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Abstract

In general, geometric additive models are incomplete and the perfect
replication of derivatives, in the usual sense, is not possible.

In this paper we complete the market by introducing the so-called
power-jump assets. Using a static hedging formula, in order to relate call
options and power-jump assets, we show that this market can also be
completed by considering portfolios with a continuum of call options with
different strikes and the same maturity.

AMS 2000 subject classification: 60G46, 60H30, 91B28.
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1 Introduction

Hedging in incomplete markets is an unsolved problem. In these markets a
perfect replication of a derivative is, in general, not possible . Still we could try
a superhedging strategy but the cost of these strategies is in many situations
too high. For instance in [10] one can see that the superhedging cost of a call
option is the price of the underlying asset. Many solutions have been proposed
by using risk-minimizing strategies, trying to minimize the effect of imperfect
replication. We could use the quadratic loss function and this leads to the
notion of mean-variance hedging as in [13] or we could require the strategy to
hedge the derivative with a high probability and in an optimal way, that is
investing the least amount of initial wealth. This idea leads to the gquantile
hedging as can be seen in [12]. Other authors as Balland [1], Carr and Madam
[4] and Jacod and Protter [15], between others, have tried to replicate complex
derivatives by using liquid and non redundant derivatives as vanilla options or
have introduced new derivatives to complete the market as in [3]. Here we follow
this latter approach. The context will be of a geometric additive model where
the log returns evolve as process with independent increments not necessarily
homogeneous, called also non-homogeneous Lévy processes [11]. These models
are in general incomplete, in fact only the cases where the additive process is a
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Brownian motion or a Poisson process are complete models. A recent paper [5]
shows that these kind of models, if we add the self-similarity condition, capture
quite well the term behaviour of the option prices. These processes have also
been used successfully to model bond markets, see [11].

The rest of the paper is organized as follows: in the next section we define
the market model. In section 3 we define the so called power-jump assets that
will allow us to complete the market This completness property is analyzed
in section 4. In section 5 we obtain hedging formulas for different kinds of
derivatives, in particular derivatives with payoffs S¥ k > 2. We will see in this
section how we can invert the hedging formulas and express the power-jump
assets in terms of these derivatives. Finally by using the static hedging in terms
of calls, see for instance [4], we obtain formulas for dynamic complex hedging.
The last section is devoted to treat the optimization problem with complex
portfolios in the context of Lévy processes. Similar results could be obtained
for the non-homogeneous case but this will be the aim of another paper.

2 The geometric additive model

In this paper we will consider a market model where the stock price process
S = {85t € [0,T]} is a geometric additive process and satisfies the stochastic
differential equation

ds.
—=dZ, S >0, (1)
Sy
where Z = {Z;,t € [0,T]} is an additive process. Moreover, in our market we
have a riskless asset or bond B, evolving as

Bo=ex | t ruds). 2)

where 7, is the deterministic spot interest rate at time t.

We begin by recalling the definition and the main properties of additive
processes. The fundamental references about this subject are [16] and [21].
The theory of integration and stochastic differential equations for the kind of
additive processes that we shall consider in this paper is the theory of integration
for semimartingales and a comprehensive introduction to this subject can be
found in [20]. It is well known that additive processes generalize Lévy processes
by relaxing the stationarity condition on the increments. Indeed, a real-valued
stochastic process Z = {Z,,t € [0,T]}, defined on a complete filtered probability
space (Q, F,F,P), is called an additive process if it is stochastically continuous,
their increments are independent and Zy = 0 a.s. The filtration F is the natural
filtration generated by the stock price process S completed with the P-null
sets N, that is, F ={F;, t € [0,T]} UN where F; = 0(Ss : 0 < s < t). An
additive process Z always has a cadlag modification (see [21], page 63) and
in the rest of this paper, we will always assume that we are dealing with this
cadlag modification. Moreover, Z; has an infinitely divisible distribution for all
t, which is determined by its system of generating triplets (I'y, Cy, 1), where the
Gaussian covariance CY is a nonnegative and increasing continuous function, the
location parameter I'; is a continuous function and the Lévy measure p; is an
increasing (in t) positive measure on R such that p; ({0}) =0, ps (B) — pt (B)



as s — t for all measurable sets B C {x : |z| > €}, for some ¢ > 0, and

/ (1A 2?) pe(dz) < oo, (3)
R

for all t € [0,T].
Additive processes satisfy the generalized version of the Lévy-Itd6 decompo-
sition (see [21], page 120)
Zy =X} + X},

where X2 is the continuous part of the process and

X! = lim 2(Q(ds, dz) — fi(d (s, ) + / +Q(ds, da),

N0 J(se(0,t),e <]zl <1} {s€(0,t],]z|>1}
where @Q (ds,dz) is a Poisson random measure on [0, 7] x R\{0} with intensity
measure [ (d (s,z)) (this intensity measure is defined by 1z ((0,t] x B) = pu(B)
for all measurable B C B(R)). The integral [, i 1 cjpj<1y @(Q(ds.dz) —
(d (s,x)) as zero mean and its convergence, when £ \ 0, is uniform in ¢ on
any bounded interval. The process X! is an additive process with a system
of generating triplets given by (0,0, ;) and the process X? is also an additive
process with generating triplets (I';, Cy, 0) .

Not all additive processes are semimartingales. For instance, a continuous
deterministic process with unbounded variation is not a semimartingale. In this
paper, we will consider only semimartingales, since we need to use stochastic cal-
culus and Ito’s formula. Therefore, we will work with a subclass of the additive
processes - the set of natural additive processes, as they were defined by Sato
in [22]. An additive process is natural if the location parameter T'; has bounded
variation. Let us now define the concept of factoring for an additive process.
A factoring is a pair ({p::t € [0,T]},0), where o is a continuous (atomless)
finite measure on [0,7] (e.g., the Lebesgue measure) and {p; : t € [0,T]} is a
family of infinitely divisible distributions such that the characteristic function
of Z, is given by exp fot log (ps (u)) o (ds) ,where p; is the characteristic function
of ps. Let us denote the generating triplet of p; by (v, ¢, v4). Then (see [22],
Theorem 2.6 and Lemma 2.7, page 216)

t

I, :/ vs0 (ds),
0
t

Cy :/ o (ds),
0

e (B) = / va(B) o (ds),VB € B(R)

and the elements of the triplet (%,cf, Vt) are called the local characteristics
of the natural additive process. From (3), it is clear that the family of Lévy
measures {v;},¢(o 7] satisfies

/OT (/R (1A2?) Vt(dfﬁ)) o (ds) < oo,

for all t € [0,T]. An additive process is natural if and only if a factoring
exists and it is a semimartingale if and only if it is natural (see [22], Theorem



2.6, Proposition 2.10 and [16], Corollary 5.11, page 116). Therefore, we shall
consider natural additive processes with local characteristics ('yt7 2, Vt) and for
these kind of processes, the generalized version of the Lévy-Itd6 decomposition
reads

t
Z = / esdW, + X, (4)
0

where W = {W,,t € [0,T]} is a standard Brownian motion and X = {X;,¢ €
[0,T7} is a jump process independent of W. Moreover, the jump part is given
by

xQ(ds, da:)—&-/t ~sds,
0
(5)

where Q(dt,dz) is a Poisson random measure on [0,7] x R\{0} with intensity
measure v; (dz)dt (we shall consider the case where o(dt) =dt is the Lebesgue
measure, these processes are also referred in the literature as non-homogeneous
Lévy processes [11]). The decomposition (4) implies that the process Z =
{Z,t € [0,T]} is a semimartingale with quadratic variation

t
2.2, = [ das+ Y aZP
0

s€(0,t]

X = / x (Q(ds,dx) — us(dx)ds)—i—/
{s€(0,t],]z|<1} {

s€(0,t],|x[>1}

We assume that the family of Lévy measures {Vt}te[O’T] satisfies, for some
e>0and \ >0,

sup / exp(Az])v(dz) < oo. (6)
te[0,T] J (—e,e)e

As a consequence of this assumption, it is easy to show that

+oo )
/ |z|" ve(dz) < o0
— 0o

for all ¢ > 2 and all ¢t € [0,T]. Hence, all the moments of Z; and X; exist and
we can define the following functions:

+oo
m; (1) ::/_ viv(da), i3> 2 (M)

Mit) ::/O mi (s)ds, i>2 (8)

By Itd’s formula for cadlag semimartingales (see [20]), we obtain the solution
of the stochastic differential equation (1), which is given by

S, = Sy exp (Zt - % (/Ot cﬁds» [ (1+AZ)exp(—AZ).  (9)

0<s<t

In order to ensure that S; > 0 for all ¢t > 0 a.s., we require that AZ; > —1
for all t. Hence, we shall assume that the family of Lévy measures {Ut}tG[O,T] is

supported on (—1,+00).



3 Power jump processes

Let us define the following "power jump" processes,

zM = 7,
20 = 3" (az), iz (10)
0<s<t

where AZ, = Z, — Z,_ and

x® = x,
X0 =3 (ax), iz2 (11)
0<s<t

The process X is called the ith-power-jump process. Note that Xt(i) = Zt(i)
if 4 > 2 and these processes are again natural additive processes. They have
jumps at the same points as the original natural additive processes and the size

of the jumps of Zf@ is equal to the size of the original jumps to the power i.
Clearly, if we recall (7)-(8), then the moments of the power-jump processes
are given by (see [20], page 29)

¢ t t

E [Xt(l)} :/ %ds—i—/ / zvs (dz) ds 12/ my (s)ds = M (),
0 0 J{jz|>1} 0

E [Xf)} =M;(t), i>2,

where we have set my (t) := v, + f{|w\>1} xvy (dz) and My (t) := fot my (s)ds.
Let us introduce the following compensated power-jump processes:

v =20 _g [Ztﬂ =Z9 M @t), i>1 (12)

These processes are martingales (the Teugels martingales) - see [1] and [18].
Following the orthonormalization procedure described in [18] and generalized in
[1] for regular martingales with independent increments, we obtain the following
sequence of strongly orthonormal martingales {H @, 5> 1} , defined by

) t ) t ] t
Y = / cii (s) AV + / Ciyio1 () dYU™Y o / cin(s)dy, i>1
0 0 0

(13)
The deterministic functions ¢; ; (-) are are the coefficients of the orthonormal-
ization of the following polynomials with time dependent coefficients,

{1{S<t}’ 1{S<t}x’ 1{5<t}l’27 sy 1{S<t}xi_1} ’
with respect to the measure i, (dr)ds = (%, (dx) + 26 (x) dr)ds defined in

[0,7] x R (see [1]), i.e., we consider the orthogonalization with respect to the
inner product

T “+o0
(p,q) = /0 [ ps(2)gs(x) (1’21/5 (dz) + 26 (x) dx) ds, (14)



where p; () and g;(z) are real polynomials with time dependent coefficients.
The process H" is called the orthonormalized ith-power-jump-process.

The martingale representation property (MRP) obtained in [18] and gener-
alized in [1] allows the representation of any square integrable Q-martingale as
an orthogonal sum of stochastic integrals with respect to the orthonormalized
power-jump-processes {H @, 5> 1}, i.e., any square integrable Q-martingale
M = {M;,t € [0,T]}, admits the representation

t 0 t
M, = My + / ISV / D AH, (15)
0 =2 J0

where the processes hgi), i > 1, are predictable and

t 0o
(@)
b

E

2
ds| < oo.

4 Market completeness

Suppose that in our market exists at least one equivalent martingale measure
Q such that Z remains a natural additive process under Q. If these conditions
hold we say that Q is structure preserving (see Theorem 3.2. in [6] and Theorem
2.1 1in [8] ). Under this risk neutral measure, the discounted stock price process
S ={S,=5,/B,,0<t<T} and the process Z = {Zt—fot rsds, 0 <t < T} are
both Q-martingales. Obviously AZ, = AZ, and Z\”) = Z" i > 2. Under Q, we
construct the power-jump processes {Y(i), 1> 1} and the orthonormalized ith-
power-jump-processes {H(i), 1> 1} based on Z. Note that for i > 2, m; (t) =
Jg @' (dx), where {Vt}1e(o,7) 1s the family of Lévy measures of Z (and Z) under
Q and we require these Lévy measures to satisfy (6).

In order to complete the market (which is, in the general case, incomplete) we
introduce new artificial assets: the power-jump assets V(i) = {Vt(i), t €0, T]} ,
given by
(@)

=By, i>2

Alt{ernatively, we can also introduce the orthonormalized power-jump assets
7Y = {E(Z), te [O,T]} , where

" =B H"Y, i>2
Clearly, the discounted power-jump assets {Y(i), 1> 1} and the discounted
orthonormalized power-jump assets {H @, > 1} are Q-martingales.

Let us define the attainable contingent claims in our market. We say that a
nonnegative random variable X € L? (2, Fr, Q) is attainable contingent claim in
L? (Q) if there exists a self-financing portfolio whose values, at time T, converges
in L2 (Q) to X. In our market, a portfolio 7 = {7" : n > 1} is a sequence of
finite-dimensional predictable processes

{ap = (g, 60, 62", 80", a0 ") o<t < T, n>2),



where o represents the number of bonds at time ¢, 3] represents the number of
stocks at time ¢, ﬁf@’" is the number of the ith-power-jump assets H* and k,, is
an integer which depends on n. The portfolio 7 = {#™ : n > 1} is self-financing
if 7™ is a self-financing-portfolio for each finite n.

Definition 1 Let us consider a market model Mg where the traded assets are
bonds with price process given by (2), a stock with dynamics given by (1) and the

family of power-jump assets {Y(Z), 1> 2}. Assume that the additive process Z

satisfies (6) and that exists at least one equivalent martingale measure Q, which
is also structure preserving. Then Mg is called an enlarged additive market
model.

The next theorem states that Mg is a complete market. The proof of this
theorem is based on the martingale representation property (15) and was given
in [9] for Lévy markets and then was generalized for the additive case in [1].

Theorem 2 The enlarged additive market model Mg is complete, in the sense
that any square-integrable contingent claim X € L? (Q, Fr,Q) can be replicated
in L? (Q).

This completeness concept (in the L? sense) corresponds to the concept of
quasi-completeness defined in [1], [2] and [17].

5 Hedging portfolios

In this section we obtain hedging formulas that allow us to compute explicitly
the hedging portfolio which replicates a contingent claim X whose payoff is a
function of the value, at maturity, of the stock price S, of an absolutely continu-
ous process V! = {V;!,t € [0,T]} and of a jump process VZ = {V2,t € [0,T]},
defined by

t
y! ;:/ 1(S,) ds,
0

t 400 _
V2= / g(x)M(ds, dzx)
0 —

oo

where [ (z) is a continuous function, ¢ is a smooth function such that g(0) =
g'(0) =0, fg fj—;o 9(x)|7(dz)ds < oo and M(ds,dz) = Q(ds,dz) — 7(dz)ds
is the compensated Poisson Random measure. The reason why we assume
processes of this particular form is that they allow us to include in our theory
contingent claims so popular as the asian options and other related derivatives
whose payoff depend on the paths of the risky asset in the period [0,7]. The
jump process V2 allow us to consider also the portfolio optimization problem,
which will be discussed in detail in Section 6. The payoff is therefore a function
of the form f(Sr,V}, V2). Using the independence of %—f and VZ — V2 with
respect to Fy, the price function of the contingent claim X, at time ¢, is given



by

T
exp (—/ T5d8> Eg [f(ST, VTI,V%)LE]
t
4 St TS, 1 1,2 2 2
=exp | — rsds | Eq | f | =St I 528 | ds+ Vi, Ve = VE+ V7 | | R
¢ Sy ¢ Sy
T
= exp (/ rsds>
t
T
(o ([ (o200
t t t

= F(t, S, V;', V).

Eq

21=St,22=V}

As in Lévy market models (see [8] and [9]) or in the classical Black-Scholes
model, the price function F' must satisfy a partial differential integral equation

(PIDE). Let us introduce the notation x := (z1,22,23), Do := 2, Dy, := 6_2k

and D} := 9" The price function F(t,x) is a solution of the PIDE

7.
oz}

1
DoF(t,x) + l(x1) Do F(t, x) + mex1 D1 F(t, x) + chx%D%F(t, x) (16)

 DaF(t,x) / 9(0)n (dy) + DF(t,2) = roF(t, 2), (17)
F(T,z) = f(x),
where
+o00
DF (,7) = / (F (t, 21 (1+ ) 22,75 + 9(1) — F(t,2) — 219 D1 F(t, 7)) 7 (dy)

This equation is a straightforward generalization of the PIDE obtained in [g],
Theorem 3.1, page 290.

In order to simplify the notation, we set V; := (V;}, V;?). The explicit hedging
portfolio which replicates a contingent claim X = f (St, V), with a price func-
tion F(t, S, V;) satisfying some regularity conditions, is given in the following
theorem.

Theorem 3 Let us consider a contingent claim X € L* (Q, Fr,Q) with payoff
X = f(St,Vr) and a price function F(t,S, Vi) of class C*°2°°. Consider
the function h : [0,T] x R* — R given by

h(t,z,y) := F(t,x1(1 +y), 22,23 + g (v)) — F(t,x) — x1yD1 F(t, x). (18)

Assume that h(t,z,y) is an analytic function in y for all x € R*, t € [0,T] and
that we have the Taylor series representation

<19
— il oy’

7

h(t,z,y) = (t,z,0)y", (19)

for all y € R.



Then X has a self-financing replicating portfolio, which is given, at time t,

by:
number of bonds = ay = B; ' (F(t,S;— Vi) — Si—D1F(t,S;— Vi_)) (20)
number of stocks = 651) =DF (t,5—,Vio) (21)

6_ylmh(t7 St—,‘/;—7 0)

number of shares of the Y'-asset = 6t(i) =2 , 1=2,3,....

(22)

7!

Remark 4 Theorem 3 is simply a version, for the additive case, of Theorem
3.2 in [8]. Note that if the payoff depends only on the stock at maturity then
F = F(t,S;) and h(t,x,y) = F(t,z(1 +y)) — F(t,x) — xyD1F(t,z). In this
case, we have

h(t,z,0) =0
0
8—yh(t, Z, 0) =0
on

wh(t,x, 0)=a"D}F(t,x), n=2,3,...

and (see [9])

number of bonds = oy = B;* (F(t,S;_) — S;_D1F(t,S;_)) (23)
number of stocks = By = D1 F(t,S;_) (24)
Stl—DiF(ta St—)

number of shares of Y'-asset = ﬁti) - :
i!

, i=2,3,.... (25)

We want to have hedging formulas in terms of call options with the same
maturity and different strikes. In order to pursue this goal, we begin by studying
the relationship between the power-jump assets and the pricing functions of
derivatives with payoff X ;) = Sk k > 2. The following Proposition gives us a
representation formula for the discounted price function of these derivatives, in
terms of the risky asset and the power-jump processes.

Proposition 5 Denote by l*:’(k)(t, St) the discounted price function of the con-

tingent claims with payoff Xy = Sk k> 2 and set FW(t,8,) := S;. Then we
have the representation formula:

~ _ koot plk) .
F®(t,8,) = F®(0,8) + / %(’“)dw k>1  (26)
i=170

s 7

and its inverse representation

k=1

av = (-1)'B, (Z (1) 0 g F s») Lzl

Proof. Clearly, by the independence of (S7/5;)" with respect to F, the



price function of the derivatives X (), is given by

T
k) (t,S:) = exp (—/ rsds> EQ(Séf«\ft)
t

T g\ F
= exp (—/ rsds> SFEq ((%) ) = M) (¢,T)SF,
t t

where o*) (¢, T) is a deterministic function. Applying Theorem 3 with F(t,z) =
o) (t,T)z*, we obtain

k
1 k i
AW 1,5 = rF® (1,5, ) (1 kg (57 )> o

EF®)(t, S, ) 1 k —@)

Clearly, we have that } }

dSt = BtdSt + ’I‘t.BtSt,dt7
where S = {5 := exp (— fot rsds) Se,t € [0,T]} is the discounted stock price
process. Moreover

FO(t,5,) = - dFO(1,8,) — T-F0(r,5,)dt
t t

and —) ‘ ‘

4Y,” = BdY, " + r, By, dt.
Replacing all these differentials in (28)-(29) and using the identity Y;u) =7 —
fo reds = fo B. dS , we obtain

i EEW (¢, 8,_) . F® t Sio) <
AF®M (1, §)) = ——— 222045, 4 — 2t ( )dy“
(t, ) 5, L+ Z

k
F(k)(t,St_) k )
= 3 T<Z>dYt . (30)

K3
By a combinatorial argument, we now use (30) in order to obtain a represen-
tation formula for Y}F " in terms of the price functions F®)\(t,8,), with k < 4.
Indeed, if X = Z ()Y then Y; = Zk 1 ( )( )=k Xy for any k > 1.
Therefore, we obtain (27) |
_ Note that, since we are assuming that Q is an equivalent martingale measure,
S and the processes {Y(i), 1> 1} are Q-martingales. Hence, by (30), F®) (t,St)
is also a Q-martingale, as expected.

k
Consider the deterministic function o) (t,T) = exp (— ftT rsds) Eq {(%—T) ] .

Lemma 6 We have that
w(’“)(t,T)=exp{/t (@ 24 (k—1) ré+z< ) >ds} (31)

10



Proof. Using the decompositions (4)-(5) and the stock price process (9)

under the risk-neutral measure Q, where Z is replaced by Z = {Z; — fg rsds,
0 <t < T}, we have that (see [8])

Sf = exp (/Ot (kcsdws — gcz + krs + /]R kx (@(ds, dz) — 175(d:1:)>) ds)
[T 1+ AX)Fexp(-kAX,).

0<s<t

It is clear that

exp (/Ot </ka (@(ds,dx)—ﬁs(da:))>> [T (1+AX,) exp(—kAX,)

0<s<t

= exp < /O t /R ka (@(ds,dx) - ﬁs(dx)) ds>
X exp (—/R (1og 1+a)f—1- k:x) Ds(dx)ds>
0<1_[sgt(1 + AX,)* exp(—kAX,) exp (/ot/R (log (1+z)—1- k:a:) %(dx)ds)

and, by a simple generalization of Proposition 2.1 of [8], the process
t
Uy = exp/ / kx (Q(ds, dz) — ﬁs(dx)) ds
0o Jr

X exp (—/R (log (1+az)—1- k:r) ﬁs(dx)ds>
[T (1 +AX0)Fexp(-kAX,)

0<s<t

is a local martingale (see also Lemma 3.1 in [6]). Indeed, by It6’s formula, we
have

Uy=1+ /Ot/RUs_ ((1 +a)k - 1) (@(ds,dx) - as(dx))

and since Q((0,¢],A) — 7(A) is a martingale, where A C R is measurable, then
U, is a local martingale. Moreover, using the exponential moment condition (6),
simple processes and a monotone class argument, it is easy to show that

E[U,] =1, Vte[0,T].

Then, using the independence of the jump process X; and the Brownian motion
Wy, we have

o8 (1, T) = exp (- /tT rsds> Eg l(%)k]

:exp{/tT (wciﬂk—l)rﬁ/w} ((1+x)’“—1—kx)ﬁs(dx))ds

— 00

:exp{/tT (@ k-1, +§; (k)m <s>> ds}.

11
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Let us now introduce the hedging formula for contingent claims in terms
of call options with the same maturity and different strikes. This formula was
obtained and proved in [4] and further exploited in [1]. Let f(z) be a real
function of class C? in (0,00) and let Cy(K) := 5=BEq [(Sr — K)4|F] be the
discounted price function of a call option with maturity 7" and strike K. Then

Eq [Byf(St)IF] = By £(0) + F/(0)5: + / T E)G(R)AK. (32)

This formula provides a static hedge of the payoff f(ST).

The next theorem gives us the dynamic hedging formula in terms of call
options and of the discounted real risky asset for the type of contingent claims
considered in Theorem 3.

Theorem 7 Let U be a contingent claim with payoff U = g (S, Vr) and a price
function G(t, Sy, V;) such that G(t,x) € C1:°*%> and

h(t,z,y) := G(t,z1(1 + y), 22,25 + g (y)) — G(¢, ) — x1yD1G(¢, x).
is analytic in y for all x € R* and t € [0, T]. Set

igy ht, S Vi, =1) [ K "2 (33)
E—2le®™ET) \S_)

and let us assume that

o = ykl(tst—Vt,—) k—2
/0 ;‘d (k— 2)lp®) (¢, T) ‘<£> Cs(K)dK <oo.  (34)

Then, we have the representation

Z/ﬁ(”dY“)—// =2 R(s, K)aCs( dK/BhSS Vool g3,

(35)
and the hedging portfolio, in terms of bonds, stocks and call options, is given by

oy = By [G(t, 8-, Vis) — Si—D1G(t, S;—, Vi)

* R(t, K
+ Bt [h(t,st,vt,—l)—/o 592_ )Ct(K)dK}
5= D16, 5 Vi) - BT )
Sy
6(K) R(taK)
t StQ_ ’

where @FK) is the number of call options in the hedging portfolio, at time t, with
strike K.

12



Proof. By application of (27), the value of the hedging portfolio in the first
i)

m discounted power-jump assets Yt( , 2 <1 < m, is given by

N Oy @ N a0y (S (e L=
;@ dy; —Bt;@ (1) (Z (k)( 1) F(k)(t,St_)dF (@&5)).

k=1
Hence,
k m .
gy ) AVIERE AP0,
=2 i=kV2
Moreover, since
(l) h(t Si— Vi—,0)
7! ’
we have
Zﬁti)dyt(i)
m . 8!
OB S, Ve, 0)\ -
1 i Oy’ y Dt—, Vi—y (k)
=B -1 dF%(t .
tZF ts,><%2()( R ) (.5

The assumption (19) implies that the series Y =, ﬂt(i) dYt(i) converges for every
w € Q , and therefore

Zﬂt(i)dyt(i)
1=2
) m 1 m Loh(t, Se— Vie 00\ -
= Jim B TRE T 1)i-k O dF® (¢, 5,)| .
it ;k!m)(t, Si-) (;;; ) (i — k). (¢, 5e)

(36)

Let us now consider the representation formula (32) with f(z) = 2%, k > 2.
Then we have

dFE® (¢, 8)) = / b k(k—1)K*2dCy(K)dK. (37)
0

Hence

Zﬁ; ay;” / 52 R(t, K)dCy(K )dK—SB—th(t,St,,Vt,,—l)dS”t. (38)
t—

t—

Clearly, the series

iaa;kll tSt—Vtv—) K \"?
e’ (¢, T) S

13



is absolutely convergent for each t and each K since, by Lemma 6, we have that
le@(t,T)| < |¢™ (¢, T)| for all ¢t € [0,T] and using the fact that h(t,z,y) is an
analytlc function in y, we obtain

ad o k—1 t Stf ‘/t y ) K k=2
e DEIET) || S

k=2
tStf‘/t T )

) i —2)! Efﬁ

for all t € [0,T]. Moreover, by assumption (34) we can apply Fubini’s theorem
in order to obtain

Z/W)dY(Z // K)aCy( dK/BhSS Voo 7D gg,.

The hedging portfolio is now a simple consequence of this representation and
(20)-(22). =
Note that replacing (37) in (27), we obtain

av? = (~1)1B, (Z (;)(_WW /OOO k(k — 1)Kk_2dét(K)dK> ,

k=1

< 00,

which gives us the replication formula for the power-jump artificial assets in
terms of call options with the same maturity 7" and with a continuum of strikes.
The hedging formula (35) gives us the dynamic hedging portfolio in terms of call
options and of the discounted stock, which is equivalent to the hedging portfolio
in terms of the power-jump assets.

Remark 8 If the payoff depends only on the stock at maturity then G = G(t, S),
the representation formula in terms of call options of Theorem 7 is given by

oo t
Z/Wm@ (39)
_ 0

2. DF1G(s,0 o\ 1A
/ / ( o) (s, T)Ek ))Kk )dCS(K)dK “0)

_/0 {SS (G (5,0) — G (s,85-) + Ss—D1G(s,S,-)) dﬁs}. (41)

Moreover, the hedging portfolio is given by
oy = B [G(t, Si—, Vi) — Si—G(t, Se—, Vi) + h(t, Se— Vi, —1)]

DE1G(t,0 )
- B 12/ (st o Q T T() (k) 2! K )Ct(K)dK’

G (t7 0) -G (ta St—) + Sf—D%G(L St—)
St ’

Br = D1G(t, S, Vi) —

0 k—1
(K) _ L Dy G(t,0) k—2
t‘&(z¢%mw4ﬁf'

k=2

14



Remark 9 We now discuss the relationship between the geometric Lévy model
(or stochastic exponential model) and the usual exponential Lévy model. Let us
assume that our stock price process S = {Sy,t € [0,T]} is given by the usual
exponential: B

Sy = S()@Zt, So > 0, (42)

where Z = {Zy,t € [0,T)} is a Lévy process. The process S can also be modelled
as a stochastic exponential of a Lévy process, which is defined as the solution of
the linear SDE (1)(see [20]) and denoted by Sy = So€ (Z:), where Z = {Z;,t €
[0,T1} is a Lévy process related to Z. This relationship was rigorously described
in [14] (Lemma A.8., pages 46-47), where the reader can find the proofs of the
following properties.

1. If Z is a Lévy process with characteristic triplet given by (52,5, ﬁ) then

the usual exponential eZt s of the form &€ (Z;) (stochastic exponential) for
some Lévy process Z with characteristic triplet given by (62, v, 7), where

_ . ~
YEIRS / (Lgjes—1j<1y (" = 1) = 21qjp)<1y) U (d2)
Q=2

V(G):/ng(ew—l)ﬁ(dx), G e B[R).

Note that the Lévy measure v has support in (—1,+00) .

2. If Z is a Lévy process with characteristic triplet given by (02,1/, 7) then

the stochastic exponential £ (Z;) is of the form et for some Lévy process
7 with characteristic triplet given by (Eﬁ,ﬁ, 7), where

c?

Y=v-3 +/(1{|log<1+z>|s1} (log (1 +2)) — a1j4)<1y) v (dz),
P =c2

7(G) = /ng(log(l—i—m))u(d:c), GeBR).
It is clear from (9) and (42) that
§t = §t_ exp (A)?O ,
Sy = 8- (14 AX,y)
where X is the jump part of Z and X is the jump part of Z.

Let us now consider the hedging portfolio of a contingent claim X when the
stock dynamics is defined by (42). In this case,the pricing function F(t,x) is a
solution of the PIDE

1
DoF(t,xz) + l(x1) Do F (¢, 2) + ryx1 D1 F (¢, x) + acf:E%DfF(t, x)

~ DsF(t,7) / 9(v)7 (dy) + DF(t,z) = rF(t, z),

F(T,z) = f(x),

15



where
—+oo

DF(t.1) = / h(t,2,y) 7 (dy)

—0o0

and
hit,x,y) :=F (t,x1€Y, 29,23 + g(y)) — F(t,x) — x1 (¥ — 1) D1 F(t, 1, x2,x3).

In the particular case where the contingent claim has a payoff which depends
only on the stock at maturity, we have that h(t,z,y) = F(t,ze¥) — F(t,z) —
x(e¥ —1)D1F(t,x) and

h(t,z,0) =0,
d
—h(t,z,0) =0
ay ( 7'1:7 ) b
—h(t,z,0) = Z : - = DE F(t,z)x",
dy bk o< K1lkal - kL (2D)7 (3D - (n)™
n=223,...

where the sum is over all the partitions of n, that is, over all the n-tuples
(k1,ka, ..., ky) such that

1ky 4+ 2ko +3ks + - - +nk, =n
and we use the notation
k:k1+k2++kn

The hedging portfolio in the power-jump assets is then given by

n! k R
(1) Zkl,kz,...,kn,%kﬁi plkal-kn!(21)F2(31)F8 ... (nl)kn Di )F(t7St_)S£L — 93
t = - ) 1=2,3,....

(43)

7!

Remark 10 If the payoff function X = g(St) depends only on the stock at
maturity and g(u) is analytic in u then we can recover the static hedging (32)
from the dynamic hedging (40)-(41). In order to show this, let us begin by using
the independence of %—f with respect to F; to explore the relationship between the
deriwatives of the price function and the conditional expectation of the derivatives
of g (u). Indeed, we have that

G(t,5,) = %EQ l9(S)\ 7]

_ By [ (S_Txﬂ
Br Q |9 S, a::St.

g0 (51, st
s °)\s) |,

B ) ) )
— o~ 'Bg |9 (S7) S}I7] (44)
T

Hence

DiG(ta) = 2

t
2t R
By U

16



Now, recall the dynamic hedging formula (36) and the identity

ai

oy h(t,z,0) = ' DG(t, ).

Using (44), we have that

5 () oy Sicte s

|
2!
i=k

> /i ) (@) i\ F
_ %Z (k) (_1>z—kEQ [g (iT) ST|-¢}

i=k

) ik

> () o LI s
i=k :

By
)
By ©

—_

- _9(2 !(0> FO(L, 8, ), (45)

Therefore, replacing (37) and (45) in (36), for k > 2, we obtain

i=k

> oo (k) N
- Btz/ <F(kr) (2, St)) } k!(O) FO(t, 5 k(k = 1)K 2dC (K)dK

_ B, / g (K) dGy(K)dK (46)
0

and this is precisely the undiscounted integral term of the static hedging formula
(32). Consider now the term k = 1 of the sum in the hedging formula (36).
This term is given by

(S L SLDIGE S e
“Bi|g (;z(—l) S e L
_ B |3y SEICS) s, ) as
— Dt part 'L' 1 sy Dt — t

LB\ 1 - -
= Btg (O) B_T —EQ [ST|ff] dSt — BtDlG(t,St_)dSt

t7

= Btgl (0) dgt — BtDlG (t, St_) dgt (47)

On the other hand, we have from (24) that the number of stocks of the hedging
portfolio (or the delta hedging term) is

s = DG (t,S,).
Considering the undiscounted version of this quantity and adding it to (47), we

have
1 (& Si DIG(t, S -
— <§ Z’(_Dz#) ds;

= B,q S, . 4
S, 2 i tg (O) dsS; ( 8)

_Bt

17



Note that the undiscounted delta hedging and the term By D1 G (t, S;—) dS’t cancel
out. Finally, adding (46) and (48) we get the undiscounted static hedging for-
mula (32) for the stocks and call options. Note that the static hedging in bonds
term, which is given by BElg(O), can be deduced from the dynamic hedging
formula (23).

Until now, we have considered contingent claims with a price function G(t, x)
satisfying the analytic assumptions in Theorem 7. These regularity assumptions
are rather strong and we would like to obtain hedging formulas for more general
contingent claims. In order to get such formulas, we will consider the discounted
orthonormalized power-jump processes {H @), 5> 2} . Recall the orthonormal-
ization coefficients from the orthonormalization procedure which leads to (13)
and consider the orthonormal real polynomials pgl) (x), i > 1, with these time
dependent coefficients:

P =i (et e (D2 T e (D, 021

Let us begin by stating an important Lemma, which is a simple generaliza-
tion of Lemma 5 in [19].

Lemma 11 Let f:[0,7] x R*— R be a measurable function such that

B[ [ [16anfama) <o

Then we have

0t
f( ’SS*V ‘/5*7 AXS) = / f( ) 7') ) gl) () 5 dH&)
OZ:St ’ ; 0 < o b >L2(1/S)

+/Ot/Rf(saw7y) 7s(dy)ds.

We now state and prove a theorem that will enable us to hedge a general
contingent claim (in the L?-sense) in terms of call options, bonds and the risky
asset.

Theorem 12 Let U be a contingent claim with payoff U = ¢ (S, Vr) and a
price function G(t, S, V) such that G(t,x) is of class C1*%2 in [0,T] x R3.

Consider the function

h(t,z,y) := Gt,z1(1 + y), 22,23 + g (v)) — G(t,x) — v1yD1G(t,z).  (49)

B[ [ [ hnnfanaas) <o

m i i—k a(i,m) (4 -2
N (s, K) = ZZ (U8 o)k~ ) ( K )k ;
2

k
= ") (s, T) Se-

and assume that

Set
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where BV = Iz (s, Ss_, Ve, y)p$? (y)i7s(dy) and g™ = Yisicij(s) ()
Then we have the representation formula (the series converge in the L? sense)

0ot
> [ a0am
i=170
oot (m) (i,m)
= lim [/ | 2 max - Z/ T By,
m—00 O O S—

Moreover, the hedging portfolio in terms of bonds, stocks and call options is
given by

(50)

1
a = E [G(t, St—J/t—) — St_DlG(LL, St—,‘/t—ﬂ

t

(i,m) oo (m)
’L ﬂ N (taK)
T —/ - e, (KK,
B, lZ_; o ) ]

(i;m)
Bi = DiG(t, S, Vi) — lim Z/ BT
m— oo t—

N (¢t K

m— o0 StQ,

Proof. Applying Itd’s formula to G(t, St, Vi) we obtain
t
G(t. Vi) = G(0.50,Va) + | DiG(s. 5, V.o )ds.
0

t
+/ (DOG(S,SS,VS) + %cisf,D%G(s,ss,,v;,) +1(Ss_) DaG(s, SS,VS)) ds
0

+ > [G(5,84,Var) = G(s, S5, Var) = D1G(5, S, Vo )AS]

0<s<t

Clearly, AS, = S, AX, and therefore

Z [G(S, Ssv V:e*) - G(S, szv V:e*) - szAXsDQG(S; szv Vvsf)]

0<s<t

— (s, Ss—s, Vi, AX,).

If we now use the PIDE (16)-(17), then we have that

t
G(t, S, Vi) :G(O7SO,VO)+/ DiG(s, S._, Vs )dS,
0

/t (G(s,85_ Vi) — Ss_D1G(s,S5_ Vi_))

+ B.

dB;

+ Z 5,8, Voo, AX,) // 8, 85—, Ve, y) Us(dy)ds (51)

0<s<t

and this gives us the representation of the hedging portfolio in terms of bonds
and stocks.
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Moreover, note that

t
Myi= Y h(s, Sy Ve AX,) / / h(5,Sa, Vo) Pa(dy)ds
0 R

0<s<t
= > h(s,8,Var , AX,) = E( > h(s, S, Ve, AX,))
0<s<t 0<s<t

is a square-integrable Q-martingale and, by Lemma 11, we have that
00t
= [ otang
=1 0
30 = [ 150 Ve )i ).
t oo
=

BaH = B Zcm

where

and

2
) ds| < oo

By (13), we have

In general, we can write

oo t m t )

3 / BOAHD =1im Y / gAY

=170 "i=o

= hmZ/ (Z Cij(s ) dY(J) = hmZ/ B(J ,m dy(7

where Y™ = D ci (s ) 8. Recalling (27), we obtain
0ot
Oag® =1 (i,;m) 1y (@)
21/0 BYAH! 117312/ Blimy,
1=

— 1 (zm i [ _ k; (k)
_hgan/ B3, 1</€>( 1) FR (5,5 )dF (s,55)

S [ i S ()

The representation (37) yields

0 t
> [ a0am
i=170

m oo pt 7 . k—2 N
~ lim [Z(l)i JA R S e B L e e
; k=2 5=

20



Combining this representation with (51), we obtain the hedging portfolio. m
We now present two concrete hedging examples for a call option and an asian
option.

Remark 13 Consider a call option struck at K, in an additive market with
bond price process is By. Its price function is given by

Gt 5) = HrBa (51— K., 7]

(5-%)
St X + "

By
= — t =S,
BTSt'lp(vx)‘/ St

t
= =L S,E
By @

x

must satisfy the PIDE (16)-(17) and therefore

0 B 2, 0

Ew (t,x) — TCE% (t,z) + §$ 2 (t,z) + ro(t, z)

w7 (v (6 0s) - wien) g ) ) ) =

O(T,2) = (2 - K.).,

Assume that G(t,z) = e "T=Yaxi (t,z) is analytic in = for all x > 0 and
t € [0,T). By Theorem 7, the portfolio in the power-jump assets YV, i > 2 can
be represented by

Z/ﬁ(”dY“)—/ /52 K)dC,y( dK/BhSS Voo Ty,

We can approzimate the call option payoff g(u) = (u — Ki), by a regularizing
sequence of analytic functions g, (u) in such a way that g, (u) converges to the
Heaviside function H (v — K.) and g}l (u) converges to the Dirac delta function
6 (u— K,), in the sense of distributions, when n — oo. Therefore, by Remark
10, it is clear that

0ot
> [ aavi -
i=2 70

:Bt/ ¢! (K)dCy(K)dK — Bt/ § (K — K,)dCy(K)dK
0 0

n—oo

where Y(t,z) := Eqg {(%—T - K—) } The price function G(t,x) = %xw (t,x)
¢ +

Moreover, g(0) = ¢’(0) = 0 and the hedging portfolio is simply given by the call
option with maturity T and strike K., as expected.

Example 14 Consider an Asian option struck at K, that is an option with

payoff
1 T
= (—/ Sudu—K>
T 0
+
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in an additive market. Then, the price process is
By
G(ta Sta ‘/;ﬁ) = _EQ [X‘ft} )

where Vi := = fo Sudu and X = (Vr — K) . In fact, we have

Eq [X|F] = Bg l (% /O " Sudu - K)
.

where Uy :=V, — K and ¢ (t,z) :== Eqg [(% ftT %du + x) } is a deterministic
¢ +
function. Hence,

Gt S0 Vi) = —Stas (t ﬂ)
3,

In order to obtain this price function we can solve the PIDE (16)-(17), i. e.,

1 1
DoG(t,.’El,Jig) + T.’IilDQG(t7.’L‘17$2) + Tt.’lilDlG(t7.’L‘1, 1‘2) + 2Ct.”L'1D2G(t7.’L‘1, 1‘2)

+ DG(t, x1,x2) = r:G(t, 21, 22),
G(T,£C1,$2) = ($2 — K)Jr .

In terms of the function ¢ (t,z), the PIDE can be written as

c2x? 02

0 1 0
570 (00) + (=) gm0 (t.a) + G S0 (60 + o 1.0

(a0 (o (b ) - ottn) + vegrs ) alan) o,
6(T,z) = 2.

Let G(t,x1,22) = % 10 (t, ":Qw_lK be the price function of the asian
option. Then, by Theorem3, the hedging portfolio in terms of the power-jump
assets is given by

ot (s ) o) )
1 _ B U\ _ (U= 9 Ui
Bi " Br [¢ <t St—) (St—) d)( St_ﬂ
(i) _ Bt Si- ‘9(1 (ml(ﬁ( ’ ‘”1))
t

11:St7 .
:B—T il 122,3,....
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On the other hand, using Theorem 7, the portfolio in the power-jump assets
Y i > 2, is equivalent to the following portfolio in terms of discounted call
options and discounted stocks:

t B, 2o (6 5=)
Z/de //SQ K)dCy( dK/ o St)dSS,

where R(t, K) is given by (33) and

e (E)e ol i) ()

B 8 Ui

6 Optimal portfolios

Let us now consider the problem of portfolio optimization in a Lévy market
driven by the Lévy process Z = {Z;,t € [0, T]} with Lévy triplet (v,c?,v). In
order to simplify the notation, we shall consider that the riskless asset has the
simple dynamics

Bt — ert,
where r is a constant.

Let Q be an equivalent martingale measure which is structure preserving.
We would like to have a characterization of structure preserving, P-equivalent
martingale measures Q, under which Z remains a natural additive process and
the discounted price process S = {S, = ]‘g—i, 0 <t <T}is an {F;}-martingale.

We have the following result (see Theorems 33.1 and 3.32 in [21])

Theorem 15 Let Z7 = {Z;,0 < t < T} be a Lévy process with Lévy triplet
(7, c?, V) under some probability measure Q. Then, the following conditions are
equivalent:

(a) There is a probability measure Q equivalent to P, such that Z is a Q-Lévy
process with triplet (”7','62, ﬁ),

(b) We have for all t € [0,T):

(i) o(dz) = H(z)v(dz) for some Borel function H : R — R™
(i) ¥y =~ + fj;j x1gjp<1y(H(z) — Dv(dz) + Ge* for some real number G.
(iii) T = c.

2
(iv) [+ (1 - H(m)) v(dz) < 0o
If the previous equivalent assumptions hold, then the density process £ :=
d . .
{gt d%} . 18 gen by

+oo
& = exp (cGWt - %C2G2t +/ log H(x) (Q((0,¢t],dx) — tv(dz))

— 00

+00
- t/ (H(z) —1—log H(:E))V(dx)) (52)

—0o0

with Bpl¢,) = 1.
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The previous theorem implies that the process W= {Wt, 0 <t < T} defined
by .
Wt = Wt — cGt (53)
is a Brownian motion under Q and the process X is a Lévy process with Doob-
Meyer decomposition (with respect to Q)

~ +oo
X;=Li+t (a +/ x(H(z) — 1)1/(d:1:)) , (54)
where L = {Et}te[o’T] is a Q-martingale.

The discounted price process S can be written as

- - - 2
St—SoeXP<CWt+Lt+t<ar+c2G%))

X exp <t /+OO x(H(z) — l)z/(dx)> I @+ AL exp(-AL,).

—o0 0<s<t

The process

~ ~ 2 ~ ~
exp <0Wt + Ly — %) H (14 AL;)exp(—ALjy)

0<s<t

is a martingale (see Proposition 2.1 in [8]). Then, a necessary and sufficient
condition for S to be a Q-martingale is the existence of G and H(z), for which
the process £ is a positive martingale and such that

AG+a—r+ /+O° x(H(z) — 1)v(dx) = 0. (55)

Hence, by (53), (54) and (55), we have
Zt :CWt+£t+Tt

and therefore Z; — rt is a Q-martingale. Moreover, the dynamics of S under Q
is given by

~ ~ ~ 2 ~ ~
5= svesp (Wit L= ) T[ 0+ ALyew(-AL) 660
0<s<t
or

dgt = Ctgt—th + §t7dl~zt

“+o0 “+o0

— 5, AW, + 5, / sM(dt, dz) — S, / 2(H(z) — 1)v(dz)dt.

—c0 —00

We now describe the portfolio optimization problem. Given an initial wealth
wo and an utility function U we want to find the optimal terminal wealth Wy,
that is, the value of Wr that maximizes Ep(U(Wr)). Let Q be an equivalent

martingale measure which is structure preserving and let us assume that the
random variable Wr € L (€2, Fr, Q) can be strongly replicated in our enlarged
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market Mg (see section 4 in [8]). Then the initial wealth is given by wy =

Eq (%) Therefore, we will consider the optimization problem
14%
arg max {EP(U(WT)) :Eg <—T> = wo} .
WreL'(Q) Br
The Lagrangian for this optimization problem is given by

Ee(U(Wr)) — \Bg (g’—; - w0> — Ep <U(WT) W <fl%”g—§ - w0>> .

Then, the optimal terminal wealth is

we =) ().

Br dPr

where Ar is the solution of the equation

1 —1 { Ar dQr
E - 4 - = . 57
© [BT @) <BT apy )| T (57)
In [8] (pages 296-297) it is shown that

Wr = (U")"" (m(T) $Ge'T),

where

At -G 1 2 9 C2
m(t):ESo exp —§Gct—G a—l—b—; t

+oo
+t/_ (log H(z) — Glog (1+z))H(x) — H(z) + 1 + Gx) u(dm))
and

+oo 5
v, = / o(x)VI((0,1], dz),

with
g(x) :=log H(x) — Glog (1 + x).

The real number G and the positive Borel function H must satisfy the equation
(55).
In order to replicate the optimal wealth Wpr, we need to know its price

process
By By -1 Ar dQr
Eq {BTWﬂ t] Q {BT () <BT dPr |7

and this depends on the utility function considered. Suppose that the utility
function satisfies

(U") N ay) = ar(x)(U") " (y) + az(x), for any o,y € R,

for certain C'*° functions aq(z),az(x). Then (see [8], page 298)

B
Fo [B—;wat} — LTI+ (1, T),
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for certain deterministic functions ¢(¢,7) and x(¢, 7). On the other hand
(U") N zy) = ar(2)(U") " (y) + az(2), for any =,y € R,

for certain C'*° functions a;(x),az(z) if and only if g,,,—((:;)) = az + b, for any
x € dom(U) and for some constants a,b € R (see Lemma 4.1. in [8]). These
kind of utility functions include the logarithm and the HARA utilities as partic-

ular cases. So, if g,ll((?) = ax+b then Eg [%WT\}}} =¢(t, T)Wi+x(t,T) and
we are able to characterize the equivalent martingale measures QQ such that the
wealth dynamics associated to the ”jump” part of the original Lévy process van-
ishes in such a way that the optimization problem is solved using only portfolios

of bonds and stocks (see [8] for a rigorous presentation of this topic).

Example 16 Consider the logarithm utility function Uj(x) := logx. Then, by
solving (57), we have

dP -1
Wr = wOBT@ = (m(T)S?eVT) .
Moreover, the price function of W at time t is given by
B dP dP
F(t, St, ‘/t) = EQ |:B—;WT|ft:| = woBtE@ |:d(QTjﬂft:| = ’UJ()BthQi

= (771(15)&(;6‘/2)71 =W

It follows from Theorem 3 that the fraction of optimal wealth invested in stocks,
at time t, is constant and is given by

Bt St

-G
W

and the number of power-jump assets in the optimal portfolio, at time t, is

@ Wi o' 1
il 9yt \H (y)

If we require the optimal portfolio to involve only bonds and stocks, we should
consider an equivalent martingale measure Q such that

, =23, ...
y=0

1
H(y) = TGy
and where G satisfies the equation
c2G—|—a+b—r+G/+oo i v(dz) = 0.
o 1 =Gz

On the other and, if we consider an equivalent martingale measure Q such that

B9 (W>‘y:o # 0 for infinitely many values of i then, in order to obtain
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the optimal portfolio, we can apply our hedging formulas given in Theorem 7.
Hence, the optimal portfolio is given by

G 1
(673 :Bt_l |:Wt_+—Wt_+Wt_ (mlG)]

S;_ —
1 [P R(tK
—- B! / %Ct_(K)dK
0 t—
G Wi 1
= = 1
o St W St (H(—l) G)
(x) _ R(t, K)
t SZ_ )

where BE gives the number of call options with strike K at instant t and

R(t, K) =

ol 1
= Wi = ()|, ( K >H

2T k-2l (2, T) S,

Example 17 If we now consider the HARA utilities U(x) = “i’l__: with p €
R4\ {0,1} and apply Theorem 3, we obtain the optimal dynamic portfolio

ow
B = 5,
) _We O -1 -
=T (H(y) ) y:0,1—2,3,...

and we will have an optimal portfolio based in bonds and stocks (with no power-
Jump assets) if and only if

where G satisfies

> 1
02G+a+bf7’+/ x| ————5—1|v(dx)=0.

S
P

If Q is an equivalent martingale measure Q such that 68—;,., (H (y)_%) #0
! y=0

for infinitely many values of © then, by the hedging formulas in Theorem 7, we
obtain the optimal portfolio

G 1 1 G\
_ np-1 P _ P 1 —
ap = Bt |:Wt_ + pSt, Wt— + Wt_ ((H( 1)) 1 P >_
. [ Rt K
— B; 1/ (52 )Ct_(K)dK
0 t—
- G % W;o_ _1 G
b= - - 5E (<H<1>> - p)
t St27 9
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where -
o Wi g (H() ™7

— K\ P2
R“’K):; (k— 2)lp(t,7) <S_) ‘

Similar results on the optimization problem can be obtained if we consider an
additive market model, where the stock price satisfies the stochastic differential
equation (1). This problem is studied in detail in [7].

References

[1] Balland, P. (2002) Deterministic implied volatility models. Quantitative Fi-
nance 2, 31-44.

[2] Bjork, T., Masi, D. G., Kabanov, Y., Runggaldier, W. (1997) Towards a
general theory of bond markets. Finance and Stochastics 1, 141-174.

[3] Carr, P., Geman, H., Madan, D.H. and Yor, M. (2002) Pricing Options on
Realized Variance. Prépublications du Laboratoire de Probabilités et Mod-
eéles Aléatoires 768, Universités de Paris 6 & Paris 7, Paris.

[4] Carr, P., and Madan, D. (1998), Towards a Theory of Volatility Trading. In:
Volatility, Risk Publications, R. Jarrow, ed., 417—427. Reprinted in: Option
Pricing, Interest Rates, and Risk Management, Musiella, Jouini, Cvitanic,
ed., Cambridge University Press, 2001 , 458—476.

[5] Carr, P., Geman, H., Madam, D., Yor, M. (2007) Self-Descomposability and
Option Pricing. Mathematical Finance, 17(1), 31-57.

[6] Chan, T. (1999) Pricing contingent claims on stocks driven by Lévy
processes. Annals of Applied Probability 9, 504-528.

[7] Corcuera, J.M., Guerra, J. Nualart, D., Schoutens, W. (2006) Optimal in-
vestment in a Lévy Market. Applied Mathematics and Optimization 53, 270-
309.

[8] Corcuera, J.M., and Guerra, J. (2007) Optimal investment in an additive
market. Preprint.

[9] Corcuera, J.M., Nualart, D., Schoutens, W. (2005) Completion of a Lévy
Market by Power-Jump-Assets. Finance and Stochastics 9(1), 109-127.

[10] Eberlein, E., and Jacod, J. (1997) On the range of option prices. Finance
and Stochastics, 1, 131-140.

[11] Eberlein, E., Jacod, J. Raible, S. (2005) Lévy term structure models: No-
arbitrage and completeness, Finance and Stochastics, 9, 67-88.

[12] Follmer, H. and Leukert, P. (1999) Quantile hedging. Finance and Stochas-
tics 3, 251-273.

[13] Follmer, H. and Schweizer, (1991) Hedging of contingent claims under in-
complete information. In: Applied Stochastic Analysis, M.H.A. Davis and
R.J. Elliot, eds. Gordon and Breach, London New York, pp. 389-414.

28



[14] Goll, T. and Kallsen, J. (2000) Optimal Portfolios for logarithmic utility.
Stochastic Processes and Their Applications 89, 31-48.

[15] Jacod, J. and Protter, P. (2006) Risk Neutral Compatibility with Option
Prices. Preprint.

[16] Jacod, J. and Shiryaev, A. N. (1987) Limit Theorems for Stochastic
Processes. Springer-Verlag, Berlin.

[17] Jarrow, R. and Madan, D. (1999) Hedging contingent claims on semimartin-
gales. Finance and Stochastics 3, 111-134.

[18] Nualart, D. and Schoutens W. (2000) Chaotic and predictable representa-
tions for Lévy processes. Stochastic Processes and their Applications 90 (1),
109-122.

[19] Nualart, D. and Schoutens W. (2001) Backward stochastic differential equa-
tions and Feynman-Kac formula for Lévy processes, with applications is
finance. Bernoulli 7 (5), 761-776.

[20] Protter, Ph. (1990) Stochastic Integration and Differential Equations.
Springer-Verlag, New York.

[21] Sato, K. (2000) Lévy Processes and Infinitely Divisible Distributions. Cam-
bridge Studies in Advanced Mathematics 68. Cambridge University Press,
Cambridge.

[22] Sato, K. (2004) Stochastic integrals in additive processes and application
to semi-Lévy processes. Osaka Journal of Mathematics 41, 211-236.

29



