (F)o<i<r, P) be a probabil-
ity space with (F;)o<i<r the natural filtration of the standard Brownian motion
(Bt)o<t<r. Let (01)o<i<r be an adapted process satisfying fOT 02ds < +oo a.s. and
such that the process (L;)o<i<r defined by L; = exp (— f(f 0,dB; — %fg 9§ds) is
a martingale. Then, under probability P with density Ly relative to P, the
process (Wy)o<i<r defined by Wy = By + fot 0,ds is a standard Brownian motion.

The stochastic integral is invariant by change of equivalent probability (see
Lamberton et all [34], p. 79).

Proposition 2.2.10. Assume that the hypothesis of Theorem 2.2.9 are satis-
fied. Let (Hy;)o<t<r be an adapted process such that fOT H2ds < oo Pa.s. Let the

processes

t t
X; :/ H.dB, +/ H,0,ds, under P
0 0

and ,
yy:/fﬂmn,mmWP@%
0

with Wy = By + f; 0.ds and PP the probability measure defined in Theorem
2.2.9. Then X, =Y,.

We state next a result on the representation of a Brownian martingale in terms

of a stochastic integral (see Lamberton et all [34], p. 67).

Theorem 2.2.11. Let (By)o<i<r be a standard Brownian motion on a probability
space (2, F,P) and let (Ft)o<t<r be its natural filtration. Let (My)o<i<r be a
square-integrable martingale, with respect to (F;)o<i<r. There exists an adapted
process (Hy)o<i<r such that E(fOT H2ds) < 400 and

t
wqwqm—m+/mww&
0

Option pricing.
We consider now the problem of determining the price of an option.

First, we show that there exists a probability P* equivalent to P under which
the discounted risky asset price S; = ¢S, is a martingale. From equation (2.4),

we have

dS; = —re "t Sydt + et dS; = Sy((p — 7)dt + odBy). (2.5)
Setting W, = By + (u — r)t/o, we obtain
dgt = StUth. (26)
19



Owing to Theorem 2.2.9, with 6, = (u — r)/o, there exists a probability
measure P* equivalent to P under which (W})o<i<r is a standard Brownian mo-
tion. As, from Proposition 2.2.10, the stochastic integral is invariant by change

of equivalent probability, under P* we have
S, = Spexp(acW; — 0°t/2),
and, by Proposition 2.1.11, S, is a martingale.
Remark 2.2.12. The term (u — r) in (2.5) is called the risk premium.

Remark 2.2.13. If we apply the transformation W; = B, + (un — r)t/o to S;
instead of to S, from
dSt = St(/Ldt + O'dBt>

we obtain

dSt = St(?”dt + O'th),

and, for the same reasons, (W;)o<i<r is a standard Brownian motion under the
equivalent probability measure P*. Note that the drift u is replaced by the
riskless interest rate r, so that, under P* the risk premium for S; is null. This is

why the probability measure P* is sometimes called risk-neutral.
We will restrict the study to the class of admissible strategies.

Definition 2.2.14. A strategy ¢ = ((HY, Hy))o<i<r is admissible if it is self-
financing and if the discounted value XN/t(gb) = H) + H,S, of the corresponding

portfolio is, for all ¢, non-negative and such that sup;c(o 1y V, is square integrable

under P*.

For a self-financing strategy ¢, from Proposition 2.2.4 and equation (2.6) we
have .
Vi=Vo+ / H,08,dW,,.
0

If, additionally, ¢ is admissible, from Proposition 2.1.17 we have that (V) is
a square-integrable martingale under P*. Then, under P*, for any admissible
strategy ¢, \N/o(gzﬁ) =0= ‘N/T(qb) = 0 P*a.s. This expresses the no arbitrage
opportunity hypothesis of the model.

We define a call option by a non-negative, Fr—measurable, random variable

h (the option payoft).

Definition 2.2.15. An option is replicable if there is an admissible strategy ¢ =
((HY, Hy))o<t<7 such that at time T its value equals the option payoff Vr(¢) = h.
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Note that for an option to be replicable h has to be square integrable under
P*. This necessary condition is satisfied when h is written as h = ¢g(Sr), with
g9(z) = (z — K)4.

We saw above that, for an admissible strategy ¢, (V;) is a square-integrable

martingale under P*. If ¢ replicates the option, from V, = E* <‘~/T|fﬂ>, we have
V, =E* (e"Tn|F,).

It could also be shown that if h is square integrable under P* then there is an
admissible strategy replicating the option.

We have the following main result which defines the option price (see Lam-
berton et all [34], p. 69):

Theorem 2.2.16. In the Black-Scholes model, any option defined by a non-
negative Fr—measurable random variable h, which is square-integrable under the
probability P*, is replicable and the value at time t of any replicating portfolio is
given by

V, =E* (e """ h|F,). (2.7)

The expression E* (e‘T(T_t)h|3"t) defines the option value at time t.

Remark 2.2.17. If the option value is written h = ¢g(S7), under strong hypothesis
over g it would be possible to determine explicitly the replicating portfolio, that
is the composition of the portfolio (H}, H,) satisfying (2.7).

We make a final comment. Recall that in the modelling we assumed that there
were no dividend payments and no transaction costs.

The inclusion of continuously payed dividends in the model is immediate.
Unfortunately, this is not consistent with the discrete (usual annual) dividend
payment in finance world. This points to the need to combine the continuous
modelling we have presented with discrete modelling for the dividend payment.
The same idea applies to the inclusion of transaction costs: the changes in the
portfolio composition should rather be considered discrete.

Several models for these purposes are available in the Financial Mathematics
literature (see e.g. Wilmott [47])

2.3 European option pricing and parabolic PDE

We will show the way the problem of pricing an European option is related to a
parabolic PDE Cauchy problem (see e.g. Lamberton et all [34], pp. 95-101).

We will consider a more general version of the problem we have presented.

21



Let (X})i>0 be a diffusion in R, solution of the stochastic differential equation
dXt = b(t, Xt)dt + O'(t, Xt)th, (28)

where b and o satisfy the assumptions of Theorem 2.1.30. Let also r(t,z) be
a bounded continuous real-valued function defined on R* x R, modelling the
riskless interest rate. We write the payoff function h as h = g(Xr).

We want to compute
V= E(e_ I T’(S’Xs)dsg(XTNfﬂ).
As a consequence of Theorem 2.1.34, V; can be written
Ve =Gt Xy),

where G(t,z) = E(e” I T(S7X§’x)dsg(X%‘r)), and X5* denotes the solution of (2.8)
starting from x at time t.

First we state some results relating the infinitesimal generator of a diffusion.

Infinitesimal generator of a diffusion.
Let b and o satisfy the assumptions of Theorem 2.1.30. We state the following
result (see Lamberton et all [34], p. 98):

Proposition 2.3.1. For any time t let Ay(x) be the differential operator that

maps a C? function v from R to R to a function Ay such that

(A () = ZL2) %0

ov
5 @(i) + b(tﬁ)%@)-
Let u(t,z) be a C*? real-valued function defined on R x R with bounded deriva-
tives in x. Let X; be a solution of (2.8). Then the process

! ou
M, = u(t, Xy) — / (Agu+ E)(S,Xs)ds
0

15 a martingale.

The differential operator A is called the infinitesimal generator of the diffu-
sion (X3).

We state a more general result where discounted prices are considered (see
Lamberton et all [34], p. 98).

Proposition 2.3.2. Let the assumptions of Proposition 2.3.1 be satisfied. Let
r(t,x) be a bounded continuous real-valued function defined on RT x R. Then the

process

t
"t "5 8
M, = 6—,[0 T(S,Xs)dsu(t’ Xt) _ / e~ Jo (v, Xy)dv (Asu —ru+ a—?)(s, XS)dS
0

1s a martingale.
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This result still holds in the multidimensional case. Let

W, =W}, ...,WF) an RP — valued F, — Brownian motion;
b:RT xR — RY b(s,x) = (b'(s,2),...,b%s, 2));

o:RY x R4 — R&P, o(s,x) = (Uij<37$))1<i<d 1<j<p-

Sl >J >

Consider the multidimensional stochastic differential equation

p
dX] = b (t, X))dt + ) oV (t, X,)dWY, for i=1,....d,

j=1

which can be written
dXt = b(t, Xt)dt —+ O'(t, Xt)th (29)

We assume that the assumptions of Theorem 2.1.31 are satisfied. For any
time ¢ we define the differential operator A, which maps a C? function v from R?

to R to the function

1 .. 0%v
_ = g
(Aw)(x) = = a"(t, :c)ﬁxi(%j

2
where (a"(t,x)) is the matrix with components

(@) + b (¢, 2) o (x), (2.10)

p
a(t,x) = o™t )0’ (t,x).
k=1

We have the following result (see Lamberton et all [34], p. 99):

Proposition 2.3.3. Let u(t,z) be a CY? real-valued function defined on RT xR?
with bounded derivatives in x and (X;) a solution of system (2.9). Let r(t,x) be
a bounded continuous real-valued function defined on R x R?. Then the process

ot t "S a
Mt — 6_‘]0 T(S,Xs)dsu(t, Xt) _ / 6_‘]0 T(U,Xv)di} (Asu — Tu + 8—?) (3, Xs)ds
0

s a martingale.

Option pricing and solving a PDE.
We will now establish the connection between pricing an option and solving a
parabolic PDE problem.

We consider the multidimensional stochastic differential equation (2.9). Let
(X)t>0 be the solution of (2.9), g(z) a function from R? to R and (¢, ) a bounded
continuous real-valued function defined on R x R

We want to compute

T
Vi =B (e 0t (x5, ).
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As in the unidimensional case, it can be proved that
‘/; = G(t, Xt)) Wlth G(t’ jj) — E <6_ jtT r(s,ngz)dsg(X;z)> |

where X5* denotes the solution of (2.9) starting from x at time ¢.

The following main result is obtained owing to Proposition 2.3.3 and char-
acterizes the function GG as a solution of a parabolic partial differential equation
(see Lamberton et all [34], p. 99).

Theorem 2.3.4. Let u(t,z) be a CY? real-valued function defined on [0, T]x R¢
with bounded derivatives in x and (X;) a solution of system (2.9). Let A; be the

operator defined by (2.10) and r(t,z) a bounded continuous real-valued function
defined on R* x R, If u satisfies

au

(Atu —ru+ 5

) (t,r) =0 Y(t,z) € [0,T] xRY w(T,z) = g(z) Vrec R
then

V(ta x) € [OyT] X Rd u(t,x) - G(t,:ﬁ) = E (6_ ftT T(S,Xi’x)dsg(X%,x)> )

This result offers a method to determine the price of an European option

which consists in solving the corresponding PDE problem. To compute
G(t7 -T) =E <€_ ftT T(S»X?w)dsg(X;x)> ,
we have to solve

A —ru+ % =0 in[0, 7] xR% wu(T,z)=g(x) forxzec R (2.11)

Equation (2.11) characterizes a parabolic PDE problem with a final condition.
We need to consider the proper function spaces for this problem to be well
defined. We note that to have u = G, the solution u of (2.11) has to satisfy the
smoothness assumptions in Theorem 2.3.4. In general, some regularity assump-
tions have to be made on the coefficients b and o and the operator A; have to
satisfy the ellipticity condition
d d
IAN>0, V(t,x) €[0,T] x RY, VE R ) " a¥(t,2)¢'¢ > A ¢
ij=1 i=1
Let us exemplify the method for the simple unidimensional Black-Scholes
model (see Lamberton et all [34], pp. 100-101).
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We consider the stochastic differential equation
dSt = St(,udt + UdBt)

where p and ¢ > 0 are constants and (B;):>¢ is a standard F;—Brownian motion.
We have that (see Remark 2.2.13), under the risk-neutral probability measure

P*, the asset price S; satisfies
dSt = St(rdt + Uth),

where r > 0 is a constant and (W,);>o is a standard F;—Brownian motion. The

operator A is now independent of time ¢ and is given by

o? , 0? 0
A=Tp2 % 9
2 o or? * rx@x
This operator is not elliptic.
We consider the diffusion X; = log(S;). Since S, = Sy e("=o*/2t+eWe e have

that (X;)¢>o is solution of
dX, = (r — o*/2)dt + odW,.

The infinitesimal generator of this diffusion

2 52
o° 0 0
Ale = — —_ 4 (r —52/2)—
2 0x? ( / )81’
has constant coefficients and the ellipticity condition is satisfied.
If we want to compute the option price G(t,x), we then have to find a solution

v € CM?(RT x R), with bounded derivatives in x, of the problem
lo v : T
A gv—rv%—a =0 in[0,7] xR, o(T,z)=g(e*) forxeR.
Finally,
G(t,z) = v(t,log(x)).

The above example presented in Lamberton et all [34], can be generalized to
the multidimensional version of Black-Scholes model (also with constant coeffi-
cients and interest rate). Let

B, = (B},...,BY) an R?— valued F, — Brownian motion;
p=(u', ..., u%) a constant vector;

0 = (0")1<j<q @& constant matrix.

The stochastic differential equation modelling the asset prices is

d
dSZ :Sti (uidtJrZJide,f) , for 1=1,...,d,

Jj=1
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and can be written
dSt = St(ﬂdt + O'dBt),

where S, denotes de diagonal matrix with diagonal elements S!, i =1,...,d.
We assume that matrix o is positive definite and define p := (r,...,r), with
r > 0 a constant. Owing to Theorem 2.2.9, with 6 = o~ !( — p), there exists a

probability measure P* equivalent to P under which
Wi =B, +0 ' (u—p)t

is a RY—valued standard Brownian motion (see Elliot et all [14], p. 168).
We obtain

The infinitesimal generator of the diffusion .S; is
1 Nij g 0 i 0
A= 5(00) Y nigw e ozt

and it is not elliptic.
In the same way as for the unidimensional case, it could be checked that the

stochastic differential equation (2.12) has the unique solution

d

d

i _ Qi 1 i\2 R el -

Sy =S exp((r—§§ (J])>t+ Elojwtj), for i1=1,...,d.
J:

Jj=1

We use the logarithmic transformation X} = log(S?), i =1,...,d, and denote
it X =log(S;). We have that (X3);>o is solution of

d d
i 1 ij\2 ij a9 :
dXt:<r—§E (0]))dt+§ o’dW}, for i=1,....d,

Jj=1 J=1

and its infinitesimal generator is

1 O 1N, L) 0
log i I\ij . 17\2
4 2 (00) oz 0xI + (r 2 ;(U ) > Oxt’

The coefficients in A!°® are constant and, as o is a positive definite matrix, the

ellipticity condition is satisfied.
To compute the option price G(t, z), we have to find a solution ve C1?(R™xR?),

with bounded derivatives in x, of the problem

0
Algy — ry + (9_: =0 in[0,T]xRY o(T,z) =g(e*) forz e R

and then obtain
G(t,z) = v(t,log(z)),
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1

where e := (e”',..., ") and log(z) := (log(z}), ..., log(z?)).

In these two simple examples, the drift © and the volatility ¢ were considered
constant. Therefore we have a closed-form solution for the stochastic differential
equation modelling the asset prices and, with the help of a logarithmic transfor-
mation, we could offset the linear growth of the equation coefficients and obtain
a differential operator A with constant coefficients.

A more difficult situation occurs when p and o are not constant. In this case
there does not exist in general a closed-form solution for the stochastic equation.
We will approach this problem in Chapter 4, considering the appropriate function

spaces in order to obtain the (uniform) ellipticity in space of the operator A.

We make a final comment on the application potentiality of the (multidimen-
sional) European option modelling we have considered. We see that it extends

Black-Scholes model in several ways:
— The option depends on several underlying assets;
— The payoft function is not specified;

— The coefficients of the stochastic equation modelling the stock prices are as-

sumed to be time and space-dependent.

The model applies directly to options on a basket of assets (basket options or
rainbow options).

The higher dimensionality together with the non-specification of the payoff
function allows the model to be adapted to other types of options with no early
exercise (that is, for which the exercise can only occur at a fixed time T') (see e.g.
Lamberton et all [34], Wilmott [47]). For instance, to:

— European options on future contracts and foreign-exchange;
— Compound options: this type of option is an option on another option;

— FExchange options: in this case the option gives the right to exchange an asset

for another;
— Some path-dependent types of options as Asian options.

The time and space-dependency of the stochastic equation’s coefficients con-
fers flexibility to the model: the assumption that the coefficients are constant

would be restrictive, mainly for options with distant expiration dates.

27



Chapter 3

Parabolic PDE in Holder spaces:
space and time discretization

We have to consider the proper function spaces for the parabolic PDE problem
we study to be well defined. In the present chapter, we will consider the solv-
ability of the PDE in Holder spaces, following the presentation of Krylov [29].
To approximate the solution of the Cauchy problem in half spaces, we first study
the approximation of the solution of the corresponding (localized) problem in
domains. Then we estimate the error due to the problem localization.

In the previous chapter, arising from the stochastic modelling of the stock

price, we considered a parabolic problem (with final condition and null term)
Autcutu, =0 in [0,T] x RY, w(T,z) = g(x) in RY

where
0? ; 0
7L +b'(t,x)—

At 2) = ~ai(t,2) <

2

and g is a given function.
In this chapter and in the following chapters (except for Section 3.3 where
the stochastic representation of the PDE problem is needed) we will consider the

more standard form of the PDE problem (with initial condition)
Lu—wu,+ f=0in [0,7] x RY w(0,2) = g(x) inRY, (3.1)

where

2
N
OriOL +0 (t7$)% +c (t,l'),

and f and g are given functions (with f not necessarily null).
Note that problem (3.1) (with the initial condition u(0,z) = g(x)), using the

change of variable (t,z) — (T'—t,x), is obviously equivalent to the problem with

L(t,x) = a”(t,x)

final condition u(7T,x) = g(x)
Lu+u,+ f=0in [0,7] x R u(T,z) = g(z) in R%
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3.1 Classical results

We introduce the Holder spaces (see Krylov [29], pp. 33-34 and 117-118).
Let U be a domain in R? meaning an open subset of R?. For k = 0,1,2,...
we denote Cf (U) the set of all functions u : U — R whose derivatives D“u for

|a| < k are continuous in every bounded subset V' of U. We define

|U|0;U = [U]O;U := sup |ul, [U]k;U ‘= max |D°‘U|0;U~
U o=k

Definition 3.1.1. For k = 0,1,2,. .., the space C*(U) is the Banach space of all

functions u € CF (U) for which the norm

loc

k

uler = [ulw

J=0

is finite. If 0 < 0 < 1, we call u Holder continuous with exponent ¢ in U if the

seminorm | ( ) ( >|
u(x) — uly
[u]g;U = sup — =
z,y€eU, zy |z —yl

is finite. The seminorm is called Holder’s constant of u of order 4.

We define

[U]gto.0 := max[ D5,y
|a|=k

Definition 3.1.2. For 0 < § < 1 and k = 0,1,2,.. ., the Holder space C**°(U)

is the Banach space of all functions u € C*(U) for which the norm
ulkrsv = lulev + [Wlprso
is finite.

Now denote R = {(t,z) : t € R, z € R?}. In R define the parabolic

distance between the points z; = (t1, 1), 20 = (t2,72) as
p(Zl, 22) = |$1 — IQ‘ + ‘tl — t2’1/2.

We fix a constant § € (0,1). If u is a real-valued function defined in Q C R4,

we denote

uz1) — u(22)|
[u]s 2,6:Q ‘= sup
/250 21722, % €Q p6(217 22)

) ’u‘5/2,5;Q = ’u‘O;Q + [u]5/2,5;Q'

29



Definition 3.1.3. For 0 < 6§ < 1, C%2%(QQ) is the Banach space of all functions
u defined in @ for which |u|s/25,0 < 00.

We introduce the parabolic Holder spaces.

Definition 3.1.4. For 0 < § < 1, the parabolic Holder space C'T9/22+3(()) is the

Banach space of all real-valued functions u(z) defined in @ for which both

d
L. [U]1+6/2,2+6;Q = [%&]5/2,5;62 + Z[Uxix.f]é/z,é;c)
ij=1
d
2. ulitsarse = [ulog + [talog + lwloe + D ltsiailoq + [Wiss22150
ij=1

are finite.

We now summarize some classical results on solvability of parabolic PDE in
Holder spaces.

Consider the elliptic and parabolic operators of order m.

Definition 3.1.5. Let m > 1 be an integer and a®(z) be some real-valued
functions in RY, given for any multi-index o with |a| < m. The operator
L =3 <ma®(x)D* is called mth order (uniformly) elliptic if there exists a
constant A > 0 called the constant of ellipticity, such that

D (@) = A" Vo, & e RY

laf<m

Definition 3.1.6. Let m > 1 be an integer and a®(t,z) be some given real-
valued functions in R, with |a| < m a multi-index. The operator L — 3/0t,
with L = 7, ., a®(t,z)D* is called mth order (uniformly) parabolic if there

exists a constant A > 0 such that

D at(t,2)e =A™ VY(t,x) € RTT, VE € RY

la|<m

Consider the second-order operator (in the non-divergence form)
2

0xi0xI

+ bi(t, x)% +c (t,x), (3.2)

with real coefficients. We assume that, for some A > 0 and for each t > 0, the
operator satisfies a%(t,z)¢¢7 > M\€]?, for all 7, € R? so that L is uniformly

elliptic with respect to the space variables, with constant of ellipticity A. Then,
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for each ¢, the symmetric matrix (a¥(x,t)) is positive definite for any x € R%. We
also assume that there exists a constant K such that |a|s2s < K, [blsj2s < K,
|cls/2,5 < K, where § € (0,1) is fixed.

We consider first the Cauchy problem for second-order parabolic equations in
half spaces. Let T € (0,00), Q = [0,T] x R% The problem to be solved is

Lu—u,+f=0in Q, u(0,z)=g(z) inR?, (3.3)
where f and g are given functions.

Remark 3.1.7. In the presentation of Krylov [29], the parabolic equation is defined
for the time variable t taking values in (0,7), with 7" € (0, oo].

As, for any constant pu, the function v(¢,z) = u(t, x)e * satisfies Lv — pv —
vy + fe " = 0 if and only if u satisfies Lu — u; + f = 0, we set ¢ < 0 without
loss of generality.

We have the following existence and uniqueness result for the solution of (3.3)
(see Krylov [29], p. 140).

Theorem 3.1.8. Assume that ¢ < —pu for a constant u > 0. Let g € C*TO(R%)
and f € C%%%(Q). Then there exists a unique function u € C'T/229(Q) such
that it satisfies (3.3). Moreover, there is a constant N depending only on d, A,
0, K and p such that |uliyso6. < N(|fls/2s.0 + 19l2+s)-

We consider now the initial-boundary value problem in @ = [0,7] x U, with
U C R? a bounded domain. For this, we give a preliminary definition (see Krylov
[29], p. 78). Denote Bgr(xy) C R? the open ball in R? with center zy and radius
R. For any U C R?, denote QU the boundary of U. Denote also

RY = {(2,2%) 2/ = (a',. .., 2" ") e RT, 2% > 0}.

Definition 3.1.9. Let » > 0 and U be a bounded domain in R?. We write
U € C" (or 90U € C") and say that the domain U is of class C" if there are
numbers pg, Ky > 0 such that for any point xq € QU there exists a one-to-one

mapping ¢ of B,, (o) onto a domain D C R? such that
1. Dy :=(B,(xo) NU) CRL and v(zg) = 0;
2. (B (z9) NOU) = DN {y € RY: y? = 0};

3. [w]s;BPO(:po) + [szil]s;D S KO fOI' any s € [07T]7 and |77D71(y1) _wil(y2)| S
Ko |y1 — yo| for any y; € D.

We say that the diffeomorphism ) straightens the boundary near xg.
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We consider the initial-boundary value problem
Lu—u+f=0in Q, u(0,2)=g(x) for x€U, u=g on 9,Q, (3.4)

where Q = [0,7] x U, with T € (0,00), the domain U C R? is of class C?*?,
0,Q :=[0,T] x OU and f, g and g are given functions.

Remark 3.1.10. We denote 9,Q := {0} x U and 9Q := 9,Q U 9,Q.
Assumption 3.1.11. We assume the consistency conditions:

1. g(0,z) = g(x) for x € U,

2. L(0,2)g(x) — g:(0,2) + f(0,2) =0 for =z € OU.

The following result states the solvability of the problem in Hélder spaces (see
Krylov [29], p. 153). Denote R = {(¢t,z) : t > 0, € R?}.

Theorem 3.1.12. Let f € CY/%% (R4 g € C*(RY), g € C1F/2249(Q), with
Q =1[0,00) xU. Let (1)—(2) in Assumption 3.1.11 be satisfied. Then there ezists
a unique function u € CY1/224(Q) satisfying (3.4). Moreover

|ul14s/22460 < N (\f|5/2,5;md;1 + [9l4sme + \§\1+6/2,2+5;Q) )
where N is a constant depending on d, \, 6, K, py, Ko and the diameter of U.

Further results under weaker conditions.
We consider the Cauchy problem in half spaces under weaker smoothness condi-
tions imposed over the initial data.

Let Z be the fundamental solution for the parabolic operator L — d/0t. We
have estimates for the derivatives of Z (see Ladyzenskaja et all [33], pp. 376-377).

Proposition 3.1.13. The following inequalities hold:

_d+2lal+I8l _plz=yl?
2 t—7

1. |DEDEZ(t, 7, 2,y)| < K(t—T) e N
where K, M constants, 2|a|+ |f| <2 and T < t;
2. |D¢D2Z(t,7,3,y) — DeDEZ (', 7,2,y)]
SK[(t—t)( —7) T =)
where K, M constants, 2|a| + 6] =1,2 and 7 < t' < t;
3. |DeDPZ(t, 7, x,y) — DEDPZ(t, 7,2, y)]

s-=2la|-|B|+2 , , _d+2, _prle=ul®
2 (t _7-) 2 ]6 =,

_ytd+2 " _y|?

<Kllz—2|"(t—7)""2 +|z—2|°(t—-71)
where K, M constants, 2|la|+|6] =2, 0<~v <1, 0< (<4, 7<tand

§—¢+d+2. _arlz
- 2 ]@ M== ,

x" is the one of the points x and x' which is closest to y.
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We state an existence and uniqueness result for the solution of problem (3.3),
when the initial data g is continuous and f and ¢ are allowed polynomial growth
(see Ladyzenskaja et all [33], pp. 389-390, where weaker hypothesis over the

growth of f and g are assumed):

Theorem 3.1.14. Let f be a function in Q = [0,T] x R, for T € (0,00), such
that [fls/2.6.0 < 00, and g € C(RY). Let f, g satisfy |f(t,x)] < K(1+ |z|™) in Q
and |g(x)| < K(1+ |z|™) in R?, respectively, with K, m positive constants. Then

problem (3.3) has a unique solution u(t,z) in Q. Moreover

u(t, ) :/0 dTAdZ(t,T,x,y)f(T,y)dy+/Rd Z(t,0,2,y)9(y)dy,

where Z is the fundamental solution for the parabolic operator L — 0/0t.

From the estimates in Proposition 3.1.13, it can be shown that the solution u
in Theorem 3.1.14 is in CY?(Q) and satisfies |[DPu(t, )| < N(1 + |z|™), 3= 0,1,
in @, with N, m positive constants (m the constant in Theorem 3.1.14) (see e.g.
Friedman [18], pp. 141 and 148).

The smoothness of the solution u can be improved stepping away from the
time origin in problem (3.3). We will see that, in this case, and if f and ¢ are

bounded, we obtain a C'9/22+% golution.

Theorem 3.1.15. Let the hypothesis of Theorem 3.1.14 be satisfied, f and g
bounded functions in Q and R?, respectively, and u the corresponding solution
of problem (3.8). Let ¢ < —u for a constant p > 0 and define the set Q. =
[e,T] x R, where ¢ is a positive constant. Then u € C*H/22(Q.).

Proof Denote

ul(t,x):/O dT/Rd Z(t,,z,y)f(T,y)dy and u2(t,x):/ Z(t,0,z,9)9(y)dy,

Rd

so that u(t, x) = uy(t, x) + us(t, x).
We have that u, (¢, z) solves the problem

Lu—u+f=0in Q, wu(0,z)=0 for x € R’
and that wus(t, x) solves the problem
Lu—u; =0 in Q, u(0,z)=g(x) for x € R%

From Theorem 3.1.8 we have that u; € C'*9/22+3(Q) and, therefore, u; €
C'1H9/22+3(Q),). We will show that uy € C1H/229(Q).,).
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We see from estimate (2) in Proposition 3.1.13, with |a| =1, |3] = 0 and
D<e<t <t,

_d+2
2

IDZ(1,0,2,y) — Dy Z(t,0,2,y)| < K[t —t)"F +(t—t) ¢ %]

X exp(—MM)

K[t —t)e % 4 (t—t)2 %]

x exp(—M|z —y|?)

N(t = ¢)3[(t — )2 +1] exp(-Mlz — y])
< N(t—t)% exp(—Mlz —y|?), (3.5)

IN

IN

with N a constant depending on e.
From estimate (3) in Proposition 3.1.13, with |o| =0, [f] =2, vy ==
and 0 < € < t, we have

D2Z(t,0,2,9) = DRZW0a y) < Kllw =/ =5 4 o — o P F]
x exp(—M =" ; y|2)
< Kllo—oPe " 4o — o/ e
x exp(—M |z — y‘z)
< Nl —a'fexp(-Mlz—y*),  (3.6)

with N a constant depending on e.
From estimate (1) in Proposition 3.1.13, with |a| = || =0 and 0 < e < t,

we have

|z —yP?

12(8,0,2,9) < Kt % exp(=M—

) < Nexp(—M|z —y|*), (3.7)

with N a constant depending on e.

Similarly, with || =1, |#] =0 and 0 < & < t we obtain
1D Z(t,0,2,y)| < Nexp(~=M|z —yl), (3.8)

and with || =0, [B] =1or |a| =0, |f|=2and 0 <e <t
|DEZ(t,0,2,y)] < N exp(—M|z —y[?), (3.9)

with NV a constant depending on ¢.
As g is a bounded function in R? from (3.5) and (3.6) we conclude that
[Ug]145/2,24+5:0. < 00 and from (3.7), (3.8) and (3.9) that

d
[u2loq. + | Datizlog. + | Detialosg. + D [Das Daitiaforg. < 0.

,j=1
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Note that the factor exp(—M|z — y|?) in the above estimates guarantees the
convergence of the integral in us.

We have that wuy € C'9/2249(Q).) and, finally, u € C'*%/22+9(Q,.). O

Consider now the particular case of the initial-boundary value problem (3.4)
where g = 0, under weaker smoothness imposed over the initial data g.

We have the following main result for the existence and uniqueness of the
solution of (3.4) (proved in Ladyzenskaja et all [33], pp. 412-413, for interior and

exterior domains).

Theorem 3.1.16. Let f € C%29(Q), g € C(U), withQ = [0,T]xU, T € (0, 00).
Assume that (1) in Assumption 3.1.11 is satisfied. Then problem (3.4) with g =0

has a unique solution u(t,x) in Q. Moreover

u(t, ) /dT/Gthy Tydy—i-/Gth:y y)dy,
where G is the Green’s function for problem (3.4).

Note that function u is not defined for ¢t = 0. The initial condition is satisfied
by u in limit.

We have estimates for the derivatives of the Green’s function (see Ladyzenskaja
et all [33], pp. 412-414).

Proposition 3.1.17. Let G be the Green’s function considered in Theorem 3.1.16.
The following inequalities hold:

2
1. 1DFDEG (7,2, y)| < K(t — )4 exp (—M‘x y ) |

t—r
where K, M constants, 2|a|+ |B| <2 and T < t;
2. ‘DtanBG(t,T7,I‘,y) - tOngG(t/?Tax7y)’

< K(t—1t) plelple (t' — T)_6+(21+2 exp (—M = = y|2) ,

t—rT1

where K, M constants, 2|a| + |8 = 1,2 and 7 < t' < t;
3. |DfDJG(t,7,x,y) — DY DLG(t, 7,2, y)]

no__ .2
< K|z —a°(t — 7')_“(2“r2 exp (—Mkﬁt—y|> ,
-7

where K, M constants, 2|a|+ |3| =2, 7 <t and z" isthe one of the

points x and x' which is closest to y.

As for the Cauchy problem (3.3), it can be shown from estimate (1) in Proposi-
tion 3.1.17 that the solution u of problem (3.4) in Theorem 3.1.16 is in C%(Q).

Also, if we step away from the time origin we obtain a C'*+9/22+9 golution.
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Theorem 3.1.18. Assume that the hypothesis of Theorem 3.1.16 are satisfied
and denote by u the corresponding solution of problem (3.4) with g = 0. Let the

set Q. = [e,T] x U, where ¢ is a positive constant. Then u € C*H/229((Q),).

Proof The result is obtained following the same steps as in the proof of
Theorem 3.1.15.

Denote

ul(t,x):/o dT/UG(t,T,:c,y)f(T,y)dy and ug(t,x):/UG(t,O,:C,y)g(y)dy,

so that u(t,z) = uy (¢, z) + ua(t, ).
We note that u;(t, z) solves the problem

Lu—u+f=01in Q, u(0,z)=0 for xr €U, u=0 on 0,Q,
and that us(t, ) solves the problem
Lu—u=0in Q, u(0,z)=g(z) for z€U, u=0 on 9,Q.

From Theorem 3.1.12 we have that u; € C179/22+9(Q)) and then u; €
C'H9/22+9(Q),). It remains to prove that uy € C1H/2249(Q,).
From estimate (2) in Proposition 3.1.17, with |a] =1, [f|=0and 0 < e <

t' < t, we have

2
DG(t,0,2,y) — DuG(E,0,2,9)| < K(t— 1)} ¢ F oxp (-2 =Y
t

< N(t—1t)z, (3.10)

with NV a constant depending on ¢.
From estimate (3) in Proposition 3.1.17, with || =0, |f| =2and 0 < e < t,

we have

d+244

"o 2
DIG(t,0,2,) = DLG(t,0,a',y)| < Kl =]’ 75 exp (—M—"” tm)

< Nlz —2'|°, (3.11)

with N a constant depending on ¢.
From estimate (1) in Proposition 3.1.17, with 0 < e <t and ||, |3] taking

the appropriate values we have
G(t,0,2,9)| <N, |DG(,0,2,y) <N, [DJG(t,0,2,y) <N, (3.12)
with NV a constant depending on &.
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As g is a bounded function in U, from (3.10) and (3.11) we have that
[Ug]145/2,245:0. < 0o and from (3.12) that

d

|u2loq. + [ Datizlog. + | Detizlosg. + Y | Das Daitialosg. < o0
ij=1

Then uy € C*9/2249(Q),). Finally, we have u € C*9/2249(()_) and the result
is proved. [J

3.2 Numerical approximation

We want to discretize problem (3.4). For the discretization, we set the framework
in Krylov [29] (p. 155).

Take a number T' € (0,00) and denote @ = [0,T] x U. Let I(h) be a function
on (0,1] such that I(h) > 0 and [(h) — 0 as h | 0. For h € (0,1] define the
(I(h), h)—grid on R%M

d
Zt ={(t.x) it =1k, x=hY em; k=012 n=0%1,42 .}
=1

(3.13)
Let Q(h) = QN ZH and Q°(h) = {(t,x) € Q(h) : dist(x,dU) > h and t > I(h)}.
Denote &'Q(h) = Q(h) \ Q°(h) = 0.Q(h) U d,Q(h), with

9.Q(h) = {(t.2) € Q(h) : dist(z,0U) < b}, 8.Q(h) = {(t.x) € Q(h) : t < I(h)}.

For any h € (0,1], 2 € Q°(h), 21 € Q(h) denote

Lyu(z) = Z pn(z, z1)u(z), (3.14)

z1€Q(h)

where pj(z, z1) are some given numbers.

We make assumptions on the behaviour of the discrete operator Ly.

Assumption 3.2.1. (Maximum principle). If u is a function defined on Q(h)
and for a point zy € Q°(h) we have u(zy) = maxg) u(z) > 0, then Lyu(zy) < 0.

Assumption 3.2.2. The operators L, approximate L — d/0t. More precisely,
for any u € C'T9/2279(Q) and any z € Q°(h) we have

Lu(z) = u(z) — L) < KW July 572450
with K a constant.

We state a lemma (see Krylov [29], p. 77).
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Lemma 3.2.3. For any R > 0 there exists a function vy € C*(Bg), with Bg C
R?, such that Lvy < —1 in Br. Moreover, 0 < vy < Ny = No(\, K, R,d) in By
and vo = 0 on 0Bgp.

Next, we prove a result on the uniqueness of the solution for the discretized

problem (stated in Krylov [29], p. 154, but only proved for the elliptic problem).

Theorem 3.2.4. There is a constant hy > 0 depending only on k, K, §, d and
the diameter of U such that for h € (0, hg] for any bounded functions f, g the

system of linear equations
Lou(z) + f(z) =0 Vz € Q°h), u(z) =g(z) Yz € dQ(h), (3.15)
has a unique solution up(z), z € Q(h). In addition
maxoe) (un(2))+ < Nmaxgop) f1(2) + maxaqm) 9+(2),
maxoe) (un(2))- < Nmaxgop) f-(2) + maxaqum) g-(2),

maxqap) [un(2)| < Nmaxgop) |f(2)| + maxaqm) [g(2)],

where the constant N depends only on \, K, d and the diameter of U.

Proof Let n be the number of points in Q(h). Then the linear system (3.15)
is a system of n equations about n variables uy(z), z € Q(h). Therefore, to prove
the first assertion we only need to prove uniqueness of the trivial solution for
f = g = 0. This uniqueness follows at once from the second assertion.

To prove the second assertion, it suffices only to prove the first estimate. In
fact, if

max(up(z < Nmax f(z) + max g,(z2),
Q(h)( n(2))+ Qo(h)f+( ) 6’Q(h)g+( )

then

max(up(2))- = max((—un(z))y < Nmax(—f)(z) + max(—g);(z)

Q(h) Q(h) QO(h) 'Q(h)
= Nmax f_(z) + max ¢g_(z2).
Qo(h)f (2) B’Q(h)g ()

Note that if u, is a solution of (3.15) then —uy is a solution of the system
obtained from (3.15) taking —f and —g instead of f and g, respectively.
Also

max |un(2)] = Iggg;[(uh(zm + (un(2))-] = %1&§(uh(Z))+ + rgg§(uh(2))—,

and the third estimate follows.
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In the proof of the first estimate we assume without loss of generality that
0 € Q. We take the function vy from Lemma 3.2.3 with R defined as the diameter
of U. Observe that (L — 8/8t)v0 —11in @, so that by Assumption 3.2.2 we can
choose hg to have Lyvy < —2% for any h € (0, ho] and for any z € Q°(h)

0
[Lvo(2) = 5,v0(2) — Lnvo(2)] < KR |voliys/2215:0

0
= Lpvo(2) < KR°|voli1s/22+50 + Lvo(2) — avo( z),

and, as (L —0/0t)ug < —1 in @, then Ljvp(z) < Kh6|v0|1+6/2,2+6;Q 1. If
h < ((ZK‘U0‘1+5/2,2+6;Q>_1)1/5 then

Lio(2) < —3, V= € Q).

Now we take a solution uy, of (3.15) and consider w = uy, — 2(F + ¢)vg — G
where F' = maxgo) f4, G = maxyqn) g+ and € is a positive constant.
If we prove that for any € we have w < 0 in Q(h), the first estimate will

obviously follow:
Ifw<0 in Q(h) then

up, < 2(max fr +¢e)v +max
h (QO( I+ )0 (h)g+

and

maxiu = maxup = Sup u <2'U max + max
maxun)e = maxun o " 0 GHES S s 0+

By Lemma 3.2.3, vg < Ny = No(\, K, R,d) in @ (with R = diameter of U)

and we obtain

rél(%{(uh) < 2N, g{l)axf + arlnz%x) G+
Assume that w > 0 at some points and define zy as a point in Q(h) where w
takes its maximum value w(zg) > 0. Since u, = g and vy > 0 on I'Q(h),
W=g = max gy — 2vo(gl?><f+ +¢) <0, ondQ(h),
so that zy € Q°(h).
By Assumption 3.2.1 we obtain L,G < 0 and Lpw(zp) < 0. Note that if
G = maxygp) g+ = 0 then L,G=0<0 trivially.

Then we have

0

v

Lhw(zo) = Lpup(20) — 2(F + ) Lpvo(20) — LnG(20)
= —f(20) — 2(F 4 ¢)Lpvo(20) — LnG(vo)
—f(z0) + F+e>e>0.
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We obtained a contradiction and the proposition is proved. []

Furthermore, a rate of convergence can be determined (also stated in Krylov

[29], p. 155, but only proved for the elliptic problem).

Theorem 3.2.5. Let f € CY*(RItY), g € CWI/2X(REY). In Theorem
3.1.12 take g(z) = g(0,2) and assume that its hypotheses are satisfied. Let
u € CYO/2243(Q)) be the solution of (3.4). Take a number h € (0, ho] and denote

by uy, the corresponding solution of (3.15). Then
[u — uploqu < N (|f|6/2,5;Ri+1 + ‘§‘1+5/2,2+5;Ri+1> ; (3.16)
where the constant N depends only on d, K, §, A\, po, Ko and the diameter of U.
Proof For 2 € Q°(h)
Lnlun —u)(z)] = | = f(2) = Lpu(2)| = |Lu(z) — w(z) — Lyu(z)]
< Khé’“‘ua/z,zw;uxi“ < Nh’ (‘fla/z,z;u@fl + |§|1+6/2,2+6;Ri+1> )

owing to Theorem 3.1.12.

As wuy — u 1is solution of the problem

La(un = u)(z) = = f(2) = Lpu(z)  Vz € Q°(h)
(up, —u)(z) =0 Vz e dQ(h)NoQ
(un —u)(2) = (5 — u)(2) vz € 9Q(h)\ 0Q,

owing to Theorem 3.2.4 inequality (3.16) is obtained.

If z € 'Q(h), then the distance from z to 0Q is less than h, so that there
is a y € 0Q satisfying p(z,y) = |z — y| < h. Note that 9,Q(h) C 9;Q so that if
z € 0,Q(h) then p(z,0;Q) = 0 and the inequality is trivial.

We have

|(up, = u)(2)]

IA |
Q o«
e e
N N N
~— ~— ~—
| | I
L £ <
/N ~ ~~
SIS
= —

Iz—yl |z =y
sup |Vg(w)|+ sup [Vu(w)])

wE[z Y] we(z,y]

(sup Z|gxz )| + 1ge(w)])+ sup Z!w )|+ fus(w)])

wE[zy] i—1 welzy]

IN
+

IN

IN

(|9|1+5/2,2+5;Ri+1 + |U|1+5/2,2+5;Ri+1)

IN

h(|§|1+5/2»2+5;ﬂ%i“ + N(|f|5/275;Ri+1 + |§|1+6/2,2+6;Ri+1))

IN

6 _
Nh (|f’5/2,2;Rj+1 + ’9’1+5/2,2+5;Ri+1 ;
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using the mean-value theorem and Theorem 3.1.12. The result is proved. [

Discretization under weaker conditions.
In Section 3.1 we considered the case where weaker smoothness was imposed over
the initial data g, when the boundary condition is u = 0. Under this framework,
Theorem 3.2.4 holds for the same reasons.

For the rate of convergence we state a new proposition. Let Q. = [¢,T] x U,
with € > 0 a constant and Q.(h) = Q(h) N Q..

Theorem 3.2.6. Let f € C%%°(Q), g € C(U), with Q = [0,T] x U for T €
(0,00). Define

0, x €U
g(t,z) = { 4

g(z), otherwise

and assume that the hypothesis in Theorem 3.1.16 are satisfied. Let u be the
solution of (3.4) and u. its restriction to Q.. Take a number h € (0, hy| and let
up, be the solution of (3.15) and uy, its restriction to Q-(h). Then

’ua - uh€|0,Qs(h) < Nh(S (‘f’é/Q,é;QE + ’g’1+5/2,2+5;Q5) )

where the constant N depends only on d, K, d, A\, po, Ko, the diameter of U

and €.

Proof The proof is the same as for Theorem 3.2.5 taking, when needed, Q).
and Q.(h) in the place of @ and Q(h), respectively. [J

From what saw in the present section, to obtain an approximation for the solu-
tion of the continuous problem (3.4), with a known rate of convergence, it suffices
to have an operator L, with the form of operator (3.14), verifying Assumptions
3.2.1 and 3.2.2.

We will now discretize the problem constructing particular operators, using
both the explicit and implicit schemes.

In Krylov [29] (pp. 155-156) discrete operators are considered for the particu-
lar case where L = S°%  a%(t,2)D? (in the elliptic case, discrete schemes for the
operator L = 3% a¥(x)D? + Y20, b'(x)D; are also introduced, [29] pp. 86-87).

We will construct discrete operators for the more general case

d
Z txDD+ZbthD+c(tx)

=1
where coefficients a(t,x) satisfy 2?21 a(t,x) > 0, for i = 1,2,...,d and
a’¥(t,z) < 0, for i # j, i,j = 1,2,...,d. Note that there is a large class
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of positive definite matrices a%(t, ) satisfying the preceding conditions. The
matrix defined by a”(t,z) = d for « = 1,2,...,d and a“(t,z) = —1 for
i # j, 1,7 = 1,2,...,d, with eigen values 1 and d 4+ 1 with multiplicity

1 and d — 1, respectively, is an example.

Explicit scheme.
For (t,z) € Q°(h), we define the operator

Lpu(t,z) = —e 'h2[u(t,z) — u(t —eh? z)]
+ Z a”(t —eh? x)2 ' h2[u(t — eh®, x + he;)

—l’—u(t —eh® x — he;) —u(t — eh® x + hie; — e;))
—2u(t —eh® x) —u(t — eh® o — h(e; — ¢;))
+u(t — 5/12 x — he;) + u(t — eh? z + he;))
+Z|bl z)|h Y u(t — eh?,  + he; sign b'(t — eh?, )

—u(t —eh? 2)] + c(t, z)u(t, ). (3.17)

Theorem 3.2.7. Assume the coefficients a’ (t, ) are such that Z?Zl a’(t,x) >0,
fori=1,2,...,d and a"(t,x) <0 for i #j, 1,7=1,2,....d. Letl(h) = ch?,
where 6! > sup, (2 37,07 (2)+>2,|0'(2)|). Then the discrete operator Ly, (3.17)
satisfies Assumptions 3.2.1 and 3.2.2.

Proof To check Assumption 3.2.1, let zg = (tg, zo) € QY and u(to, zg) = M =
maxqn u(z) > 0. Denote ty =ty — eh®. Then

R*Lyu(te, 7o) = —Me t +u(ty, mo)[e ™t — 2 Zaij(tb, xg) — hz b (¢4, z0) ]
i<j i

+ Z Z a' (ty, o) [u(ty, xo + he;) + u(ty, vo — he;)]

— Z a' (ty, zo)[u(ty, zo + h(e; — ;) + u(ty, zo — h(e; — €;))]

1<j

+hz 6% (th), o) |u(ty, o + he; sign b (ty, 7o) + h*Mec(to, z0)

< MM P23 d by, m0) — b S B (t, o))
i<j i
P2 Y5ty ) — 20 3ty )
i g 1<J

d
HRM Y [ (ty, o)

=1

= 0.
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Assumption 3.2.2 can be checked using Taylor’s formula and the assumptions
on the smoothness of the coefficients. Denote t' =t — eh?.

|Lu(t, x) — u(t, x) — Lpu(t, x)|

= ]Za” (t, ) ugizi(t, © —|—Zb’ (t, x)ugzi(t, @) + c(t, z)u(t, x) — uy(t, x)

2%

+e  hul(t, x) Za” “lu(t', x + he;)

+u(t',x — he;) — ( x+ h(e,; —ej)) — 2u(t' ) —u(t,x — hie; — e;))
+u(t',z + he;) +u — he;)] —ZW t' u(t', x + he; sign b'(t', x))

—u(t',x)] - c(t, 2)ult, )|
|§ZZJ Ygins (o) — 3 (', 2)2 A A (u(t', x + hey) — ult', @)

Z7j

—h_l(u(t', z) — (u(t,z — he;)) + h  (u(t', x + hej) —ut',z — hie; — ¢;)))
—h 7Y (u(t', z + hie; — ;) — u(t', z — he;))]| + | Z b (t, @) uyi (¢, )

IN

—ZW ¢ [u(t',  + he; sign bi(t', x)) — u(t', 2)]|
+|ut(t,x) — e 'h?ult, ) — u(t, x)]].
Using the mean-value theorem repeatedly we obtain
|Lu(t, ) — u(t, z) — Lpu(t, z)|
< |Zaij (t, @) [tUgigi (T, ) — Ugigs (', @ + O1he)]|

+|Z Ut x) — a(t, 1) ugigi (B, © + Oahe;)|

+| Z a” (', 2) [~ Ugins (t', T + O1he;) + Ugigi (', T + O3he;)
FUyiyi (8, + Oshe; + O5he;) — wyigi(t', x4 Ohe; + hej)]|

D B (@) g (, 7) — ugi (¢, 2 + Ozhey)|

D it @) = V(@) g (E, @ + Orhe;)|

Hutz(t, x) — e th 2 u(t, ) — u(t', )],

with 6y, k= 1,...,7 constants such that |0;| < 1, for all k.

Finally, we have
Lt 2) — wn(t,0) — Lt 2)] < KWlulvss2050

and the result is proved. [J
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The operator we have constructed furnishes an explicit scheme for approxima-
tion. It allows the computation of wy(t,z) on Q(h), starting from (0, x) which
is given and then finding uy(eh?, x), up(2eh?, z) and so on consecutively from the

explicit formula

up(t,z) = deh®f(t,x) — cu(t —eh? )
—271c¢ Z a’(t — eh®, x)[u(t — eh®, x + he;) + u(t — eh®, x — he;)
1,J

—u(t —eh® 2+ h(e; — ¢;)) — 2u(t — eh? )
—u(t—eh®,x — h(e; — ¢;))+u(t — eh® & — hej)+u(t — eh®, x+ he;)]
—deh Z b'(t — eh®, x)|[u(t — eh?, z + he; sign b’ (t — eh?, 1))

—u(t — eh?, )],

where ¢ = (eh?c(t,x) — 1)1
We note that the restrictions over e in the sub-cases where a is diagonal
or where there are no first-order partial derivatives can be obtained immediately

from the more general condition we presented.

Implicit scheme.
For the same particular case of the continuous operator L, we define, for (¢,z) €
Q°(h), the discrete operator

Lpu(t,r) = —e 'h2[u(t,z) — u(t —eh? z))
+ Z a’(t, )27 h 2 [u(t, x + he;) +u(t, r — he;)
Y]

—u(t,z + h(e; —ej)) — 2u(t,z) —u(t,x — h(e; —e;))
+u(t,z — he;) +u(t, x + he;)]
+ > V' (t2) b [ult,  + he; sign U (t,x)) — u(t, z)]
+e(t, x)u(t, ). (3.18)
Theorem 3.2.8. Let the coefficients a”(t,xz) and the discrete function I(h)

satisfy the hypothesis in Theorem 3.2.7. Then the discrete operator (3.18) satisfies
Assumptions 3.2.1 and 3.2.2.

Proof The operator L) satisfies Assumption 3.2.2 for the same reasons as in

Theorem 3.2.7 and Assumption 3.2.1 with no restrictions on . [J

The method of computation of wuy(¢,z) on Q(h) is implicit: in order to find

up((k + 1)eh? x) from uy(keh? x) a system of linear equations has to be solved.
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3.3 Localization error estimate

Finally, we should estimate the error in approximating the solution of the Cauchy

problem
Lu—u 4+ f=0in [0,T] x RY  w(0,7) = g(x) in R (3.19)
where T' € (0, 00), by the solution of the initial-boundary value problem
Lu—u;+ f=0in Q, u(0,z)=g(x) for z€U, u=g on 9,Q, (3.20)

where Q = [0,T] x U, U is a bounded domain in R? and 9,Q = [0,T] x oU.
In fact, in Section 3.2 we have produced an estimate for the second term of

the right hand of the inequality
|U(t7$) - Uh(t,l')l < ’U(t,l’) - U(t,l’>| + |U(t,l‘) o Uh(t,x)’,

where v(t, x) and u(t, z) represent, respectively, the solutions of (3.19) and (3.20),
and up(t,x) is the solution of the discretized problem (3.15). It remains to esti-

mate the localization error:
lv(t,x) — u(t, x)|.

Localize problem (3.19), considering the particular case of (3.20) where Dirich-

let boundary conditions are imposed:
Lu—u+ f=0in Q, u(0,z)=g(x) for z€U, u=0 on 9,Q. (3.21)

Remark 3.3.1. We recall that in Section 3.1 we studied the solvability of problems
(3.19) and (3.21) when weaker smoothness is imposed over the initial data g
(Theorems 3.1.14 and 3.1.16). We saw also that the restrictions v. and u. of the
unique solutions v and u of problems (3.19) and (3.21) to the sets [e,T] x R?
and [e, T] x U, respectively, are of class C1*9/22+9 (Theorems 3.1.15 and 3.1.18).
Finally, in Section 3.2, we studied the numerical approximation for the restriction
u, € C19/2249([2 T| x U) of u (Theorems 3.2.4 and 3.2.6).

In order to estimate the localization error, we will consider the stochastic
representation of problems (3.19) and (3.21), written for ¢ replaced by T —t,

respectively
Lu+u+ f=0in [0,7] x R w(T,z) = g(z) in R (3.22)
and

Lu+u+f=0in Q, u(T,r)=g() for x€U, u=0 on 9,Q. (3.23)
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Let the multidimensional stochastic problem

dXt = b(t, Xt>dt + O'(t, Xt)th (324)
X() = 2o, (325)

where

W, =W}, ...,WF) an RP — valued JF, — Brownian motion;
b:RT x RY — R, b(s,z) = (b'(s,2),...,b%s,x));

o RJF X Rd — Rpr, U(S,ZL') = (Uij(8,$))1§i§d71§j§p.

Let o be such that 1/2(c0’)¥ = a¥, for i =1,...,d, j = 1,...,p, where
a¥ is the coefficient associated with the second-order derivatives in the operator
L. We assume that b and o satisfy the proper integrability conditions so that the

process
t t

Xt::cng/ b(s,Xs)der/ (s, X)dW, (3.26)
0 0

is an Ito process.

We will obtain the stochastic representation of problems (3.22) and (3.23) (and
then approximate the localization error), assuming that these problems’ solutions
exist, as well as the solution of the stochastic equation. Under these assumptions,
the deduction will be made imposing weaker conditions over the operator L and
the data f and g.

Assumption 3.3.2. Let coefficients in the operator L, defined by (3.2), satisfy:
1. a, b and ¢ are continuous functions in [0, T] x RY;
2. ¢<0in [0,7] x RY
3. Ja(t,x)| < C(1 + |z|?), forall t €[0,7T], z € R? C >0 a constant;
4. [b(t,x)] < C(1+|z|), for all t €[0,7T], z € R C >0 a constant.
We state a preliminary result which gives a moment estimate of the solution

of a stochastic equation (see Krylov [31], p. 85, where estimates are also given

for a more general case).
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Consider the more general multidimensional stochastic equation

t t
thzt+/ b(s,Xs)ds+/ (s, X,)dW, (3.27)
0 0

where Wy, b, o are as defined for equation (3.26) and 7, is a d—dimensional
random vector. Let us assume that the coefficients b, o in equation (3.27) satisfy

the condition:

Assumption 3.3.3. There exists a constant M > 0 and nonnegative functions
r(t), h(t) such that

L Jo(t,z)]* < 2r3(t) + 2M?|x|?;
2. o(t,z)| < h(t) + M?|z|.
for all t € [0, 7], x,y € RY, where |o]* = 37, i 1<, (07)*
Proposition 3.3.4. Under Assumption 3.5.3, if Z; is a separable process then a

solution Xy of (3.27) satisfies, for all ¢ > 1, t € [0,T],

t
E(sup | X,[*") < N E(sup \Zs|2q)+th_1€NtE(/(IZslzq + (h(s))* + (r(s))*")ds),
s<t s<t 0

where N s a constant depending on q and M.

Remark 3.3.5. In Assumption 3.3.2 we assumed some growth conditions for the
coefficients a = 1/200’ and b. Under this assumption, Assumption 3.3.3 is not
restrictive and is met with r? = h = M. Also, in the framework we are considering
in the present section, Z; = x4 is a d—dimensional non-random vector. Under

these conditions, the estimate in Proposition 3.3.4, written for X, is

T
E(sup |X5"%) < NE(SEIT) |z|*)+NTT N R (/(|x\2q + M* + Mq)ds)
RS t

t<s<T
< N |z T4NTT N /ax\2q + M+ M%)ds
< N (|z] 7419 (]x|2‘§ + M?* + M9))
< N (Jz** + 1), (3.28)

where N is a constant depending on 7', ¢, and M.

Next two theorems give the stochastic representation of the two parabolic

problems.
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Theorem 3.3.6. Let (1)—(4) in Assumption 3.53.2 be satisfied. Let functions f
and g in (3.22) be such that

1f(t, )| < KA+ |z|™) in [0,T] xR and |g(z)| < K(1+ |z|™) in RY,

respectively, with K, m positive constants. Assume that parabolic problem (3.22)

has a unique solution v in CH2([0,T] x RY) and this solution satisfies
[DZv(t,@)| < N(L+[2P), §=0,1, in Q,

with N, p positive constants. Assume also that there exists a unique solution X;
of the stochastic problem (3.24)—(3.25) in [0,T]. Denote X“*, with s > t, the

s

solution of equation (3.24) starting from x at time t. Then v is given by

T t,x T s
v(t’x) — E <€ft C(S,Xs )dsg(Xélx)> + E (/ eft c( d?”f( Xt x) >
t
for all t €10,T], x € R

Proof Consider the Ito processes Y, = el €rXe™dr and 7, = (s, X1*), for
s > t. Noting that the stochastic integral in the Ito process Y is null, integrating
by parts Y;Z, we obtain

elf e Xr)dry (g XBTY = y(t, ) + /Sv(r, XEo)d(eh e@Xa")da)
t
+ /s el e@XgM)da gy (. X 1)
t
= o(t,x)+ /S eld @Xa)dac (. XYy (r, XE7)dp
t
+ / ol (X (i, X5, (3.29)
t

Owing to Theorem 2.1.27 (multidimensional It6 formula), we have

U(SaXz’x) = U(t,l’) +/ (AU)(T’ X,:’x) + %(T, Xﬁ,x)dr
t

4 [ vt X0 X aw, (3.30)
t
where
Alt, ) = Loyt ) =L 4 ()2
9 " 0zt 0 oxt

Using (3.30), from (3.29) we obtain

s , T s s »T 8
el erXrDydry (o XbT) = y(t, 2) —i—/ el e Xy a1y 4 Ev)(r, XE)dr

/ et @XM day (i XL (i, XEN W, (3.31)
t
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Making s = T in equation (3.31) and taking the expectation,

T T
U(t,SE) — (eft c(s,Xs (T Xt:p)) E(/ eftSc(r,XTw)dr(Lv_i_ %U)(S,Xi’m)ds)
t
T
= E(eld XD g(X1m)) 1+ B / el X f (5 X BT ds). (3.32)
t

We note that the expectation of the stochastic integral in (3.31) is zero owing
to the assumptions over the growth of v,(¢,z) and a(t, x), the moment estimate
(3.28) in Remark 3.3.5 and Theorem 2.1.22. The assumptions over the growth
of f and ¢ and the moment estimate (3.28) guarantee that the expectations in
(3.32) exist. O

Theorem 3.3.7. Let (1)—(2) in Assumption 3.3.2 be satisfied. Assume that
parabolic problem (3.23) has a unique solution u in CY2([0,T] x U). Assume
also that there ezists a unique solution X, of the stochastic problem (3.24)—(3.25)
in [0, T]. Then the unique solution u of problem (8.23) is given by

u(t’;p) = E <]_{T:T}ef{c(s,Xévz)dsg(X;x)> +E (/ eftsc drf( Xt x) ) ’
t

forall t € [0,T), z € U, where Xb%, with s > t, is the solution of equation (3.24)

s 7

starting from x at time t and 7 :=inf{s >t : X" isnotin U} AT.

Proof This proof follows the one by A. Friedman (Friedman [18], pp. 145-
146) for the stochastic representation of the solution of a boundary-value elliptic
PDE problem.

Let V. € R? be the closed e—neighborhood of OU and denote U, = U\‘_/E Let
w be a C**([0,T] x R?) function such that w = u in [0,T] x U./2. We consider
the processes Y, = eli cXr")dr and 7, = w(s, Xt%), for s > t.

Following the same steps as in the proof of Theorem 3.3.6, we obtain

s t,x a
elt elrXe )d’"w(s,Xﬁ’m) = w(t,z) +/ elt o dq(Lw + aw)( r, X5 dr
t

L / eJi XM ay, (X1l (r, XEYVAWI . (3.33)
t

Let ¢ > t a stopping time with respect to X>*. Making s = ¢ in equation
(3.33) and taking the expectation, we have

w(tr) = B(el NP X0)
¢ t,x
([ s D X, 0
t

Note that, owing to Theorem 2.1.22, the expectation of the stochastic integral in
(3.33) is zero.
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Let ¢ = ¢ AT, where ¢ > t is the hitting time of U.,. We then have
w(s, X)) = u(s, Xb*) for all t < s < ¢. AT and (3.34) still holds when w
is replaced by w. Taking the limit when ¢ — 0 and using Lebesgue dominated

convergence, we obtain

AT

u(t,z) = E(e‘]t C(vag’z)dsu(g/\T, XEKT))

C/\T s t,x
+E( / el XD p (g XY dg), (3.35)
t

where ¢ is the exit time of U.
Define 7 := ¢ AT. From (3.35) we have

u(t,x) _ E@ffc(s,Xﬁ’x)dsu(T’ Xi,x)) + E(/ efts C(T’X£’$)drf(S,X§’z)dS)

t
_ E(l{T:T}eftT c(s,Xﬁ*ﬂ”)dsu(T7 Xi,x)) + E<1{T<T}€f; c(s,Xévz)dsu(T’ Xf_’x))

([ el (s, X0y
t

_ E(l{T:T}effT c(s,Xﬁ’“)dsu(T7 X;lx)) +E(/eft8 C(r7Xi’m)drf(8’ X;’x)ds)
t
= B(L el o (X)) B[ el O, X0 ). (3.36)
¢
The term E(1(, el C(S’X?I)dsu(T, XE57)) in the above computations vanishes due
to the zero boundary condition for the PDE problem. Also, as u € C%2([0, T|x U)

and f and ¢ are bounded functions therefore the expectations in (3.36) exist. The

result is proved. [

Remark 3.3.8. Note that no smoothness assumption over the space-boundary oU

was needed for the stochastic representation of problem (3.23).

We consider now a particular localization of problem (3.22), in order to ensure
compatibility between the Cauchy problem and the localized problem. Let n €

C5°([0,00)) be a non-increasing function such that

1, r<l1

nr) = {O, r> 2.

Here the notation C§°([0,00)) stands for the set of all infinitely differentiable
functions on [0, 00) with compact support.

We localize problem (3.22) in the following way (a particular case of problem
(3.23)):

Lu+u+fr=0 in Qr, u(T,z)=gr(z) for t€Uxr, u=0 on 0,Qg, (3.37)
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where Qr = [0, T|xUg, Ugr = {z € R4 : |z| < 2R}, fr(t,z) :==n(|z|/R)f(t,z) in
[0,7] x R? and ggr(x) := n(|z|/R)g(x) in R with T € (0,00), R > 0 constants.
Note that if gp is continuous in Ug, the consistency condition (1) in Assumption

3.1.11 is satisfied. We estimate the localization error.

Theorem 3.3.9. Let the hypothesis of Theorems 3.53.6 and 3.3.7 be satisfied. Let
v be the unique solution of problem (8.22) in C12([0,T] x R?) and ug the unique
solution of problem (3.57) in CY2([0,T] x Ug). Then, for all ¢ > 1, t € [0,T),
T € UR.

lug(t,z) —v(t,z)] < N(1+ [z|"T™ + |[z|'R™) R,

where N 1s a constant depending on T, q, the constant M in Proposition 3.3.4,
and the constants K, m in the growth conditions imposed over both functions f

and g.

Proof We estimate |ug(t,z) — v(t, z)| taking the stochastic representation of

v and ug given in Theorems 3.3.6 and 3.3.7, respectively. We have

ur(t, z) = v(t, )]

T t,x s T TC s t,x s T
= [E(Lpamyel? X Meg(xpe) — b et aeg xh)

T 5 x T R =
+E(/ el X (s, X()ds — / I XTI £ (5, X 1) ds)
t t
S E(‘]_{T:T}ef{r c(s,Xﬁ’x)dng<X;:x) . eftT C(stg’x)ng<X;,x>’)

T T
+E(| / eli X (s XY ds — / eli X dr (g X)), (3.38)
t

t

For the first term in (3.38), as ¢ < 0 by Assumption 3.3.2 and noting that,
by construction, ggr(z) = g(z) if |z| < R and |gr(z)] < |g(x)| for all x € R?, we
obtain

T t,x s T TCS é,x s T
E(|Lipopyelt OB gp(Xp") — el X dg (X7
T t,x s T T TCS ;,1' s T
< E(|el X (gp(X5T) = g(X57) [ Lir=ry) + E(le/e 5D S g (X511 or)
< E(lgr(X7") = 9(X5)Lir=r}) + E(lg(X7") L r<ry)

<E( sup |gr(r) = 9(0) 1y xt=immy) + E(9(X5") [ 1rary)
R<|2|<2R ==

<2E( sup [9(2)[Ligp_ ., xt=sm)) T E(lg(X5) | 1irery). (3.39)
R<|z|<2R ==
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For the second term in (3.38), as ¢ < 0 and also as fg(t,z) = f(t,z) for all
(t, ) such that |x| < R and |fr(z)| < |f(x)| for all (¢,z) € [0,T] x R, we have
T T
B [ el o (s X0 [ el X0
¢

t

T "
([ el TN (s, X07) — (5, X)) ds| L)
t
HB( [ el O s, X1) = (5, X)) L)
t
T "8 t,x
HB( [ (el (5, X)) L)

T
SE/ sup s,x) — f(s,x)|ds 1, .
( t RSIx\§2R|fR( )= f(s)] {sup<acr [Xs \ZR})

T T
SB[ sup [ fr(s0) = f(s0)lds ) + B[ 17 X ds )

R<|z[<2R

T
< 2E(/t R<S|3|82R [f(s,2)lds Vg, xto 1> Ry)

T T
+2E(/t sup | f(s,x)|dsl{rery) + E(/ ]f(s,Xﬁ’x)]dsl{KT}). (3.40)

R<|e|<2R
Putting together estimates (3.38), (3.39) and (3.40),

|UR<t7 ZL‘) - U(t7 l’)|

<2E( su x)|1,. + E(lg(XE)|1,,
(RS\IEQRM( )l {suppcser |X >R}) (|g(X7) Lgrery)

T
P[0 ) L )

T T
2K / sup  |f(s,2)|dsLiery) + B / (5, X)|ds L)
t T

R<|x|<2R
<2( sup Ig(w)l)Pl/z(tgugTWi’zlZR)+E1/2(\9(X?Q”)I2)P1/2(7<T)

R<[|z|<2R

T
2 sup[(s,0)|ds) PV sup [X07| 2R
t

R<|z|<2R t<s<T

+2(/tT sup \f(s,:v)]ds)Pl/Q(T <T)

R<|e|<2R
—|—E1/2((/T|f(s,X§’x)\ ds)?) P2 (r < T). (3.41)
We estimate PET < T) and P(sup,c,or |[X0"| > R) in (3.41)
Pr<T)=P@3se[t,T): | X >R) < P@3selt,T]:|X>R)

= P(sup [X"| > R)

t<s<T

1
< — sup |XD7120),  (3.42
< gmE(sp KP4
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owing to Chebyshev’s inequality, with ¢ > 1 a constant.
Using the assumptions over the growth of g and f we estimate E(|g(X5")[?)
and E((f |f(s, Xt*)|ds)?) in (3.41),

E(lg(X7")?) <B4+ [XF™)?) < K1+ B(XE" ™))
K1+ E( sup | X5**™)) (3.43)

t<s<T

IA

and

/st”Ids )< /<|f<s X”>|>ds<K/ (1+]X57[™)2)ds

< K/1+E (X5 P™))ds < K(14+-E( sup | X5[2™)) (3.44)

T<s<T

where K, m are positive constants.

Due to the same assumptions we estimate the remaining expressions in (3.41)

sup [g(z)| < sup (K(1+[z[™)) < K(1+R™) (3.45)
R<|z|<2R R<[|z|<2R

and

T T T
/ sup ]f(s,x)\dsﬁ/ sup | f(s,z)|ds g/ sup (K(1+ |z|™))ds

t R<|z|<2R t R<|z|<2R t R<|z|<2R

<K(1+R™), (3.46)

where K, m are positive constants.
From (3.41)—(3.46) and using the moment estimate (3.28) in Remark 3.3.5

we obtain the estimate for the localization error

lur(t,z) — v(t,z)| < K((1 +E(

)+ (14 R™))

t<s<T
x( 1 E( |X”|2q)>1/2
— su ’
RQq tgng #
(1 + |z[™) + (1 + R™) (1 + |]7)
Ry
1+ |x|9T™ + |z|7R™
R4 ’

where N is a constant depending on 7', ¢, M, K and m. [J

< N
N

<

Until now, we have assumed the existence of the solutions for the parabolic
Cauchy problem (3.22), for its localized version (3.23) and for the stochastic
problem (3.24)—(3.25). Then, under some hypothesis, we deduced the parabolic
problems’ stochastic representation and the localization error estimate.

We will now study the stochastic representation considering the conditions
under which problems (3.22), (3.23) and (3.24)—(3.25) are solvable.
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In Section 3.1, we considered the solvability of the PDE problem when the
operator L defined by (3.2) is, for each t € [0,T], uniformly elliptic in space
with bounded Holder continuous coefficients and the coefficient ¢ is non-positive.
Under these hypothesis, Assumption 3.3.2 is satisfied.

The following well known result on the stochastic representation of the solution
of problem (3.22) (see e.g. Friedman [18], p. 148) is obtained immediately from
Theorem 3.3.6, using Theorem 3.1.14 (with ¢ replaced by T' — t) and Theorem
2.1.31 for the existence and uniqueness of the solution of problems (3.22) and
(3.24)—(3.25), respectively.

Theorem 3.3.10. Assume that the coefficients a(t,x), b(t,x) in the operator L
are Lipschitz continuous in [0,T] x RY. Let functions f, g in (3.22) be such that
[fls/2.6:0mxre < 00 and g € C(R?). Assume also that f, g satisfy

[f(t,2)| < K(1+J2[™) in [0,T] xRY, |g(t,2)] < K(1L+ |z™) in R?

where K, m are positive constants. Then the unique solution v of problem (3.22)

s given by

T 5 t,x
0(ta) = B (el 1)) ([N s i)
t

for all t € [0,T], € RY, where Xb*, with s > t, is the solution of equation
(3.24) starting from x at time t.

Similarly, for the initial-boundary value problem (3.23), the following well
known result (see e.g. Friedman [18], p. 147) is obtained as an immediate conse-
quence of Theorem 3.3.7, using Theorems 3.1.16 (with ¢ replaced by 7' —¢) and
2.1.31.

Theorem 3.3.11. Assume that the coefficients a(t,z), b(t,x) in the operator L
are Lipschitz continuous in [0,T] x R?. Let U C R? a C*° bounded domain and
f, g functions such that f € C%29([0,T) x U) and g € C(U). Assume also that
the consistency condition (1) in Assumption 3.1.11 is satisfied. Then the unique

solution u of problem (3.23) is given by

u(t’ {L') = E (]_{T:T}efgf c(s,Xﬁ*z)dsg(X;,a:)) +E (/ efts c(u,XfL’I)duf(S’ X;,aﬁ)ds) ’
t

forall t €[0,T), z € U, where X%, with s > t, is the solution of equation (3.24)

s

starting from x at time t and 7 :=inf{s >t¢: X" isnotin U} AT.
If we consider the weak solution of the stochastic equation instead of the
(strong) solution considered in Theorem 2.1.31, we can formulate two new theo-

rems for the stochastic representation of the two parabolic problems’ solutions.

We state a result on the existence of the weak solution (see Krylov [31],p. 87).
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Theorem 3.3.12. Let b(t,z) be a d—dimensional vector and o(t,z) a matriz
of dimension d x d. Let b, o be defined for all (t,z) € [0,+00) x R? and
bounded. Assume that the matriz o is positive definite and, moreover, satisfies
(o(t,2)E, &) > NEJ?, for some constant X > 0 for allt >0, z € RY, £ € RY. Then
there exists a probability space, an F— Brownian motion W, on this space, and a
continuous process Xy which is progressively measurable with respect to (F)i>o0,

such that almost surely for all t > 0

t t
X, =x+ / b(s, Xs)ds + / o(s, Xs)dWs.
0 0

We note that it is not needed to impose a Lipschitz condition on b and o to
obtain the existence of the weak solution.

Let o be such that 1/2(c0) = a, where a is the coefficient associated with the
second-order derivatives in the operator L (o is the square root of 2a). It can be
shown easily that the ellipticity in space of the operator L implies the coercivity
condition imposed over ¢ in Theorem 3.3.12.

We have then two new theorems on the representation of the solutions of

problems (3.22) and (3.23).

Theorem 3.3.13. Let functions f, g in (3.22) be such that [fls/2s0,r1xre < 00
and g € C(R?). Assume also that f, g satisfy

If(t,x)] < K(14|2z|™) in [0,T] x RY, |g(t,z)] < K(1+ |z|™) in R?

where K, m are positive constants. Then the unique solution v of problem (3.22)

s given by

T
v(t,z) = <eft ol (X”)) +E (/ eftsc(’”’Xﬁ’w)drf(s,Xﬁ’x)ds> :
t

for all t € [0,T], x € RY, where X!*

s

(53.24) starting from x at time t.

with s > t, is the weak solution of equation

Theorem 3.3.14. Let U C R? a C*™ bounded domain and f, g functions such
that f € C°29([0,T] x U) and g € C(U). Assume also that the consistency
condition (1) in Assumption 3.1.11 is satisfied. Then the unique solution u of

problem (3.23) is given by

u(t’x) = E (]_{T:T}efgf c(s,Xz’z)dsg(X;,a:)> +E (/ eftsc de( Xt 3&) ) ’
t

for all t €[0,T), x € U, where X4®, with s > t, is the weak solution of equation

s

(3.24) starting from x at time t and 7 :=1inf{s >t: X" isnotin U} AT.
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Chapter 4

Parabolic PDE in Sobolev and

weighted Sobolev spaces: space
discretization

In the previous chapter we studied the parabolic PDE problem in Holder spaces.
Although we could obtain a well defined problem, strong regularity was imposed
over the data.

We will now study the Cauchy parabolic PDE problem using the L? theory of
solvability in Sobolev spaces and in weighted Sobolev spaces. Weaker regularity
will be assumed from the data, and the operator coefficients’ growth will be
allowed.

Under the proper framework, we will proceed to the problem discretization in

space. The discretization in time will be considered in Chapter 5.

4.1 Classical results

Let us first establish some facts on the solvability of PDE under a general frame-
work.

Let V be a reflexive separable Banach space embedded continuously and
densely into a Hilbert space H with inner product ( , ). Then H*, the dual
space of H, is also continuously and densely embedded into V*, the dual of V.
Let us use the notation ( , ) for the duality. Let H* be identified with H in the
usual way, by the help of the inner product. Then we have the so called normal
triple

Ve H=H" V"

with continuous and dense embeddings.

Let us consider the Cauchy problem

sl ~ 20 4 ) =0, u(o) =g, (4.1)
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where L(t) and 0/0t are linear operators from V to V* for every t > 0,
fe L*[0,T);V*) with T € (0,00) and g € H.

We make some assumptions.

Assumption 4.1.1. There exist constants A > 0, K, M and N such that
1. (L(t)v, v) + M|} < K|v|%, Yo €V and Vt e [0,T];
2. |L(t)v

3. Jy 1F(1)

ve < Mvly, Yo eV and Vt e [0,T];

2. dt <N and |g|g <N.

We define the generalized solution of problem (4.1).

Definition 4.1.2. We say that v € C([0,7]; H) is a generalized solution of (4.1)
on [0, 7] if

1. ue L0, T];V);

2. For all t € [0, 7]
(u(t),v) = (g,v) —|—/0 (L(s)u(s),v>d8+/0 (f(s),v)ds
holds for all v € V.

We next state the existence and uniqueness of the solution.

Theorem 4.1.3. Under (1)—(3) in Assumption 4.1.1, problem (4.1) has a unique

generalized solution on [0,T]. Moreover
%,*dt> :

sup ol + [ ot < (1ot + [ 1500

te[0,7

where N is a constant.

This theorem is a special case of a more general one proved, for example, in
Lions [35] for nonlinear PDE.

The second-order parabolic PDE problem.

We consider now the particular case where L is the second-order operator

2

o0xtozI

+ bi(t, :v)i +c (t,x), (4.2)

L(t,x) = a”(t,x) 5
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with real coefficients. Take a number T' € (0, 00) and denote Q = [0, 7] x R%. We
consider the Cauchy problem

Lu—u+f=0in Q, u(0,z)=g(z) inR? (4.3)

where f and g are given functions.
To set the proper framework to deal with problem (4.3), we introduce the
Sobolev spaces (see e.g. Evans [16], pp. 241-289).

We define the weak derivative of v. Let U be a domain in R?.

Definition 4.1.4. Suppose v,w € Li (U) and « is a multi-index. We say that

loc

w is the o weak partial derivative of v, and we write D% = w, if

/ vDY dx = (—1) / wo dx,
U U
for all functions ¢ € C3°(U).

Here the notation L},.(U) stands for the set of all functions v : U — R locally
summable, that is, the set of all functions v such that [, |v|dz < oo, for every
bounded subset V' of U; C§°(U) denotes the set of all infinitely differentiable
functions on U with compact support.

The weak derivative is unique.

Proposition 4.1.5. If a weak o' partial derivative of v exists, it is uniquely

defined up to a set of measure zero.
We define the Sobolev space.

Definition 4.1.6. The Sobolev space W™?(U), with m > 0 an integer, consists
of all locally summable functions v : U — R such that for each multi-index «

with |a| < m, D% exists in the weak sense and belongs to L*(U).

Remark 4.1.7. When U = R¢ we drop the argument in W™?(U) and denote
Wm’Q(]Rd) = W2,

Definition 4.1.8. If v € W™?(U), we define its norm to be

[olwmawy = () /U|D%|2dx)1/2.

laf<m

Definition 4.1.9. If v,w € W™?2(U), we define the inner product

(v, W)wme @) = Z /D%Dawdx.
U

la<m
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We state the good structure of the Sobolev spaces.

Proposition 4.1.10. The Sobolev space W™?2(U) is a Hilbert space.
The following properties hold:

Proposition 4.1.11. Let v € W™2(U), |a| < m. Then
1. If V is an open subset of U, then v € W™2(V);

2. If ¢€Cg°(U), then ¢v e W™*(U) and D*(Cv) = 5., (5) D’¢D*Pu.

We have a fundamental result on the embedding in better spaces.

Theorem 4.1.12. (Sobolev’s embedding Theorem). Let U be a bounded domain
in R? with a C boundary. Letv € W™*(U). If m > ¢ thenv € C(mf[%]fl)H(U),
where
5= {[g] +1-— g, if g 1s not an integer
any positive number <1, if % 18 an integer.
Moreover

|”’(m7[g]71)+5;U < Nlvlwmewy,

with N a constant depending only on m, d, § and U.

We recall that we are using the notation vy, 4. for the norm of v € C*(U).
Now, we consider the functions w : @ — R as functions of [0, 7] with values
in R* such that, for all ¢ € [0,7], w(t) := {w(t,x) : z € R},

Let us now make some assumptions.

Assumption 4.1.13. Let m > 0 be an integer. There exist constants A > 0, K
such that

LS a(t2)€ > AL (€, forall t > 0, 2 € RY, € € RY;

2. |D%a| < K for all |a] <m V1, |D2| <K, |D%| <K forall |a] <m,

where D2 denotes the o' partial derivative operator with respect to z;

3. fe L0, T];Wm12), g€ Wm2,

Remark 4.1.14. (1) in Assumption 4.1.13 states that operator L — d/0t is (uni-

formly) parabolic.

Remark 4.1.15. For m = 0 we use the notation W12 = =12 = (WW12)* where
(W12)* is the dual of W12
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We define the generalized solution of problem (4.3).

Definition 4.1.16. We say that u € C([0,T]; L?) is a generalized solution of
(4.3) on [0, T if
1. u e L3([0,T]; Wh?);

2. For all t € [0, 7]

(00 = (0e)+ [ {—(a()1Dals). Dyp)
+(b(s)D;u(s) — D;a"” (s)Diu(s), ¢)
+c(s)uls), ) + {f(5), ) }ds
holds for all p € C5°(RY).
The notation (, ) in the above definition stands for the inner product in L.

Remark 4.1.17. Note that, alternatively to the infinite differentiability of ¢ in (2)
it could be required that ¢ € Wh2,

From the above we have the following well known result, which can be obtained
from Theorem 4.1.3 using the appropriate triples of spaces (see e.g. Gyongy et
all [22], p. 67, for the more general case of SPDE with unbounded coefficients).

Theorem 4.1.18. Under (1)—(3) in Assumption 4.1.13, (4.3) admits a unique

generalized solution u on [0,T]. Moreover
we C([0, T W™2) N LA([0, T]; W2

and
T

T
sup |u(t)|Zyme —l—/ [u(t)|fymir2dt < N (|g|%Vm,2 +/ |f(t)|%/v'm1,2dt>
0 0

0<t<T
with N a constant.

Further results for the unbounded data case.
We still consider problem (4.3) but in the more general case where no boundedness

is imposed over the operator’s coefficients. We introduce the weighted Sobolev

spaces (see e.g. Gyongy et all [22], pp. 58-65).

Definition 4.1.19. Let r > 0, p > 0 be smooth functions on R% and m > 0 an
integer. W™2(r, p), the weighted Sobolev space (on R?), is the closure of C§°(R?)

with respect to the norm

|<;D|Wm’2('r,p) = ( Z /Rd T2|p|alDag0|2dx)l/2,

|a| <m
for ¢ € Cg°(RY).
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Definition 4.1.20. If v,w € W™?(r, p), we define the inner product

(v, W)wm2(rp) = Z / P21 DY D di.

|a|<m

The weighted Sobolev spaces have a good structure.
Proposition 4.1.21. The weighted Sobolev space W™?(r, p) is a Hilbert space.

As before, we consider the functions w : @ — R as functions of [0,7] with
values in R*® defined by w(t) := {w(t,z) : * € R}, for t € [0,T).

We make some assumptions.

Assumption 4.1.22. Let 7 > 0 and p > 0 be a smooth functions on R? and
m > 0 an integer. There exist constants A > 0, K such that

LS ai(t,2)gg > AP 0L €, forall t >0, 2 € R £ € RY,

2. |D2a¥| < Kp*lol forall |a| <mV1, |Dabi| < Kpt~lol | D%| < K for all
|a| < m, where D2 denotes the o' partial derivative operator with respect

to x;
3. fe L*([0,T}; Wm=12(r, p)) and g € W™(r, p).

Assumption 4.1.23. Let [ > 0 be an integer and r > 0 and p > 0 smooth

functions on RY. There exists a constant K such that
1. |D%p| < Kp'~lel for all multi-indexes o such that |a <1 —1 if [>2;
2. |D%| < Kﬁ, for all multi-indexes « such that |a] <.
Ezample 4.1.24. The following functions, taken from Gyongy et all [22], pp. 63-
64, satisfy Assumption 4.1.23:
Lor(z)=1+[z?)° BeR;  plz)=1+]z), v <5
2. r(z) =exp(£(1+[2?)%), 0<B<5;  pla)=(1+[z), y<5-5
3.r(x) = (1+1z]?)? BeR; plx)=mI"2+z]?), veR;
4. r(x) = (1+]2)7 Y (@2+[2?), 320, v=0; pla) = (1+[2[?), v < 5
5. r(z) = (1+]?)? " (2+2%), 520, v20; p(z) =W"(2+[zf*), 7> 0;

6. p(z) = exp(—(1+ |2]*)7), v>0; each weight function r(z) in examples
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We define the generalized solution of problem (4.3).

Definition 4.1.25. We say that « € C([0,T]; W%2(r, p)) is a generalized solu-
tion of (4.3) on [0, 7] if

1. u € L¥([0, T); W3(r, p));

2. For all t € [0, 7]

(ult). ) = /{ a"(5)Diu(s), Dy)
Dju(s) — Dja" (s) Dyu(s), ¢)
+(C(8)U(8)a )+ (f(s), ¢)}ds
holds for all p € C5°(RY).
The notation ( , ) in the above definition stands for the inner product in
WO (r, p).

We have the following well known result on the existence and uniqueness of

the solution.

Theorem 4.1.26. Under (1)—(3) in Assumption 4.1.22 and (1)—(2) in Assump-

tion 4.1.23, (4.83) admits a unique generalized solution u on [0,T]. Moreover
w € C([0,T); W™(r, p)) N L*([0, T]; W™ H2(r, p))

and

T T
sup |u(t)|%[/m«2(r,p) +/|u(t)‘124/m+172(r,p)dt < N(|g’%/[/m72(r,p)+/|f<t)’%/[/m—172(r,p)dt) )
0 0

0<t<T

with N a constant.

This result can also be obtained from the general one by using the suitable

triples of spaces (see Gyongy et all [22], p. 67).

4.2 Numerical approximation: bounded data
case

We want to discretize in space the problem (4.3). We will set an appropriate
framework and show that it is a particular case of the general framework we
presented in Section 4.1.

We define the h-grid on R, with h € (0, 1]

Zg:{xeRd:x:hZemi, n; =0,+1,£2,...}.
i=1
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Denote
Ofu = 0fu(t,x) = h ' (u(t,x + he;) — u(t, r))
and
O;u=0; u(t,r) = h H(u(t,z) — u(t,z — he;)),

the forward and backward discrete differences in space, respectively. Define the

discrete operator
Ly(t,x) = aij(t,x)ﬁj_@;“ + b (t, 2)0f +c (t, ).
We consider the discrete problem
Lyu—u, + f, =0 in Q(h), u(0,2) = gy(x) in Z, (4.4)

where Q(h) = [0,T] x Z2, with T' a number such that 7" € (0,00) and f;, and gy,
are functions such that f;, : Q(h) — R and g, : Z¢ — R.

We introduce the discrete Sobolev spaces.

Consider functions v : Z¢ — R. For all functions v,w : Z — R, we define the

inner product

(v, w)p2 = Z v(x)w(x)h?.

meZg

The function space [*? is defined by
2 ={v:Z - R: |[v]p2 < o0},

where the |v]p2 is the norm induced by the inner product

1/2 dy1/2.
l — 0,2 —
V]2 = (v,v), g lv(z)[*h?)

rGZd

Remark 4.2.1. Tt is trivial to check that ( , ) and | |2 as defined above are,
respectively, a inner product and a norm. The triangle inequality for the norm is

proved using Cauchy-Schwarz inequality.

Next we will show that {*? is a Hilbert space.

pz

Proposition 4.2.2. The function space 1s a Hilbert space.

192 is a Hilbert space we have to prove that the inner

Proof To prove that
product space [%? is complete, i.e., that any Cauchy sequence in (%2 is convergent

in the space norm.
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Let (v,) be a Cauchy sequence in {®2. That is, Ve > 0 IN such that for
m,n > N

|Um — Up|p2 = Z [V () — vn () PR Y2 < €. (4.5)

xEZd

Then, for every z € Z¢ we have
[Um () — va(2)?h? < €2, for m,n > N. (4.6)

Let us fix = . From (4.6) we see that (vi(zo), va(zo), ...) is a Cauchy
sequence of real numbers, therefore convergent, say v,,(xo) — v(zo). Using these
limits we define v = v(z), for each z € Z¢.

Let B be a ball in Z{. From (4.5) we have, for m,n > N

D Jom(x) = va@)Ph¢ < €2,

Letting n — oo, we have for m > N

Z|vm —v(z)]*h? < &2

zeB

Letting now the diameter of B go to oo, we have for m > N

D Jom(@) = v() Pt < 2, (4.7)

meZg

which shows that v, —v € (2.

As v, € 192, it follows, owing to Minkowski inequality for sums, that
V=V + (v — V) € 1%2

Finally, (4.7) also implies that v,, — v and the result is proved. [
For functions v : Z¢ — R we introduce also the function space

d
M={v:Z! - R: |v|p: < o0}, with |v[i: = |v[5h: + Z 0]

=1

Let us endow this space with the inner product
d
(v, w)p2 = (v, w)p2 + Z(@jv, O w).z,
i=1

where v,w are any functions in /2.

The space [*? has a good structure.
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11,2

Proposition 4.2.3. The function space 15 a Hilbert space.

Proof The proof follows the same steps as for Proposition 4.2.2. [J

We note that as 2 is a Hilbert space therefore it is reflexive. Next we will

l1’2

prove that is separable.

Proposition 4.2.4. The function space I%? is separable.

Proof We have to prove that (' has a countable subset dense in {12

Let us consider the set S = BU{x + he; :x € B, i = 1,2,...,d}, with B a
ball in Z¢. Consider the set [ of all functions w(x) € I? taking rational values if
x € S and vanishing outside S. This set [ of functions is countable.

Let v be an arbitrary function in 2. Let x € B. For any given € > 0, we can

choose w such that
> u(x) = w(z)| hd+z ZW (z)) A

=> |v(z) — w(x)] h%ZZ\h (z + he;)—w(z + he;) — (v(z)—w(z)))|*h

i=1 =z

<Z|"U z)[*hd 4 22 Z]v (z 4 he;) — w(z + hey)Fh™2

+2Z Z|v x)[*ht?

82

<37 (4.8)

Also, as |v|}i, is a convergent series, for any given & > 0 we can choose the

diameter of B such that, for x outside B we have

2
€
Z|v |hd+ZZI6+ )2ht < 5 (4.9)
From (4.8) and (4.9) we have

|U — w|ll,2 <ég,

and the result is proved. [

We now show that [%? is continuously and densely embeddable in (2. The

continuity follows immediately from

V]2 < |v]p2, forall vel'?

For the denseness, we have the following result:
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112 10:2

Proposition 4.2.5. The function space 15 densely embeddable in

Proof We want to prove that I12 = [%2. Let us take an arbitrary function
v € 1%%. Let B be a ball in Z¢. We consider the function w such that

() = {v(a:), r€B

0, otherwise.

This function belongs obviously to (2. Furthermore, for any given € > 0, we

have
v — wp2 < ¢,

if the diameter of B is chosen sufficiently large. The result is proved. [J

Finally, we consider the functions w : Q(h) — R as functions of [0,7] with
values in R such that, for all t € [0,T], w(t) := {w(t,z) : © € ZI}. For these
functions, we consider the subspaces C'([0,7];1%?) and
L2([0,T);1") = {w : [0,T] — 1" |w|z < o0},

with |w[2, = [ [w(t) |4 dt.

We make some assumptions over the data f, and g in (4.4).
Assumption 4.2.6. We assume
1. fn € L*([0,T7;1°%);

2. gy € 192,

Remark 4.2.7. f, € L*([0,T7];1%%) in Assumption 4.2.6 could be replaced for the

weaker assumption f, € L*([0,T7]; (1?)*), where (I*?)* denotes the dual space of
[,

Remark 4.2.8. The boundedness of the discrete difference
0:fa% = 9 a" (t,x) = h*(a" (t,x + he;) — a" (¢, z))
can be obtained from (2) in Assumption 4.1.13. In fact, as
|0 a (t,2)| = |hH(a" (t, 2 + he;) — a” (¢, )| < ]% a’(t,x + Te;)|,

for some 7 such that 0 < 7 < h, from the boundedness of (9/0x") a¥ we have

the boundedness of 9;"a".
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We define the generalized solution of problem (4.4).

Definition 4.2.9. We say that v € C([0,T7];1%%) N L2([0,T];1'?) is a generalized
solution of (4.4) if for all ¢t € [0, 7]

(W(t).o) = (gn¢) / {—(a ()0 u(s), 8 )

+(b'(5)0; u(s) — 9 a” ()0 u(s), ¢)
+(0(S)U(8),s@) (fn(s), @) }ds,

holds for all ¢ € I12.

In the above definition, as in the rest of the present section, (, ) denotes the
inner product in [%2.

We state next the existence and uniqueness of the solution for the discrete
problem, as a consequence of Theorem 4.1.3. It remains only to show that within

the discrete framework we constructed (1) — (2) in Assumption 4.1.1 hold.

Theorem 4.2.10. Under (1)—(2) in Assumption 4.1.13 and (1)—(2) in Assump-

tion 4.2.6, problem (4.4) admits a unique generalized solution on [0,T]. Moreover

T T
sup ’u(t)’?o,z ‘|’/ ‘u(t)‘l212 dt S N (‘ghﬁo,z +/ ‘fh(t)‘?og dt),
0 0

0<t<T

with N a constant not depending on h.

Proof Let Ly(s) : [ — (I"?)* and define for all ¢, € |12

(L)1, @) = — (a” ()07 ¥, 0F ) + (V'(5)0] v — 0 a” ()0, 0) + (c(s)¥, ).
We will prove that Lj, satisfies the following properties:
L [{La(s), @) < Kllns - [@lna, Yo, € 112, K constant;
2. (Lp(s)Y, ) < K|Ylhe — AWplfie, Vi €12, X >0, K constants.

The first property follows immediately from (2) in Assumption 4.1.13 and
Cauchy-Schwarz inequality
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(Las)os o)l = =D ()07 af b + Z Z V' ()0 o B
B 3 SCTIETT NS SRERY
Kiz 074 O | h* + KZZ |07 | he
+KZ [0 p|h?

K Y107 blne 3107 el + K 3 07 bheslole

+K|L/J|lo,2|g0|lo,2
< Kllnelglne.

IN

IN

In the above, the variable z € Z{ is omitted and ) denotes the summation
over Z{.

For the second property, with the same conventions, we have
(Ln(s)e, ) = —Z Z a” ()0 0] ¢ b
+ZZ (b'(s) — 3Fa( ))8+¢¢hd+z (s)tp 1p h
< )\Z Z|a+¢| hd+2KZZ|aw¢|m+KZ|¢| he

- —/\Z \ajwylo,z + 2KZ Z\ajw Plh? + K¢,

owing to (1) and (2) in Assumption 4.1.13. Applying the Cauchy’s inequality to

the second term of last expression, we obtain
(Ln(s)¥, )
<) Z 105 2))2 + e K Z S 1o Pht + g Z > PRt + Kl
= A2 10F Ulha = Mylha + 2K 3 10F lha + éwo,z + (K + N)[¢[pe
< —Ale + K[,

with A > 0, K constants, by taking ¢ sufficiently small, and the second propriety
is proved. Owing to Theorem 4.1.3 the result follows. [

We prove that the partial derivatives are approximated by the discrete differ-

ences.
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Proposition 4.2.11. Let m be an integer strictly greater than d/2. Let u(t) €
Wmt22 y(t) € W32 for all t € [0,T]. Then there exists a constant N not
depending on h such that

1Y Jugi(t, @) — Ofult, 2) PR < B2N|u(t)[fym 2.
2.3 |vaias () — 05 0 v(t, ) PhE < W2N[w(t)[fymss.z,

for all t € [0,T), with x € Z and Y", denoting the summation over Zj.

Proof Let us prove (1). By the mean-value theorem we have
Ofu(t,z) = h*(u(t,z + he;) — u(t,x)) = ugi(t,z + Ohe;)
and
Ui (B, 1) — O u(t, ) = ugi(t, ) — ugi(t, T + Ohe;) = hugiyi(t, x + 0'he;),
for some 0 < 0" < 6 < 1. We consider d-cells
Ry ={(z" 2% .. ,2)eR: 2 <2’ <2l +h, i=1,2...,d},

with @y, = (z}, 2%, ..., 2}) € Z¢ fixed.
For every z;, € Z we have

|u:1:i:13i (ta Ty + 0lh61)| < sup |uxlxl (ta ZE)',
TER

and then

g (t, 21) — O u(t, zp)* < h? sup |ugig:(t, z)]2 (4.10)
rERy,

Let us consider the particular d-cell where h = 1 and x; = (0,0,...,0) and
denote it RY. We have

SUD |Uyizi(t, )| = Sup |ugizi(t, z, + ha)l. (4.11)

TER), z€RY

Take open balls By, such that B, D Ry, with the vertices {z},z} + h, 1 =
1,2,...,d} on the boundary sphere. Denote BY the ball containing R?. We have

SUD [Ugigi (t, T + h1))? < SUp |Ugigi(t, 25 + ha)|? (4.12)

zERY z€BY

Taking in mind (1) in Proposition 4.1.11, by Theorem 4.1.12 for m > d/2 we

have
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SUp |Ugigi (t, 7 + h2)|> < N Z / | D%Uyigi (t, 25 + ha)|*dx

0
z€B] la|<m

< N > / |D%u(t, v, + ha)|*dx

|| <m—+2

= N Y / |D2u(t, z)[h~?h*el dx
|a|<m—+2

< N > / |D2u(t, z)|*h~d. (4.13)
|ar| <m+-2

Then, by (4.10), (4.11), (4.12) and (4.13), we finally obtain

Z [y (t, 21) — O u(t, zp)|*h? < Nh? Z Z / | D2u(t, z)|*dw
(zn)

mheZd |a|<m—+2 :EhGZd

< Nh? Z Z/ |D2u(t, x)|*dx

la|<m+2 z, eZd Rp(zp)

S h2N|U( )|Wm+2,2,

where By (z,) = By, Ri(zn) = Ry, and the proof for (1) is complete. The proof
for (2) is similar. O

Next we determine a rate of convergence.

Theorem 4.2.12. Denote u the solution of (4.3) in Theorem 4.1.18 and uy, the
solution of (4.4) in Theorem 4.2.10. Let m be an integer strictly greater than d/2
and assume that u € L*([0,T]; W™32). Then

T
wp|mw—uam%rﬁ/|ww—uawﬁaﬁ
0

0<t<T

T
WN/ Dlymioadt + N(lg — %m+/Wﬂw<mm@wx
0

for some constant N independent of h.
Proof From (4.3) and (4.4),
d .
Lp(u—wup) — E(u —up)+ (L—=Lp)u+(f—frn) =0 in Q(h)
(u—up)(0,2) = (9 — gn)(x) in Zj.

We have that (f — f) € L*([0,T];1°?) and (g—gn) € [°?, obviously. Also if
u € W™32 we have that (L — Ly,)u € L*([0,T];1%?). Then, by Theorem 4.2.10,

T
sup [ut) =~ un(t)fis + [ [u(t) ~ unt)fhs
0

0<t<T

T T
SNW—%W+AIﬂﬂaMm%ﬁ+A\@—Mw@%Mﬂ
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As

/0 ‘(L - Lh>u(t)|l2o,2 dt

T 0? . 9
— ) — 070" ! — 0 202
_/O 0¥ (t, ) (55— = 05 O Ju(t,2) + b(t2) (5 = O Ju(t, o)[a dt,

owing to Proposition 4.2.11 and to the hypothesis over the boundedness of the

coefficients, the result follows. [J

Corollary 4.2.13. Denote u the solution of (4.3) in Theorem 4.1.18 and uy, the
solution of (4.4) in Theorem 4.2.10. Let m be an integer strictly greater than d/2
and assume that u € L*([0, T); W™32). If there is a constant N independent of
h such that

T T
lg = gnlio- +/ (1) = fu(®)lz dt < B*N(|gliym. +/ () Fymor2dt),
0 0

then

T
sup  |u(t) — up(t)]5h.2 —i—/ lu(t) — up(t)|7i2 dt
0

0<t<T

T T
< BN [ uOBinadt + lolioms + [ 10 fnradt)
0 0

Proof The result follows immediately from Theorem 4.2.12. [J
Let us compute now a rate of convergence in the special case of one space

dimension, where weaker smoothness is demanded from the solution function .

Theorem 4.2.14. Denote u the solution of (4.3) in Theorem 4.1.18 and uy, the
solution of (4.4) in Theorem.2.10. Let d = 1 and assume thatu € L*([0,T]; W32).
Then

T
sup Ju(t) — un(B)lBa + / u(t) — un (£) s dt
0

0<t<T
T T
< h2N/ [u(t)[fys2dt + N(lg = gnlfo. +/ f(t) = fu(®)f2 dt),
0 0
for some constant N independent of h.
Proof We have

Lh(u—uh)—%(u—uh)—l—(L—Lh)u+(f—fh):O in [0,7] x Z,

(u—un)(0,7) = (9= gn)(x) in Zn.
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We have that (f — f,) € L*([0,T];1%?) and (g — gn) € I%?, obviously. Also
as u € W32 we have that (L — Lj)u € L*([0,T];1%?). Then, by Theorem 4.2.10,

sup |u(t) — Uh |102 +/ |U — uh( )|l12 dt

0<t<T
|g gh|102 / |f fh 102 dt‘l‘/ | L Lh) ( )|lo,2 dt)

As we are considering d = 1

/ (L — Lh)u@)yfo,g dt

0
/ la(t, z) @ — 070N ul(t,z) + b(t’x)<8_x — O )ul(t, )| dt.

Now, as

Otu(t,z) = h *(u(t,z + h) —u(t,z)) = /0 83 u(t,z + hq)dq

T
and
1o
O ult,x) = h- ((tx)—u(t,x—h))—/ 9wtz — hs)ds
0 3x
and then
ot [t
0 0Tu(t,x) = 0 /0 au(t,xjthq)dq
Yro o
= /0 (%/O p (ta:—i—hq—hs)dq)d
1 82
= /0/0? u(t,z + h(q — s))dsdg,
we have
(ﬁ—aﬂ (t,z) = —ut:c u(t,z + hq))dq
Ox 0 1
h/o /0 q@ u(t, z + hqs)dsdq (4.14)
and
0? N
(58 =070t
52
/ / pye u(t,z + h(qg —s)))dsdg

= h/ / / q—2) u(t,x + hv(q — s)) dvdsdg. (4.15)
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For the first-order term (4.14) we have, using Jensen’s inequality,

2 2

2 —outra| < w0 [ [ @]t )| dsaa
hq 2
= h2// —@utx—l—v) dvdg
2
< qdq u(t,z +v)| dv
< —/ —2u(tx+v) dv
Borh ] 92 2
= 5/ @U(t,Z) dZ,
with v = hgs.

Finally we obtain, with N a constant independent of h,

2

:L‘Efo

a 2
(57 =9 ult;x)| h < B°NJu(®)fyez,

For the second-order term (4.15) we have, also using Jensen’s inequality,

92 83 2
(0 > — 070" ult, ac) < h? / / sult,z + ho(q — s))| dvdsdg
T
ha=s) 4 2
/ / / % u(t,z +w)| dwdsdq
h| o3 2
< — R
< h/o /0 lq s|dsdq/0 53 u(t,z +w)| dw

h 3 2
ath | 53 2
< h/z B u(t, z)| dz,
with w = hv(qg — s).
Finally,
0 ’ 2 2
S| oottt x)| b < KN e

zeZ{
with N a constant independent of h. The result follows. [

Next result is an immediate consequence of Theorem 4.2.14.
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Corollary 4.2.15. Denote u the solution of (4.3) in Theorem 4.1.18 and uy, the
solution of (4.4) in Theorem 4.2.10. Let d = 1, m a positive integer and assume
that w e L*([0,T]; W32). If there is a constant N independent of h such that

T T
g — gnlio- +/ F(t) = (Ol dt < BN (|gliym. +/ () Fymor2dt),
0 0

then

T
sup  |u(t) — up(t)]h.s —i—/ lu(t) — up(t)|fz dt
0

0<t<T
T

T
< BN ( / () Byoadt + 1gl2me + / £ Bysdt).
0 0

4.3 Numerical approximation: unbounded data
case

To be able to consider unbounded data, we set a new discrete framework, which
is still a particular case of the general framework presented in Section 4.1.

As before, we consider the discrete problem (4.4), discretized version of the
problem (4.3).

Consider functions v : Z¢ — R. We introduce the function space
2(r) = {v: Z§ - R |v]pep) < oo},
where the norm |v]0.2(, is defined by

[v|w0.2(ry = (Z TQ\U(fﬂ)\zhd)l/Q-

erg

Define the inner product

(v, w)p20) = Z r2o(z)w(z)ht, Yo, w € 1%3(r).

mGZﬁ

We introduce also the function space
2 p) ={v: Z§ > R |v|pap,) < ool
with
d
|U|12172(r,p) = |U|l2072(r) + Z p a;rv|z20,2(r)-
i=1

74



We endow [12(r, p) with the inner product

d

(U,w>l1,2(r7p) = (v,w)lo,z( ) Z(8+U 8+ )l02 ()

i=1
where v,w are any functions in [Y%(r, p).

Finally, we consider the functions w : Q(h) — R as functions of [0,7] with
values in R, defined by w(t) = {w(t,z) : x € Z¢}, for all t € [0,T]. For these

functions, we consider the subspaces C([0,T7];1%%(r)) and
L2([0, T): 1% (r, p)) = {w : [0,T] — 1"*(r, p) : |w]g2 < o0},

with |w|L2 = fo [w(t |ll2 (r,p) dt.

In the same way we have done for [%? and ', it could be shown that {%%(r)
is a Hilbert space, [?(r, p) is a reflexive and separable Banach space and that
[M2(r, p) is continuously and densely embedded into {%%(r).

We make some assumptions over the data f, and g in (4.4).

Assumption 4.3.1. Let r > 0 and p > 0 be smooth functions on R?. We assume
L fu € L([0, TT; 1%2(r));
2. gn €1%%(r).

Remark 4.3.2. The assumption f;, € L%([0,T];1%*(r)) could be replaced for the

weaker assumption f, € L*([0, T]; (I%2(r, p))*), where (I*?(r, p))* denotes the dual
space of [V2(r, p).

Remark 4.3.3. We can obtain |9;"a"| < Kp from (2) in Assumption 4.1.22. This

follows from
07 a” (t,z)| = |h (a7 (t,z + he;) — a” (t,2))| < |i a’(t,z + 7e;)|,
for some 7 such that 0 <7 < h.
We define the generalized solution of problem (4.4).
Definition 4.3.4. We say that v € C([0,T];1%*(r)) N L*([0,T];1**(r,p)) is a
generalized solution of (4.4) if for all ¢ € [0, T
(. o) = () + [ (—a(00u().0})
+(b'(5)0; u(s) — 9 a” (5)0; u(s), ¢)
+c(s)uls), @) + (fuls), @) Yds,

holds for ¢ € I%2(r, p).
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In the above, (, ) denotes the inner product in [%?(r). We keep this simplifi-
cation for the rest of the present section,

As in Section 4.2, we will show that (1) — (2) in Assumption 4.1.1 hold within
this discrete framework and obtain a result on the existence and uniqueness of

the solution for the discrete problem.

Theorem 4.3.5. Under (1)—(2) in Assumption 4.1.22 and (1)—(2) in Assump-

tion 4.3.1, problem (4.4) has a unique generalized solution in [0,T]. Moreover

T T
sup. [u(t) B + / )y dt < N (g ooy + / a(8) sy ),
0 0

0<t<T

with N a constant not depending on h.

Proof Let Ly(s) : IM2(r, p) — (I%2(r, p))*. We define for all o, € [M2(r, p)

(Li(s)¥, ) = — (a” ()0 ¥, 0] ) + (V'(5)0 ¢ — 0 a” (5)0; b, ) + (c(s)¥, ).
We will prove that L;, satisfies the properties:
L [Ln(8)Y, @) < K[lineey) - |9linee,, Ye,90 € 192(r, p), K constant;
2. (Lu(s)¥, ¥) < Klloagy = AWlnae,y, Vi €142(r,p), A >0, K constants.

The first property follows from (2) in Assumption 4.1.22 and Cauchy-Schwarz

inequality

(Lo, @) = [=D ) r*a(s)9fv o ¢ b+ ZZ b (s)07 0 o b
—iz r?0Fa”( 8+1/J<,0hd+2r c(s)v ¢ h|
K 0 ool i+ K o ol 1
K Zﬂglp@+ Pl Z |p0F 1021

+KZ|PG+¢|502 [@lioziy + Kl¥loze (el

IN

IN

< -[(|¢|l1v2 (r,p) * |§0|l112 (r,p)>

where the variable z € Z{ is omitted and ) denotes the summation over Z{.
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For the second property, with the same conventions, we have

(Ly, ZZ 2a'(5)0; 1 OF 1 h?
+ZZ — 9Fa(s)) 0 b hd+ZT2c (s)y ¢ he
AZZHWW! hd+2KZZr p|oF zp\hm(zr?\wy hd
=—AZ|pa+w|loz +2KZZTP|a+¢¢|hd+K|¢|102r)y
owing to (1) and (2) in Assumption 4.1.22.

Applying the Cauchy’s inequality to the second term of last expression, we

obtain

(Ln(s)¥, )

K
< —AZ\pc‘?M!?o,z(r) + ek Z Z TQ\P@W’thﬂL? Z Z P Phe+ K[z

K
:—)\Z ’pai—i_wﬁov?(r)_)‘|¢‘l20’2(r)+€KZ \Paﬁﬂ’zzoz(rﬁ?W|12072(7«)‘|‘(K+)\)W\zzo,?(r)
<Al + Klelbap,

with A > 0, K constants, by taking ¢ sufficiently small.
Owing to Theorem 4.1.3 the result follows. [J

We prove that the discrete differences approximate the partial derivatives.

Proposition 4.3.6. Let 1 > 0 and p > 0 be functions on R? and m be an
integer strictly greater than d/2. Assume that (1)—(2) in Assumption 4.1.23 are
satisfied, and that, additionally, p(z) > C on RY, with C > 0 a constant. Let
u(t) € Wmt22(r p), v(t) € W™T32(r, p), for all t € [0,T]. Then there exists a
constant N not depending on h such that

130, (@) ug (t, @) = O u(t, 2) P (2)h? < BN |u(t)fyme2aq,,);
2. 30, 12 (@) 0y (1) — 85 OF v (t, ) Pp* (2) R < RPN [0(t) [fymssa )

for allt € [0,T], with x € Z{ and ", denoting the summation over Zj.

Proof Let us prove (1). We consider the d-cells Ry, R? and the balls B;, and
B? as defined in the proof of Proposition 4.2.11. In the same way as in this proof
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we obtain the inequality

2 () [ug: (t, zn) — OF ult, x) [ p*(z1)

< h? sup r*(xp + ha)[ugigi (t, 2, + ha)|?p* (2 + ha)
z€RY

< h? sup r*(xp, + ha)[ugizi (t, zp, + ha)|?p? (), + ho).
zeB?

Taking in mind (1) —(2) in Proposition 4.1.11, by Theorem 4.1.12 for m > d/2

we have

sup |7(zp, + ha)ugigi (t, v + ha)p(zy, + ha)|?
z€BY

<NZ/ D2 (r(n + ha )ty (£, 2 + ha)p(an + hx)) 2z, (4.16)

|a|<m

with NV a constant.
We note that

| DS (rugizip)| = ’ Z <;) DP(rp) D Py
= ’ Z <g) (Z <§> D”rDﬂ*Vp) D;‘*ﬂuzizi ,

v<B

(4.17)

where the arguments of r, p and u,i, are omitted.

As, owing to Assumption 4.1.23,
|DVr| < Krpfl’vl and ’Df’*Vp’ < Kplf(lﬂlf\v\)’

with K a constant, and then

(Z( )Dv Dl <Ny (v) pPIp=(8-hD < Ny plA (418)

<8 <8

with N a constant.
Therefore, by (4.16), (4.17) and (4.18), we get

sup V«aﬁz+‘h$)ux@ﬂ(t,$h‘+’hx)p(xh-+>hx)F
zeBY

<NZ Z/ (2 +ha)|p Pl (@ +ha) 2 D Pugigi (t, xp+ha)| de(4.19)

|| <m B<a

Finally, owing to Holder inequality and to the hypotheses over function p, we
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estimate the integral in (4.19)
/ 2 (xp + ha)|pt (@ + ha) 2D Pugiyi (t, xp + ha)|?da
By
<N [ rHa, 4 ha)|p? TP 2y + ha)PDY Pugiyi (t, oy, + ha)|Pda

0
Bl

ssup [p 1 (@, + )|

xEB?

<N [ 72 (@p + ha)|p? 18 2y, + ha) P DO Py (t, 2 + ha)|2da.(4.20)
By

Now, by (4.19) and (4.20),

sup |r(zn + ha)ugig: (t, o, + ha)p(ey + ha)

a:EB?

S NZ Z/ Tz(.fL'h + h;[j)’p|a|*‘ﬁ|(xh + hx)]D;‘fﬁuzzzz (t, T + hx)‘2dl_
B}

lo|<m B

<N Z / r? (@ + ha) | p* (zn + ha)| Dfugig (t, 2 + ha) Pdx
BY

laj<m

<N Z / r?(x, + ha)| P (2, + ha) DSu(t, ), + ha)|dx
BY

|a|<m+2

- Z / r?(@p + ha)|p* (xp, + ha) D3u(t, xp + ha) PR~ W% dx
By,

<N Y / 2 (2)]p (2) D2u(t, x) |*h~4d.
B
Finally,

> (@) g (t, ) — OFult, z)*p*(x)h!

:JcEZg

S|

la|<m+2 2, ez¢ Bn(an

S D Y

ol <m+2 g, ezg ” Fn@n

r?(a) | () Dgu(t, o) dx
)
2 al o 2 2 2
" ()]0 () Dgu(t, @) [*de < BN |u(t)[fymr2s(,),

where By (zy) := By, Ry(zp) := Ry, and the proof for (1) is complete. The proof

for (2) is similar. O

Next we determine a rate of convergence.
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Theorem 4.3.7. Assume that (1)—(2) in Assumption 4.1.23 are satisfied, and
that, additionally, p(x) > C on R, with C > 0 a constant. Let m be an
integer strictly greater than d/2 and denote u the solution of (4.3) in Theo-
rem 4.1.26 and uy, the solution of (4.4) in Theorem 4.3.5. Assume that u €
L2([0, T]; W™+32(r, p)). Then

T
sup |u(t) — uh(t)|120,2(T) +/ lu(t) — uh(t)|121,2(r7p) dt
0

0<t<T

th/ ) fymrazpdt + N(lg = gnlioee) + /OT £ () = (0] db),
with N a constant independent of h.
Proof From (4.3) and (4.4), we obtain
L= wy) = =) 4 (L= Lt (/= i) =0 i Q)
(u—up)(0,2) = (9 — gn)(x) in Zj.

We have that (f — fn) € L*([0,T7;1°%*(r)) and (g — gn) € 1%*(r). Also if
u € WmT32(r, p) we have (L — Ly)u € L*([0,T];1%%(r)). Then, by Theorem 4.3.5,

T
sup |u(t) — uh(t)|l20,2(r) +/0 lu(t) — uh(t)\?m(w) dt

0<t<T

T T
< N(g - gy + / ) = a0 gy i+ / (L — L)u(t)fBag, dt).
As

T
/0 (L = L)u())fag, dt

S 0 — o+ i 0 + 2
=/, a” (t, 2) (55 — 07 0 Ju(t,x) + ' (t, 2) (5 — O )ult, )|z, di,

0x'0xI ox
owing to Proposition 4.3.6 and to the hypothesis over the coefficients, the result
follows. [

Corollary 4.3.8. Denote u the solution of (4.3) in Theorem 4.1.26 and uy, the so-
lution of (4.4) in Theorem 4.3.5. Let the hypothesis of Theorem 4.5.7 be satisfied.
If there is a constant N independent of h such that

o=l [ 150 = 5 a6 < 1N ol [ O

then

T
sup ]u(t) — uh(t)|l20,2(7,) + /(; ‘U(t) — uh(t)‘121,2(np) dt

0<t<T
T

T
< hAN( /0 () [Fmss.2 () Bt =+ glHma ) + /0 | f () [fym—1.2(r, 1)

Proof The result is an immediate consequence of Theorem 4.3.7. [

80



Chapter 5

Evolution equations in abstract
spaces: time discretization

In Chapter 4, we studied the discretization in space of the second-order parabolic
PDE problem in Sobolev and weighted Sobolev half spaces. In the present chap-
ter, we will proceed to the discretization in time under a more general framework,
using both the implicit and the explicit schemes. The approximation of the solu-

tion of the parabolic PDE problem will be given as an example.

5.1 Numerical approximation under a general
framework

We consider the general framework we presented in Chapter 4 - Section 4.1.

Briefly, we consider the normal triple

VeH=H V"

with V' a reflexive separable Banach space embedded continuously and densely
into a Hilbert space H with inner product (, ) and H* and V* the dual spaces of
H and V', respectively. The notation ( , ) is used for the duality. H* is identified
with H, by the help of the inner product.

We still consider the problem

L(t)u(t) — 5 + f(t) =0, u(0)=yg, (5.1)

where L(t) and 0/0t are linear operators from V to V* for every ¢t > 0,
f € L*([0,T];V*), with T € (0,00), and g € H, and make the same set of

assumptions:
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Assumption 5.1.1. There exist constants A > 0, K, M, N, such that
L. (L(t)v,v) + A2 < Kjv|%, Yo €V and Vt € [0,T];
2. |L(t)v

3. [ 1f(t)

ve < Mlvly, Yo €V and Vt € [0,T]:

2.dt <N and |g|lg <N.

Under Assumption 5.1.1, problem (5.1) has an unique weak solution
we C([0,T]; H)n L*([0,T]; V)

on [0,77], as stated in Theorem 4.1.3.

Implicit scheme.
Take a number T' € (0,00), a non-negative integer n such that 7'/n € (0,1] and
define the n-grid on [0, T

T,={tel[0,T]: t=ke, k=0,1,...,n}, (5.2)

where € := T'/n. Denote t = ke for k=0,1,...,n.

For all z € V', we introduce the backward discrete difference in time
Az(tjn) = e H(2(tjp1) — 2(t), 7=0,1,...,n—1.

Let L., f. be some time-discrete versions of L and f, respectively. Vz € V|
denote L€7j+12{ = Le(tjﬂ)z, fE,j—i—l = fe(tj—l—l)a ] = O, ]_, e, — 1.
For each n > 1 fixed, we define v; = v(t;), j = 0,1,...,n, vectors in V

satisfying

A0 = LoV + feipn for i=0,1,....n—1, vy=g. (5.3)
Problem (5.3) is a time-discrete version of problem (5.1).
Assumption 5.1.2.

1. (Lejv,0) + Ali < Kvly, YweV, j=01,...,n—1

2. |Lejiv|ve < Mloly, YveV, j=0,1,....n—1
n—1

3. Z | feit1 %/*5 < N and |g|lg <N,
j=0

where \, K, M and N are the constants in Assumption 5.1.1.

We have an existence and uniqueness result for the solution of problem (5.3).
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Theorem 5.1.3. Under Assumption 5.1.2, Vn € N 3l vy, v1,...,v, in V satisfy-
ing (5.3).
To prove this result, we consider a well known lemma even for a class of

non-linear operators (see Zeidler [48]).

Lemma 5.1.4. Let B : V. — V* be a bounded linear operator. Assume 3\ > 0
such that (Bv,v) > Avl|?,, Yo € V. Then Bv = v* has a unique solution v € V

for every given v* € V*.

We will prove now Theorem 5.1.3.

Proof From (5.3), we have (I —e L.1)vy = g+ fe1e and ([ —e L. iq1)vip1 =
V; + feing, for ¢ =0,1,...,n—1.

We first check that the operators I —e L. j11, j = 0,1,...,n — 1 satisfy the
hypothesis of Lemma 5.1.4. These operators are obviously bounded. We have to
show they satisfy: 3\ > 0 such that ((I —e L.;j11)v,0) > Aold, Yo eV, j =
0,1,...,n — 1. We have

(I—¢eLcjpr)v,v)y = (Iv—eL.jqv,v)
= Juliy —e(Lejnv,v)

> vl — eKJolf +eAlvly,

using Assumption 5.1.2. Then, with e sufficiently small,

(I —¢L.jyr)v,v) > 6)\|U|%/,

and the hypothesis of Lemma 5.1.4 are satisfied.

Now, for v; we have (I — e L.)vy = g + fae. This equation has a unique
solution by Lemma 5.1.4. Suppose now that equation (I —e L. ;)v; = v;_1 + fe €
has a unique solution. Then equation (I — ¢ L, ;41)vi1 = v; + feir1€ has also a
unique solution, again by Lemma 5.1.4. The result is proved by induction. [J

Next result will be used to obtain the discrete version of Gronwall Lemma.

Lemma 5.1.5. Let af,ay, ..., a, be a finite sequence of numbers for every integer
n > 1 such that
Ogaygco—l—C’ Z a;,
1<i<j—1
for all 7 = 1,2,...,n, where C' 1s a positive constant and co > 0 is some real

number. Then
al < (C+1) e,

forallj=1,2,... n.
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Proof Let 0} := ¢y + 0219@;1 by, j=1,2,...,n. Then a} <} for all
j > 1. Indeed for j =1 we have a} < b} = ¢p. Assume that a < b} for all
t < 7. Then
Bha=co+C Y b >c+C Y a>afy,

1<i<y 1<i<y
which proves by induction that aj <07 for all j > 1. It is easy to see that
i, —b] =Cb}, j =1, which gives

alyy <UL, = (CH+1)b = (C+1)°0 , =...=(C+1) b = (C+ 1) c,
and the result is proved. [J

Corollary 5.1.6. (Discrete Gronwall Lemma). Let af,al,...,a be a finite

sequence of numbers for every integer n > 1 such that

0<a} <ay+ K Z a;e, (5.4)

1<i<j

holds for every j=1,2,...,n, withe :=T/n and K a positive number such that
Ke =:q <1, with q a fized constant. Then

n KT
Sa0€q7

for all integers n > 1 and j € {1,2,...,n}, where K, := —K In(1 — q)/q.

Proof From (5.4), as Ke <1 for j=1,2,...,n we have

(1—-Ke)a} <ag+ K Z ai€<:>aj§1_K€+1_K€ Z a;.

1<i<j—1 1<i<j—1

Applying Lemma 5.1.5 to the previous inequality with

ag Ke
= d C=
O ke ™ 1 — Ke
we obtain
Ke =g ap al
n < 1 0 — 0o < 0
a’_(l—K5+ ) 1-Ke (1-Ke)) = (1-Ke)"

and, noting that

(1 - Ke)" = exp(nln(l — K¢)) = exp (m&@) = exp (KT@) ,

the result is proved. [J

We have an estimate for the solution of the discrete problem (5.3).
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Theorem 5.1.7. Let v.;, with j =0,1,...,n be the unique solution of problem
(5.3). Let Assumption 5.1.2 be verified and assume the constant K in Assumption
5.1.1 satisfies: 2Ke < 1. Then there exists a constant N independent of € such
that

2 )
1. sup,,>, maxXp<j<n |Ua,j|H < N;

2. SUP,>1 Yo jcp [V 5l7E < N.

Proof For 1 =0,1,...,n — 1, we have
|Ue,i+1|§{ - |Ue,i|§{ = 2 (Ve i1, Veyigl — Veyi) — |Vejit1 — vmﬁ{. (5.5)
Summing up both members of equation (5.5) we obtain, for j =1,2,...,n,
j—1 Jj—1
’Ue,jﬁq = ’Ue,oﬁf + Z 2 (Ve,it1s Veyit1 — Vi) — Z |Ve i1 — Ug,iﬁq-
i=0 =0
Hence
j—1
|U6,jﬁf < |Ue,0|%{+22 <U€,i+17 Veit1 — Us,i>
i=0
j—1
= |Ua,0|§1+z 2 (Ve,it1s Leit1Ve is1€ + feiv1€)-
i=0

As, by Cauchy’s inequality,

2
Ve,

1
2<Ue,i+17 fs,z‘+1>€ S/\|'Ua,i+1|%/5 + lee,i-i—l

with A > 0, owing to Assumption 5.1.2 we have

Jj—1 Jj—1 Jj—1
1
loelf < veolty + QKZ Ve i1 |Fre — )\Z |ve i [ire + X Z | feira i,
1=0 1=0 =0
Hence
1
0el3 + A D) (veilve < loeoll +2K D oeilie + X > feilvees (5.6)
1<i<y 1<i<y 1<i<n
In particular
1
0eslly < loeolfy + 25 3l + 5 3 Ufealioe, (57)
1<i<j 1<i<n
and, using Corollary 5.1.6,
1
oe il < <|Us,0|12H +3 > fe %/€> C (5.8)
1<i<n

85



where K, is the constant defined in Corollary 5.1.6. We have proved (1).
From (5.6), (5.7) and (5.8) we obtain

|Ua,j|§{+)\ Z |'Ua,i|%/5 S (|'Ua,0|%{ Z |f£z V*€> 2K, T
1<z<n

1<i<y

and

Z ‘Ua,i’%/e S (”UE,0|%—[ Z |f£7,

1<i<y 1<z<n

1 2K T
— q
V*€> )\ Y

and (2) is proved. O

We now determine the rate of convergence for the scheme we constructed. Let
u=u(t), t €[0,7] with T" € (0, 00), be the solution of problem (5.1), where w is

a weakly continuous function of ¢ with values in V.

Assumption 5.1.8. Let u be the unique solution of problem (5.1). There exist
a fixed number 0 € (0,1] and a constant C' such that

1 tit1
! / u(tinn) — u(s)|vds < Clel’2,
t;

€

forall i =0,1,...,n— 1.

Remark 5.1.9. Assume that u satisfies the following condition: ”There exists a
fixed number 6 € (0,1] and a constant C' such that

lu(t) — u(s)|y < C|t — %, Vs, t €0,T].”
Then Assumption 5.1.8 obviously holds.

Theorem 5.1.10. Let u(t) and v.;, j = 0,1,...,n, be the unique solutions of
(5.1) and (5.3), respectively. Let Assumptions 5.1.1, 5.1.2 and 5.1.8 be verified.
Assume the constant K in Assumption 5.1.1 satisfies: 2Ke < 1. Then there

exists a constant N independent of € such that

tv
1. maxo<j<n [ve; — ulty) [ < Nlel+ N 3 5o, 2 [Legulty)e— [ L(s)u(t;)ds?

+N21§j§n%|f&j€ ft f d3|v 3

2

tj
2. Yozjen Ve —uty)[y e SNIEP+N ey 2 | Legulty)e— [, Ls)u(t;)dsl?

+N Zlgjgn % ‘fé‘,jg j; f dS

V*

86



Proof Define w(t;) :== v.; —u(t;), i =0,1,...,n. For i =0,1,...,n —1 we

have

w(ti+1) — w(l%) = Le’i+1w(ti+1)€ + fg i+1€ — u(tz-ﬂ) —+ U(tz) -+ Leyi+1u(ti+1)€
= Le z+1w( )6 + 90( z+1>7

denoting ¢(ti+1) = feiy1e — u(tiv1) +u(t;) + Leiu(tizg)e.
We then have

lw(ti) g — lwt) = 2(w(ti), w(tin) —w(ts) — [w(tiz) —wt)[;
20w (tiv1), Leirrw(tivn))e + 2(w(tivr), o(tis1))
=2\ w(ti)[ve + 2K w(tis)[5e

+2[{w(tisr), p(tir1)); (5.9)

IN

IN

owing to Assumption 5.1.2.

Noting that ¢(t;41) can be written

P(tiv1) = [1+IL(5)(U(ti+1) —u(s))ds + 1 (tiy1) + w2(tiv1),

Where gOl(tiJrl) = L€7i+1u(ti+1)€ — j;iiJrlL(S)U(tiJrl)dS and ()02<ti+1> = f&“’lg -

ﬁ”lf(s)ds, for the last term in (5.9) we have

2(w(ten). o) < 2Wwitn). [ L) ultin) = u()ds)
2/ (w(tivr), pr(tiv))| + 2[(w(tisa), pa(tiv1))]- (5.10)

For the term 2|(w(t;11) ft’“ L(s)(u(ti+1)—u(s))ds)| in (5.10), we have

2wt [ L) ultin)=u)ds)
<2 / T wtien), L(s) utinn) — u(s)))ds

i tit1
< oM (ti)ly / u(tinn) — u(s)|vds
ti

2

o 3MZ ([t
et 2 (/ \u(tim—u(s)\vds), (5.11)
t;

<

Wl >

with A > 0, using Assumption 5.1.1 and Cauchy’s inequality.

For the terms 2|<U}(t2+1),()01<t1+1)>| and 2|(w(tz+1),g02(t1+1)>| in (510), we
have

. (5.12)

A 3
2[{w(tiv1), p1(tip1))] < §|w(tz‘+1)|%/€+ E|<P1(ti+1)
87



and

S (5.13)

A 3
21 (w(tiz1), pa(tizr))] < §|w(tz‘+1)|%/€+ E|<P2(tz‘+1)

with A > 0, using Cauchy’s inequality.
From (5.10), (5.11), (5.12) and (5.13) we have

3M2 [ [l ’
2wt pltisl] < Nuttfye + 50 ([ luttien) - ulolvas)
t;

o (5.14)

3
2
« + — t;
v T /\8|902( +1)

3
+/\—6|901(75i+1)

Putting together estimates (5.9) and (5.14) and using Assumption 5.1.8, we

have
2 2 2 2 3M? 54
witic)ly — lw(t)ly < —Alw(tiv)fve + 2K w(tin) e + ——le|
3 3
—|o1(tigs) |3 + —lpaltivs) 3~
"‘)\6‘901( +1)lvs + >\€|902( +)lv
Summing up, we have, for j =1,2,...,n,
2 - 2 — 2 3M2 i 541
|w<tj)|H+)‘Z|w(ti+1)|V5 < 2KZ|w(ti+1)|H5+ \ Z|5| *
i=0 i=0 i=0
j—1
2‘901 i) [ore + e |02 (tisa) i
=0
Hence
[t + A Y Jwt)fie < 2K Y Jw(ty)|he + N el
1<i<y 1<i<j
ti
Nyl |L“u / L(s)u(t)ds|
1<z<n ti—1
AN Y S / f)dsk..  (5.15)
1<z<n

with N a constant.

In particular

it < 2K Y fw(t)|fe + Nlel?

1<i<y

t;
ny L ]L“u / L(s)yu(t:)ds|?
tl 1

V*
1<z<n i

N Sl - /f V|2, (5.16)

1<z<n
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and, using Corollary 5.1.6,
w(t)f < Nefallel

t;
Fnear 30 1 |Lmu / L(s)ult)ds|.
ti—1

1<z<n

PN S L fe - / F(s)dsPn, (5.17)

1<z<n ti—

with K, the constant defined in Corollary 5.1.6. We have proved (1).
From (5.15), (5.16) and (5.17) we obtain

t) 5 + A Z jw(t;)le < Nefallel?

1<i<y
t;
2K‘1T2 \Lmu / L(s)u(t;)ds|?
ti—1

V*
1<7,<7L
2KQT Z ‘fs i€ — / f dS V*s
1<z<n ti—

and

N
> lw)fe < S Tel

1<i<y
N t
)\ et Z |L€ au(t /ti1 L(s)u(t;)ds|

V*
1<z<n
N
PR S e - / F(s)dsf2.
1<i<n ti—

and (2) is proved. O

Corollary 5.1.11. Let u(t) and v.;, j = 0,1,...,n, be the unique solutions
of (5.1) and (5.8), respectively. Assume the hypothesis of Theorem 5.1.10 are
verified. If there exists a constant N independent of € such that

2. <Nlgl’, 7=1,2,...,n

1 [ 1 [
|L57ju(tj)—g/ L(s)u(t;)ds %/*Hfg,j—g f(s)ds
tj—1 tj—1
then

1. maxocj<p |ve; — u(t;)|7 < Nle|’;

2. Zogjgn |ve,; — U(tj)’%/g < N‘5|5-
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Proof The result follows immediately from Theorem 5.1.10. [J

We consider briefly the particular case where the operators L and f in problem

(5.1) are approximated in time respectively by

1 [+

_ 1 [+ _
VzeV, L(tjq)z = E/ L(s)zds and f.(tj41) == B f(s)ds,
t t

for 7=0,1,...,n—1.
We denote

E€7j+12 = Es(tj+1)2, f_‘&j_‘_l = ﬂ(t]‘_._l), j = 07 1, N 1
We have now the particular time-discrete version of problem (5.1)
A7vi1 = Lejp1vipn + ff—:,i—l—l for 1=0,1,....,.n =1, wv=g (5.18)

with n > 1.
The following result holds:

Lemma 5.1.12. Under Assumption 5.1.1 the operators L. and f. satisfy
1. (Lejiv, v) + Avfz < Kvl%, YoeV, j=0,1,...,n—1,
2. |Lejiavlys < M|y, YweV, j=0,1,...,n—1,
3. 300 e

where A, K, M and N are the constants in Assumption 5.1.1.

2.6 <N,

Proof Vv eV, j=0,1,...,n — 1, we have

_ 1 [ti+ 1 [t
Logrv o) = [ 2lopds, vy = 2 [ D). 0)ds
1 [li+1
< 2 [ o - Mo ds
t

J
= Klli — Alvly,

using Assumption 5.1.1, and (1) is proved. For (2), Vo € V, j =0,1,...,n—1,

we have

_ 1 ti+1 1 tjr1
| Le j410lv+ = |g L(s)vds|y« < - |L(s)v|y~ds
t t

. e Jy,
J J
1 [ti+
< - Mlv|yds = M|vly,
ey,
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using again Assumption 5.1.1. For (3),

n—1 B ) n—1 1 tit1 ) n—1 1 tit1 ,
foalbee =312 [ f@dses < 32 [ (0 ds e
Jj=0 7=0 tj =0 t;
T
— [ 1s)as <
0

using Assumption 5.1.1 and Jensen’s inequality. The result is proved. [

By the previous result we have that the operators L. and f., satisfy As-

sumption 5.1.2.

Next two results are corollaries of Theorems 5.1.7 and 5.1.10, respectively.

Corollary 5.1.13. Let v.;, withj =0,1,...,n be the unique solution of problem
(5.18). Let the hypothesis of Lemma 5.1.12, be verified and assume the constant
K in Assumption 5.1.1 satisfies: 2Ke < 1. Then there exists a constant N
independent of € such that

1. sup,>; maxo<j<n |ve ;|3 < Nlgl%;
2. SUPp>1 D o< jn [Ve5liE < NlglF

Proof The result is an immediate consequence of Theorem 5.1.7. [J

Corollary 5.1.14. Let u(t) and v.;, 7 = 0,1,...,n, be the unique solutions of
(5.1) and (5.18) respectively. Let Assumption 5.1.8 and the hypothesis of Lemma
5.1.12 be verified. Assume the constant K in Assumption 5.1.1 satisfies: 2Ke < 1.

Then there exists a constant N independent of € such that
1. maxo<j<n [v; — u(ty)[5 < Nlel’;

2. Zogjgn |ve,; — u(t])ﬁ/ €< N|5|6-

Proof The result follows immediately from Theorem 5.1.10. [J

Explicit scheme.

We consider a particular case of problem (5.1)

du(t)
ot

Lh(t)u(t) — + fh(t) =0, U(O) = Gn, (519)

in the spaces V}, and Hj, space-discrete versions of V' and H, and with Ly(t),

fn(t) and g, space-discrete versions of L(t), f(t) and g, respectively.
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For the discretization, we consider the time-grid 7;, as defined in (5.2). For

all z € V},, we introduce the forward discrete difference in time
A+Z(tj) :8_1<Z(t]‘+1)—2(t]‘)), ]:O,l,,n—l

Let Lj., frn. be some time-discrete versions of L, and fj, respectively and

denote
Vz € Vi, Lpeji12 = Line(tjs1)2, frejir = fre(tjz1), j=0,1,...,n—1
For each n > 1 fixed, we consider the time-discrete version of (5.19),
AYw; = Lpeivi+ freq for i=0,1,....,n—1, vy =gy, (5.20)

with v; = wv(t;), j=0,1,...,n, vectors in V},.

Problem (5.20) can be solved uniquely by recursion

j—1 Jj—1
vj = gn + Zth,iUi5+ths,i5 for j=1,....n, vy=gn
i=0 i=0

We make some assumptions.

Assumption 5.1.15.

1. (Lpejv, v)n + Alf, < Kolz,, YoeV, j=0,1,...,n-1

2. ]th,jv V;§M|U|Vh7 YoeV,, 7=0,1,...,n—1
n—1

3. ) fuejltee <N and |galn, <N,
=0

where A\, K, M and N are the constants in Assumption 5.1.1.

We have a version of the discrete Gronwall Lemma:

Lemma 5.1.16. Let ag,af,...,a; be a finite sequence of numbers for every

integer n > 1 such that

0<a}<aj+K Y ale, (5.21)

0<i<j—1

holds for every j =0,1,...,n, withe :=T/n and K a positive number such that
Ke =:q <1, with q a fized constant. Then

n n KT
&jgaoeq,

for all integers n > 1 and j € {0,1,...,n}, where K, :== —KIn(1 — q)/q.
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Proof The result is a consequence of Corollary 5.1.6.

From (5.21), for j =1,2,...,n, we have

(1+ Ke)a) < (1+ Keag + K Y af'e < (14 Ke)agee,
1<i<j
owing to Corollary 5.1.6. The result follows. [

Assumption 5.1.17. There exists a constant C}, dependent of the space-step
h, such that |w|g, < Chlwly: Yw € Vi,

We give an estimate for the solution of problem (5.20).

Theorem 5.1.18. Let vy j , with j = 0,1,...,n be the unique solution of prob-
lem (5.20). Let Assumptions 5.1.15 and 5.1.17 be verified and N\, K, M, Cj
the constants defined in Assumptions 5.1.1 and 5.1.17. Assume the constant K
satisfies: 2Ke < 1. If there exists a number p such that M*Cie < p < \ then

there exists a constant N, independent of € and h, such that
1. sup,,>; MaxXp<j<n |/Uh‘67j|%{h < N;

2. Suanl ZOS]STL ”Uha,jﬁ/hg S N.

Proof For i =0,1,...,n— 1 we have
|Vne,itt |, — [Vhesil B, =2 (Uneis Unejie1 — Vne,idh + |Vneivr — Uneil, - (5.22)
Summing up both members of equation (5.22) we obtain, forj =1,2,...,n,
Jj—1 Jj—1
|Vhe 12% = ‘Uhs,oﬁqh + Z 2(Uhe,is Vhe,it1 — Vne,itn + Z |Vheit1 — Uhs,i‘QHh
i=0 =0
j—1 Jj—1
[One o3, + > 2(Vhe s Lhe iVhei + freidne+ Y | LneiVhei + freilt, €
i=0 1=0
j-1
‘Uhe,oﬁqh + Z 2(Uhe iy Lhe,iVhe,i)n €
i—0
Jj—1 Jj—1
+ Z 2(Vhe,is [hei)n € + Z | Lhe,iVhei + freilt, €
=0 i=0
-1 j-1
< Joneolty, + 2K |oneilfe = 20D [vneily, e
=0 =0
Jj—1 Jj—1 Jj—1
2 1 2 2 2
+>\Z |Uhe,i|vh5+X Z | fe.i V55+Z | Lne,iVne it freilin, g™ (5.23)
=0 =0 =0

with A > 0, using Assumption 5.1.15 and Cauchy’s inequality.
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For the term Zf;& | Lhe iVnei + freil3, €2 in inequality (5.23) we have

h

Jj—1 Jj—1 Jj—1
Z ‘Lhzs,ivha,i + fhs,iﬁ{h52 = Z ’th,ivha,i‘%hgz + Z ‘fha,iﬁ{h52
i=0 =0 =0

j—1

+2 Z<fhs,i; Lhe iVnei)n €

=0

i1 j-1
Z |Lha,ivh£,i‘%{h€2 + Z ‘fhaﬂ'ﬁ{th
1=0 1=0

1 2 2 - 2 2
+- Z|fhs,i‘Hh€ +p Z|th,ivhs,i|]—jh5
"z i=0

IN

with p > 0, using Cauchy’s inequality.
As, owing to Assumptions 5.1.15 and 5.1.17,

Jj—1 Jj—1 Jj—1

2 2 2 2 2,2 2
§ |Lha,ivha,i|Hh5 S Chg 5 |Lha,ivhe,z‘ V;E S M Chg § |Uh5,i|vh5a

1=0 1=0 1=0

and

Vh*g’

j—1 j—1
Z |fh£,i|?{h52 S 0}35 Z |fh£,i 2
i=0 =0

then we have

j—1

Z |Lhe,iVnei + freilme < (L4 p)M*Cre Z |Vhe il

i=0
1 A
+ (1 + ;) Cre Y | fres
1=0

Putting estimates (5.23) and (5.24) together,

Ve (5.24)

7j—1

+2KZ|vh€Z|Hh5—|— (1+ p)M>Cre — X) Z|vh“

1=0
1 1 !
2
+ (X + <1 + ;) ChE) i:EO ‘fha,i

If there is a constant p such that

2
w, =

Ve j

e (5.25)

M?C?e <p <\,
implying that, for u sufficiently small,

(1+pu)M?Cie =A< (1+u)p—A<0,
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then from (5.25) we can estimate

j—1
Vel T, + (A= (14 p)p Z el e < |vneold, + QKZ |Vhe,il 71, €
n—1 .
+L Y | freiliee, (5.26)
i=0
where L := (uM? + X1 + pu)p)/A\uM?.
In particular,
j—1 n—1
oneilin, < loneolty, +2K Y loneslin e + LD |fneiliee,  (5:27)
i=0 =0

and, using Lemma 5.1.16, we obtain

n—1
|Uh5,j|§{h S (lvha,oﬁfh + LZ |fh5,z' %/;5) €2KqT, (528)

=0

where K|, is the constant defined in Lemma 5.1.16. We have proved (1).
From (5.26), (5.27) and (5.28) we obtain

‘Uhs,j‘lzﬁlh + (A= 1+pp Z [Vhe il RIS (’UhsO‘Hh +LZ ‘fhsz’\/ 5) 2

and (2) follows. OJ

We next determine a rate of convergence.

Theorem 5.1.19. Let uy(t) and vy j, with j = 0,1,...,n, be the unique solutions
of problems (5.19) and (5.20), respectively. Let Assumptions 5.1.8, 5.1.15 and
5.1.17 be verified and N\, K, M, C, the constants defined in Assumptions 5.1.1
and 5.1.17. Assume the constant K satisfies: 2Ke < 1. If there exists a number
p such that M*C?e < p < X then there exists a constant N, independent of €
and h, such that

1. maxos;<nlOhey —wn(t) 3, SN (" + 32720 2| Lnegulty)e = [ La(s)un(t;)

+3°0 0 L fhege— fttJ-H s)ds

ve);

n n— ti+1
2.5 o lnei—un(ty)lhe <N(elP+305 §|Lha,ju(tj)5—ftj+ Ly (s)un(t;)

+Z;1;01 i—|fh8]5 LJ+1 dS

)
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Y

Proof Define w(t;) := vpe; —up(t;), i =0,1,...,n. Fori=0,1,...,n—1

we have

w(tiy1) —w(t;) = Lpejw(ti)e + freie — un(tivr) + un(ts) + Liejun(t)e
= th’iw(ti)e + (,D(tz),

denoting (t;) := freie — un(tiz1) + un(ti) + Lpci un(ts)e.

We have
w(tiv) i, — Iz, = 2(wts), wltiv) —wta))n + |w(tin) — w(ts)l,
= 2(w(t:), Liegw(ti)e + o(ti))n
+|Lneiw(ti)e + o(t:)|3,
= 2(w(ti), Lnegw(ts))ne + 2 [{w(ti), o(t:))nl
H|Lpew(ti)e + o (t) |3, - (5.29)

For the first term in (5.29) we have
2 (w(t;), Lejw(ts))ne < —2Mw(t;) |5, € + 2K Jw(t;) |7, €, (5.30)

using Assumption 5.1.15.
Noting that ¢(t;) can be written

Pt = [ La(s) () = wn(s))s+ a(8) + ),

where @1 (t;) := L un(t;)e _ﬁii+1Lh<S)uh<ti>ds and @o(t;) = freie— fml
for the second term in (5.29) we have

2 |(wts), o))l < 2l(w(ty). / 7 L) (un(t) — un(s))ds)l

2l ), a0l + 20 w(t), alt)al. (5.31)
For the term 2|(w ft”l Ln(s)(un(t;) — up(s))ds)y| in (5.31) we have
(). / 7 L) (un(ts) — un(s))ds)l

i

<2 / ), Ln(s)(un(ts) — un(s)ulds

i

tit1
<Mty [ lunlt) — un(9)ds
t;

A SN2 [ [T ’
s 55 ([ - w@lads) . 632

with A > 0, using Assumption 5.1.1 and Cauchy’s inequality.
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For the terms 2[(w(t;), 1(t;))n| and 2[{(w(t;), p2(t;))n| in (5.31) we have

A 3
2f(w(ts), er(t)hl < Slw(tlie + el (5.33)

and

At eatal < Slut)lye+ eleat)

with A > 0, using Cauchy’s inequality.
From (5.31), (5.32), (5.33) and (5.34) we have

2ttt ctle] < Moo S ([ ) — s )

3 2 3 2
oz ler)lvy + Zlea(to)ly;- (5.35)

For the last term in (5.29),
| Lne,w(ti)etp(t) |77, =] Lne,iw(ti) 77,6 Heo (t) |77, 42( L, (), @ (8:) e (5.36)
For the term |Lpew(t;)|7, € in (5.36),

|Lh5,iw(ti>ﬁ{h52 < CF|Lpe qw(t;)

%/;52 < MPCrelw(t)]7, e, (5.37)

owing to Assumptions 5.1.15 and 5.1.17.
For the term |¢(t;)|, in (5.36),

et = 1 [ Tl unlt) = unl)dsl, + ea(t, + Lot

2 / L) (un(t:) — un(s))ds, o1 (£)

7

Y / Tn(5) (un(ts) — un(5))ds, oalti))
+2(p1(ts) , p2(ti))n

2
M202< |uh<ti>—uh<s>rvhds) 2t

t;

IN

Ve + Cilpa ()7

tit1

2
1
fun(t) — uh<s>|vhds) + L0l

t;

2
Vi

+uM?C3 (

2
Vi

1 tit1 2
+o326E ([unte) ~ wlo)lvds )+ ucloate)
tA

7

1
+uCilei(t) |5 + ;02\902(1%) Ve

1 tit1 2
_ (1+u+;) M?Cz( |uh<ti>—uh<s>|vhds)
t,

1
+ (1 +u+ p) Crlepi(t:)

97

1
%/h* + (1 +u+ ﬁ) Chlpa(t:)




with g > 0, using Cauchy’s inequality and Assumptions 5.1.1 and 5.1.17.

For the term 2(Lp.;w(t;), ¢(t;))ne in (5.36),

tit1

2(Lnew(ts), p(ti))ne < 2|<Lh€,iw(ti)a,[ Li(s)(un(ti) — un(s))ds)n|
+2[(Lnegw(ti)e, p1(ti))n] + 2[(Lne sw(ti)e, wa(ti))nl

tz+1

2
v 3
< §M202€|w(ti)]%/h€ + ;M2C',f (/ lun(t;) — uh(s)|vhds)
t;

v 3
+§M2025|w(ti)|%/h5 + ;Cﬂ@l(ti) Ve
v 3
+§M2028|w(t¢)!%/h€ + ;C2|¢2(ti)’%/;
3 tivr1 2
= vM*Cielw(t:) [y, e + —M°C; (/ |un(t:) — Uh(3)|VhdS)
t;

(5.39)

3 2 2 3 2 2
+ Cilerti)ly; + — Crle2 (bl

with v > 0, using Cauchy’s inequality and Assumptions 5.1.1, 5.1.15 and 5.1.17.
From (5.36), (5.37), (5.38) and (5.39) we have
| Lheiw(ti)etp(ti) 7, < (1+V)M20h€|w<tl>| V€
2
3 7.+1
+ <1 tat = ~ ) MPC ( Jun (i) — Uh(8)|vhd8)
3

1 3

Putting estimates (5.30), (5.35) and (5.40) together and owing to Assump-
tion 5.1.8,

w(ts)|z, <2Kw(t:)l,e + (1+v)M*Cie — Nw(t:)[f, e

1 3 3
+M?C? ((1 + p+ p + —> Cre + X) Bl

+((1+u+i+ )Ch ?’)m( 2

1 3\ ., 3 ,
+<(1+M+;+;)Ch+)\_€>’@Q(ti)’V;-

|w(t,~+1)|§lh -

*
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Summing up, for 7 =0,1,...,n, we have

7—1
w(t;)|%, <2K2|w e+ (L+)M?Cre = \) D w(ty)[7,e
=0
22 1 3 g
+M-C 1+u—|—'u+ C’h5+)\ le]
((repr i)yl fll (t)ly
: pov) A z‘:ogw1 o
(1 i) ezt ill (t)ly (5.41)
M ,u L h \ i:08902 i)lvre .

As we assume that there is a constant p such that M2C?e < p < A, we have

that, for v sufficiently small,
(1+v)M?*Cle =A< (14+v)p— A <0.

Then from (5.41) we can estimate

j—1
() 3, +(A = (L +)p) Y _Jw(ts |v5<2KZ|w t;)ig,e + Llel’
=0

7+1

+ng|Lh€,iuh<> /Lm (t:)ds[?,

7,+1

+LZ |\ freie — [ fu(s)ds|?

Lo (5.42)

where L := (3uvM? + MN(1 + p)v + p(uv + 3))p) / Auv M2
In particular

n—1

ult |Hh<2KZ|w e+ LI+ 23 Hiaeiantt: - [ Eu(ohun(e
tl+1 =
+LZ—|fhm€ fu(s)dsli-,
and, using Lemma 5.1.16,
iy i+1
|w(tj)|?{h§L62KqT|€|5+L€2KqTZg\LhE,iUh( i)e /Lh( Jun(t:)ds|{,
=0

7,+1

2KQTZ_|fhsz€ ( )dS

T (5.43)

with K, the constant defined in Corollary 5.1.6. Claim (1) is proved.
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From (5.42) and (5.43) we obtain

[aary

w(ty) 5, + (A = (L +v)p) Y _lw(t:)li,e

7

.

Il
o

n—1 t;
1 i+1
< Le*aT g 4 Le?aT E —|Lne sun(t;)e —/ Ly (s)up(t;)ds %/;
¢ .
1=0 z

tit1

n—1
1
+L62KqT§ E|fh£’i€_ fn(s)ds
i=0 ti

2
Vi

and (2) follows. O

Corollary 5.1.20. Let uy(t) and vy, with j = 0,1,...,n, be the unique so-
lutions of problems (5.19) and (5.20), respectively. Assume the hypothesis of
Theorem 5.1.19 are verified. If there exists a constant N independent of € such
that

1 [+
L n(t) — © / Li(s)un(t;)ds
t

J

) 1 [ti+1
v | frey — z fn(s)ds

tj

%/,:‘ < N|€’67
forj=0,1,... ,n—1, then

1. maxo<j<n [Vhe,j — un(t;) |7, < Nlel’;

2. 30 o vhe s — un(t;) 3, e < Nlel’.

Proof The result follows immediately from Theorem 5.1.19. [J

We consider now the case where the operators Lj; and f; in problem (5.19)

have the particular time-discretization, respectively

_ 1 [li+ _ 1 [+t
Vz € Vi, Lpe(tj)z := E/ Ly(s)zds and  fu:(t;) :== B fr(s)ds,
t

J tj

for j=0,1,...,n—1.

Denote
Lpejz=Luc(tj)z, frej = fre(ty), 7=0,1,....,n—1.
We consider the particular time-discrete version of (5.19)
Aty = I_/hm- v; + fhe,i for 1=0,1,...,n—1, vy = gp, (5.44)

with n > 1.

We have the following result:
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Lemma 5.1.21. Under Assumption 5.1.1, the operators Ly, and fn. satisfy
1. (Lpejv, )+ Al}, <Ky, YoeVy, j=0,1,...,n—1,

2. |Ijh57j (%

V;SM|U|Vh7 VUEV}L, j:0717"')n_17
n—1,r
3. Zj:O |fhe,j

where A, K, M and N are the constants in Assumption 5.1.1.

2
VisSN,

Proof The operators Ly. and f,. coincide with the operators L. and f., re-
placing L and f for L, and f;, respectively, in the integral arguments. The result
follows then from Lemma 5.1.12. [J

We have then that the operators L, and fy, satisfy Assumption 5.1.15.
Next we present two results which are corollaries of Theorems 5.1.18 and

5.1.19, respectively.

Corollary 5.1.22. Let wvp.;, with j = 0,1,...,n, be the unique solution of
problem (5.44). Let the hypothesis of Lemma 5.1.21 and Assumption 5.1.17 be
verified and A, K, M, C}, the constants defined in Assumptions 5.1.1 and 5.1.17.
Assume the constant K satisfies: 2Ke < 1. If there exists a number p such that
M?C?e < p < X then there exists a constant N, independent of & and h, such
that

1. sup,>; maxo<j<n [Vne |5, < Nlgnlt, ;

2. Sup,>q Zogjgn |Uha,j|%/h5 < N|gh|%1h-

Proof The result is an immediate consequence of Theorem 5.1.18. [J

Corollary 5.1.23. Let up(t) and wvh.j, with j = 0,1,...,n, be the unique
solutions of problems (5.19) and (5.44), respectively. Let the hypothesis of
Lemma 5.1.21 and Assumptions 5.1.8 and 5.1.17 be verified and X\, K, M, C},
the constants defined in Assumptions 5.1.1 and 5.1.17. Assume the constant K
satisfies: 2Ke < 1. If there exists a number p such that M?C?e < p < X then

there exists a constant N, independent of € and h, such that
1. maxo<j<n |Vhej — un(ty)|, < Nlel’;

2. Zogjgn |Uhe,j — Uh(tj)ﬁ/h €< N|5|5-

Proof The result follows from Theorem 5.1.19. [J
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5.2 An example: the second-order parabolic
PDE problem in weighted Sobolev spaces

In Section 4.3, we considered the following problem, discrete in space:

Lyu—u+ frn =0 in Q(h), u(0,x) = gn(x) in Zf, (5.45)

where Q(h) = [0,T] x Z¢ (T > 0 a number and Z¢ a h-grid on R?) and L, is the

discrete operator
Ly(t,z) = a”(t, )05 0f + b'(t,2)0; + ¢ (t, ),

with 97" and 0; 't he forward and backward discrete differences in space, respec-
tively.

To handle unbounded data, we considered the spaces [%?(r) and I%2(r, p) and
set a framework, discrete in space, which is a particular case of the general frame-
work we presented in Section 4.1 and recalled in Section 5.1.

Let

A7Vip1 = Lpeip1Vig1 + freipr for i =0,1,....n—1, vy =gy
and
T L _
A Ui—Lhe,ivi+fhs,i fOI"L—O,].,...,TL—l, Vo = Gn

be, respectively, the implicit and explicit schemes, as set in Section 5.1, for the
time discretization of problem (5.45).

From the above, under the assumptions we made in Section 5.1, the results
we then obtained still hold.
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Chapter 6

Conclusion and further research

We studied the numerical approximation of the parabolic PDE multidimensional
problem for the general case where the coefficients b and o of the underlying
stochastic equation are time and space-dependent.

With the approach of the problem in weighted Sobolev spaces, we could con-
sider PDE with unbounded coefficients (with the corresponding coefficients b and
o in the stochastic equation growing linearly). This implies assuming that, in
the European option model, the underlying asset drift and volatility are bounded
functions, what does not seem to be a strong restriction for the financial ap-
plication. When the logarithmic transformation of the diffusion X, considered
in Chapter 2, is available, even the linear growth of drift and volatility can be
allowed.

We make some remarks concerning the numerical schemes’ implementation.
The parabolic problem arising from the stochastic modelling is a Cauchy prob-
lem in half spaces. In Chapters 4 and 5 we produced numerical schemes for its
approximation in Sobolev and weighted Sobolev spaces. Nevertheless, when the
discretization in time is obtained with the implicit scheme, the problem localiza-
tion is needed for implementation purpose. The approximation of the localized
problem in Sobolev spaces as well as the estimate of the corresponding localiza-

tion error were not considered in the present research.

We outline further research directions from the present study:

— Approximation of the initial-boundary value problem in Sobolev spaces with

the localization error estimate.

— Implementation of the discrete schemes we have constructed and testing with

real financial data.

— Acceleration of the numerical schemes:
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— Using the Crank and Nicholson finite differences scheme;

— Applying the splitting-up method, following Richardson’s idea to accel-

erate numerical schemes (see Gyongy et all [19] and [20]);

— Using other numerical methods, namely the finite elements method, and

more complex grids.

— Another direction is the direct approximation of the SDE by Monte Carlo
methods.

— Including the discrete dividend payment and transaction costs in the European

option modelling.

— Finally, extending the study to other types of financial options with no early

exercise.
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Appendix A

Notation

Notation for matrices.
a = (a") denotes the d x p matrix with (i, )" element a%.
a’ = transpose of the matrix a.

’a‘Q = Z1gi§d, 1§j§p(a’ij)2'

i ; ij ]
Sometimes we use the notation a¥ for 219@, 1<j<p @

Geometric notation.

R? = d—dimensional Euclidean space of points x = (z*,...,1%).
e; = (0,...,0,1,0,...,0) = i*" standard coordinate vector.

(z,y) = oL 2yl |x? = 00, ()2, for all 2,y € RY.

U,V usually denote domains in R?, meaning open subsets of R?.
OU = boundary of U.

U =UUOdU = closure of U.

Bg(zo) = the open ball in R? with center xy and radius R.

RY = {(a/,2%) : 2/ = (2!,...,2%!) e R 24 > 0}, p. 31

R = {(t,z) : t € R, x € R}, p. 29.

R = {(t,2) : t >0, 2 € R}, p. 32.

R = infinite dimensional Euclidean space of points = = (z', 2% ...).

Q usually denotes [0,7] x R? or [0,7] x U.
105



0() = the parabolic boundary of @), p. 32.

0,Q) = the space-boundary of @ =[0,7] x U, p. 32.
0;QQ = the time-boundary of @ =1[0,7] x U, p. 32.
T,, = the grid on [0, 7], p. 82.

Z¢ = the grid on R?, p. 62.

Z,‘f“ = the grid on Riﬂ, p. 37.

Q(h) =QnZM p. 37.

Q°(h) = the discrete ”interior” of Q(h), p. 37.
J'Q(h) = the discrete boundary of Q(h), p. 37.
0.Q(h) = the discrete space-boundary of Q(h), p. 37.

0,Q(h) = the discrete time-boundary of Q(h), p. 37.

Notation for functions.

Multi-index notation: A vector o = (ay, ..., aq) of non-negative integers ay =

0,1,2,... is called a multi-index of order |a| = a; +as+ -+ + ay.
D* =D DGt = D% -+ D% = 9ol [o(xh)r -+ - 9w
D¢DS = DD ... D%,
DF={D": |a| = k}.

V = (9/0at,....0/0x%).

1 E
The indicator function of E: 1g(x) = {  TE

0, otherwise
1, x>0
The sign function: sign(z) = < 0, =0
-1, x <0
If u:U— R, vt =max(u,0), v~ = —min(u,0), u=u" —u", |u| =ut+u".

u: U — R is called Lipschitz continuous if |u(x) —u(y)| < K|z —y|, with K

a constant, for all x,y € U.
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L;, = the space-discrete operator, p. 63.

L), = the discrete parabolic operator, p. 37.

0;" = the forward discrete difference operator in space, p. 63.
0; = the backward discrete difference operator in space, p. 63.
AT = the forward discrete difference operator in time, p. 92.

A~ = the backward discrete difference operator in time, p. 82.

Notation for function spaces.

The notation | | is used for the norm. Unless there is no risk of confusion, the
corresponding space is identified. For instance, the norm in L? is denoted
| |z2. The same applies to the inner product notation ( , ). The notation
(, ) is used for the duality.

k
C’l oc

(U), p. 29.

Ck(U), p. 29.

C®(U) ={u:U — R: u is infinitely differentiable}.
C5°([0,00)), p. 50.

Ce(U), p. 58.

C*¥+3(U), the Holder space, p. 29.

C%29(Q), p. 30.

CH2(Q)={u:Q — R: u, Dyu, D?u, u; € C(Q)}.
C1H9/22+3(()) the parabolic Holder space, p. 30.
UeC" (oroU € C"), p. 31.

|uloy = [w]ow; P- 29.

[ulg.u, - 29.

|ulg.u, P 29.

[uls.0, p- 29.
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[u]pts.0, - 29.

|u|g+s.0, the Holder norm, p. 29.

[u)s/2.6:0: P- 29.

u5/2,5:0, P- 29.

[U]1+6/2,2+6;Q7 p- 30.

|[u|145/2,245,0, the parabolic Hélder norm, p. 30.

H denotes the Hilbert space.

H* = the dual space of H.

V — H denotes the embedding of space V in space H.

Ll

loc

(U), p. 58.

L*(U) denotes the set of all Lebesgue measurable functions u : U — R such
that |u|r2@) = ([, |ul*dz)"/? < co.

Wm2(U) denotes a Sobolev space, p. 58.

Wm™2(r, p) denotes a weighted Sobolev space, p. 60.
192,112 denote discrete Sobolev spaces, p. 63 and 64.
192(r), IM2(r, p) denote discrete weighted Sobolev spaces, p. 74.
(u,v)pe2, p. 63.

lul?s, p. 63.

(u,v)p.2, p. 64.

lul? s, p. 64.

(t, V) 02(ry, P- T4

|u\120,2m, p. 74.

(u, V) 112(rp), P- 5.

|u|l21,2(7,7p), p. 74.

p a.e. = the propriety p holds except for sets of measure zero.
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Notation for stochastic processes.

(Q2, A, P) = the probability space, where (2 is an abstract space, A is a c—algebra

of 2 and P is a probability measure on A.
(X4)t>0 = a stochastic process, p. 5.
(Ft)e>0 = a filtration in A, p. 5.
(Wi)e>0, (Bt)i>0 denote a standard Brownian motion, p. 6.
(M;)s>0 usually denotes a martingale, p. 7.
E(X) = [ XdP, the expectation of X.
E(X|B), with B a o—algebra, denotes the conditional expectation of X.
7 usually denotes a stopping time, p. 6.

Xb* s >t = the solution of a stochastic differential equation starting from z

at time ¢, p. 15.

p P a.s. = the propriety p holds except for P—null sets.

Notation for estimates.

We usually use the letters K, L, M, and N to denote a constant depending
explicitly on known quantities. In many cases during the computations, we
use the same letter even if the constant’s value changes from one step to

the next.
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Appendix B

Useful results

Basic inequalities.

Jensen’s inequality: Assume f : R — R is convex and U is open bounded subset
of R%. Let u : U — R be summable. Then

\Ur/“df” \U|/f

Cauchy’s inequality:  ab < 5 + 5 ., a,beR.

b2
Cauchy’s inequality with e:  ab < ea® + o a,b>0,e>0.
€

Minkowski’s inequality for sums:

Zlvﬂrm 12 < Zlvl 2 (ilwilg)1/2>
=1

with v, w; € Ry D77 ui]? < oo, 007, Jwil? < oo,

Cauchy-Schwarz inequality:  |(z,y)| < |z||ly|, =,y € R%

E(X?
Chebyshev’s inequality:  P(|X| > k) < <k2 ) , X arandom variable, k£ > 0.

Convergence theorems for integrals.

Monotone Convergence Theorem: Assume the functions { f;}72; are measurable
with f1 < fo <--- < fi < fig1 < --- Then

/ lim frpdx = lim frdx.
R Rd

4 k—oo k—oo

Dominated Convergence Theorem: Assume the functions { f }7° ; are integrable,

fr — f ae. and |fy] < g a.e., for some summable function g. Then

frdr — fdx.
R4 R4
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