DYNAMICS OF PIECEWISE INCREASING CONTRACTIONS
JOSE PEDRO GAIVAO AND ARNALDO NOGUEIRA

ABSTRACT. Let 0 < A < 1 and I1 = [ag,a1),...,Ix = [ax—1,ar) be a partition of
the interval I = [0,1) into k > 1 subintervals. Let f : I — I be a map where each
restriction f|;, is an increasing A-Lipschitz function for ¢ = 1,..., k. We prove that any
piecewise increasing contraction f admits at most k periodic orbits, where the upper
bound is sharp. Our second result concerns piecewise A-affine maps. Let by,...,bg
be real numbers. Let F)\ : I — R be a family of piecewise A-affine functions, where
each restriction Fy|r,(x) = Ax + b;. Under a generic assumption on the parameters
a1,...,0ak—1,b1,...,br which define F), we prove that, up to a zero Hausdorff dimension
set of slopes 0 < A < 1, the w-limit set of the piecewise A-affine map fy : x € I — F)\(x)
(mod 1) at every point equals a periodic orbit and there exist at most k periodic orbits.

1. INTRODUCTION

Let I =10,1) and f: I — I be an interval map which is continuous up to finitely many
points and right continuous at every discontinuity point. We call f a piecewise increasing
contraction, if there exists 0 < A < 1 such that on every domain D of continuity of f,
the restriction map f|p is increasing and A-Lipschitz'. Throughout the paper increasing
means strictly increasing.

Let x € I and denote by w(f, x) the w-limit set of f at the point x and

w(f) = Jw(f =).
zel
We say that f is asymptotically periodic if, for every x € I, w(f, x) equals a periodic orbit
and w(f) consists of finitely many periodic orbits.

The study of the dynamics of interval piecewise contractions has attracted the attention
of many authors, in particular see [1, 2, 4, 7,9, 11, 12, 13, 14, 15]. The motivation of our
first theorem comes mainly from [15] which shows that generically piecewise contractions
are asymptotically periodic. We recall that in [14], the authors prove that any injective
interval piecewise contraction which has n discontinuities admits at most n + 1 periodic
orbits and this upper bound is sharp. In this paper our first goal is to present classes
of piecewise increasing contractions, not necessarily injective, which are asymptotically
periodic and to prove an upper bound for their number of periodic orbits.

Theorem 1. Let f be a piecewise increasing contraction with n discontinuity points. Then
f has at most n+1—{ periodic orbits where ¢ is the number of discontinuity points whose
image under f equals zero.

We call attention that our approach to prove Theorem 1 is elementary and f is not
assumed to be asymptotically periodic. We also recall that the result obtained in [15] for
an upper bound of the number of periodic orbits concerns generic piecewise contractions,
thus it can not be applied to prove Theorem 1.

Next we state a couple of corollaries of Theorem 1. First, Corollary 2 that general-
izes previous results and also [11, Theorem 10] to any number of discontinuities, and

Date: July 17, 2020.
Y f(z) = f(y)| < Mz — y| holds for any x,y € D.
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Corollary 3 which improves the upper bound obtained in [15, Theorem 1.1] in the case of
positive slope. Theorem 1 and its corollaries are proved in Section 2.

Identifying the circle R \ Z with the interval I through the canonical bijection I <
R — R\ Z, we may see any piecewise orientation-preserving contraction circle map as a
piecewise increasing contraction.

Corollary 2. Let f be a circle map which is a piecewise orientation-preserving contrac-
tion. Assume that f has k points of discontinuity on the circle R\ Z and f is right
continuous at those points. Then [ has at most k periodic orbits and this upper bound is
sharp.

In this article we are also interested in the dynamics of piecewise A-affine maps. Given

k > 1, a function F' : I — R is called a k-interval piecewise A-affine function, if there

exist sequences of real numbers ag = 0 < a1 < ... < ap_1 < a = 1 and by, ..., b, such
that

Flz)=Xx+beR VI<i<kandVz€ [a;1,a;). (1)

We call f:xz € [ +— F(z) (mod 1) a piecewise A-affine map. For this special case, we
prove the following result.

Corollary 3. Let 0 < A< 1 and let F: I — R be a k-interval piecewise A-affine function
(1). Then, the map f = F (mod 1) has at most k periodic orbits.

In [15] the authors considered a family of piecewise A-affine maps, where 0 < || < 1 is
fixed. Precisely, let 0 < |A\| < 1 and F be a k-interval piecewise A-affine function given by
(1). Let ¢ be a real parameter and we define a parametrized family of piecewise A-affine
maps denoted by f5: I — I using the following set up:

fsrxel— F(zx)+0 (modl).

It is proved in [15] that, for Lebesgue almost every 4, the map fs is asymptotically periodic
and has at most k + 1 periodic orbits. However, the upper bound k£ + 1 can be achieved
only when the slope A takes a negative value.

In this paper another set up will be analyzed. Let 0 < A < 1 and F' be a k-interval piece-
wise A-affine function given by (1). We fix the real k-tuples (aq,...,ax) and (bq,...,0bx)
which appear in (1), then we will vary the value of the slope A of F' on the interval (0, 1).
Our goal is to measure the set of slopes 0 < A < 1 such that the associated piecewise
A-affine map f is not asymptotically periodic.

Let @ = (ay,...,a;x) and b = (by,...,b) be fixed k-tuples of real parameters as de-
scribed above. We say that the k-tuples @ and b are Z-independent, if

a;—b; ¢ Z, Y(i,5) €{l,....k}% (2)

Remark that the condition (2) is a generic property.

The case A = 0 is not interesting and the case —1 < A < 0 can be treated similarly by
adapting the arguments of this paper.

Our main theorem is the following:

Theorem 4. Let a and b be Z-independent k-tuples as in (2), where k > 1. Let F\ be the
famaly of k-interval piecewise A-affine functions defined by a and b, where 0 < X\ < 1, and
let fx:x € I+ F\(x) (mod 1) be the corresponding family of piecewise \-affine maps.
Then the set

{A € (0,1): f\ is not asymptotically periodic}

has Hausdorff dimension zero.
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FIGURE 1. Plot of Ry, for two distinct values of \.

This theorem will be proved in Section 5.
A concrete example to which our result applies is to the so-called contracted rotations
(see Figure 1). According to [11], a contracted rotation is a 2-interval piecewise \-affine

interval contraction defined in the following way: Let A and b be two real numbers such

1-0
that 0 < 1 — A <b< 1 Setc= - A contracted rotation is the map Ry, : [ — [

given by the splitted formula

Ar + b, if 0<uz<ec,
Ryp(z) = { (3)

Notice that Ry,(z) = Az + b (mod 1) for every x € I. Set @ = (1) and b = (b) which
satisfy (2), thus the contracted rotation is a piecewise A-affine map which is defined by
Z-independent a and b.

As we know (see [3],[11]), any contracted rotation Ry;: I — I admits a rotation number
0 < p(Rap) < 1. In Figure 2, it is described the regions in the triangle A formed by the
parameters (A, b), i.e.,

A+b—1, if ce<z<l.

A={\b):0<1-A<b< 1},
where the rotation number p(R);) takes a precise rational value.
Concerning the exceptional set

E={(\b) € A: p(Ryp) is irrational },

the following is already known: It was proved in [11] that, once 0 < A < 1 is fixed, the
Hausdorff dimension of the set

{be(0,1): (\,b) €&}

equals zero and, in [9], the authors showed that the Hausdorff dimension of the exceptional
set £ equals one. The proofs of these two results use the following proposition which
describes the relation between the parameters A and b when the rotation number takes a
rational value (see [6],[3],[11]):

Proposition 5. Let 0 < A < 1, then the rotation number of the map Ry, takes the

rational value ]—9, where 1 < p < q are relatively prime, if, and only if, b belongs to the
4q
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FIGURE 2. Rational tongues: regions where p(R) ;) takes a rational value
in the interval (0, 1).
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An equivalent claim about the parameters A\ and b when the rotation number takes
a rational value with 0 < b < 1 fixed and A\ varies is not available. Nevertheless, as a
corollary of our main theorem we obtain the following result:

Corollary 6. Let 0 < b < 1, then the set
{Ae (0,1): (\,b) €&}
has Hausdorff dimension zero.

The paper is organized as follows. In Section 2, we present some notions and preliminary
results which will be needed throughout the paper. In particular, we show in Proposition 9
that any piecewise increasing contraction has null entropy. As a corollary, we obtain
that the w-limit set of any piecewise increasing contraction has zero Hausdorff dimension.
Section 2 concludes with the proofs of Theorem 1 and Corollaries 2 and 3. In Section 3, we
recall the notion of invariant quasi-partition and, in Theorem 18, we establish a sufficient
condition for a piecewise increasing contraction to be asymptotically periodic. Section 4
is devoted to piecewise A-affine maps, with 0 < A < 1, there we apply results proved in
previous sections to piecewise A-affine maps. Finally the proof of Theorem 4 is left to
Section 5.

2. PRELIMINARY RESULTS

Throughout this section f is assumed to be a piecewise increasing contraction as defined
in Section 1.
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Definition 7. A point x € [ is called a singular point of f if either z = 0 or z is a
discontinuity point of f. Given n > 1, a point x € [ is called a singular point of f™ if
there exists 0 < j < n such that f7(z) is a singular point of f. We denote by S the set of
singular points of f and by S™ the set of singular points of ™.

Notice that S = S and

n—1
S™ =] f7(5), VneN.
=0

Lemma 8. Let n € N. Then the set S™ is finite, f™ is right continuous and the restric-
tion of f™ to each connected component of I\ S™ is increasing and \"-Lipschitz.

Proof. Notice that S is finite. Because f has finitely many increasing branches, the pre-
image of any finite set is also finite, whence f~7(S) is finite for every j > 0. Thus, S
is finite. Right continuity of f" is obvious. Now, let J be a connected component of
I\ S™. The sets J, f(J),..., f**(J) do not contain singular points of f, otherwise .J
would not be a connected component of I\ S™. Hence, for every 0 < j < n, f7(.J) is an
interval and f|;;) is increasing and A-Lipschitz. This shows that f"|; is increasing and
A"-Lipschitz. O

Since S is finite, we can write S = {sg, $1,...,Sn_1} Where sp =0 < 7 < -+ < sy_1 <

1. Let sy = 1 and consider the partition of I,

Il = [80, 81), IQ = [81, 82), ey IN = [SN—la SN).
On each interval I;, where 1 < j < N, the restriction map f|;; is increasing and M-
Lipschitz. Moreover, f is right continuous at singular points.

Let x € I, we denote the corresponding itinerary of x under f on the partition {I; }é\le
of the interval I by (i,,)22, € {1,..., N} where N = {1,2,...}, it means that f"(z) € [,
for every n > 0. A tuple (ig,i1,...,9,-1) € {1,..., N}" is called an itinerary of order n
of f if it equals the first n entries of an itinerary of some point x € I. We denote by Z,
the set of all itineraries of order n of f.

Following [10], the singular entropy of f is defined as

1
hing(f) = limsup — log #Z,,

n—oo 1

where #7,, denotes the cardinality of the set Z,,. By the general result [10, Theorem 2|, we
know that the singular entropy of any R¢ non-expanding conformal piecewise affine map
equals 0. In our present situation, we can write a rather simple proof that hgpng(f) = 0
using the fact that f is an interval map.

Proposition 9. The singular entropy of f equals zero, i.e. hging(f) = 0.

Proof. Given p > 1, let m = [log2/logp] and 7 = 7(m) > 0 be the smallest distance
between any two singular points of f™. The points in any interval whose length is less
than 7 define at most two distinct itineraries of order m of f. Let ny = [log7/log \A].
Clearly, the length of f(W) is less than 7, for every connected component W of I\ S&")
whenever n > ny.

Set ay, := #I,. Therefore, a,im < 2a,, for every n > ng. S0 Qpgrim < 2ian0, for
every ¢ > (. Thus,

o, < Q%Ozno, for every n > nyg.

Taking into account the choice of m, we get «,, < Cp", for every n > ngy, where C' :=
27m0/M ey, . Hence, < log i, < 11og C'+log p, which implies that lim,, < log o, < log p. As
p > 1 can be chosen arbitrarily close to 1, this shows that hgne(f) = 0. O
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As f has singular entropy zero, we obtain the following corollary from [5, Proposition
6.6].

Corollary 10. The set w(f) has Hausdorff dimension zero. In particular, w(f) is a
totally disconnected set.

Remark 11. Note that the above claim is trivial whenever f is asymptotically periodic,
as in this case w(f) is a finite set.

Remark 12. In the case f is a contracted rotation with an irrational rotation number (3),

it is proved in [9] that the closure of the limit set C' = w(f) is a Cantor set. Moreover,

in the particular case, where the slope of f equals A = —, n=2,3,..., it is showed in [4]
that every point x € C, but z = 0 or z = 1, is a transcendental number.

Let Per(f) denote the set of periodic points of f and O(f,z) denote the forward orbit
of z under f, i.e., O(f,z) = {f"(z) : n > 0}. We introduce the following equivalence
relation ~ on the set of singular points of f:

if x,y € S we write x ~ y if and only if w(f,z)=w(f,y). (4)
Define the quotient set A(f) := S/ ~.

The following theorem gives an upper bound for the number of periodic orbits of f.

Theorem 13. Assume Per(f) is a nonempty set, then there is a map

b Per(f) = A(f)

with the following property: (x) = ¥(y) if, and only if, O(f,x) = O(f,y), i.e. x andy
belong to the same periodic orbit.

Proof. Let & € Per(f) with period p € N. Since S is finite (see Lemma 8), we can write
S®) = {cq cr, ... Cmo1}y Where cg =0 < ¢; < - < o1 < 1. Let ¢, = 1 and consider
the partition of I,

Wo = leo, 1), Wi = [c1,¢2), s W1 = [e1, )

There is a unique {(z) € {0,...,m — 1} such that € Wy(,). Since fP(z) = z and f?|w,,
is increasing and AP-Lipschitz (see Lemma 8), we conclude that fP(Wjyg)) C Wy) and
w(f,z) = O(f,x) for every z € Wy(,). In particular, w(f, cyz)) = O(f, ). Because cyy) is
a singular point of fP, we may define

n(z) ;= min{q > 0: f¥(cym)) € S}.
Notice that, n(z) < p. Let x(z) € {0,..., N — 1} such that s, = [ (cyy). Finally,
define
Yz € Per(f) — [Sﬁ(m)] S A(f)

Now it is easy to see that ¥(x) = ¥(y) for two periodic points x,y € Per(f), if and only if
O(f,z) = O(f,y). Indeed, suppose that s,(,) ~ s,(y) for two periodic points ,y € Per(f).
Then, w(f, " (cae)) = w(f, /" (eaq)). Whenee,

O<f7 .T}) = w<f7 Cﬁ(af)) = w<f7 fn(x)<cﬁ(ar))) = w<f7 fn(y)<cﬁ(y)>> = w(fv CK(ZJ)) = O<f7 y)
0]

Remark 14. Theorem 13 implies that any piecewise increasing contraction f has at most
#A(f) periodic orbits, where #A(f) denotes the cardinality of the set A(f) which is at
most the number of domains of continuity of f.
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2.1. Proof of Theorem 1. The discontinuity points of f whose image equals zero belong
to the equivalence class of zero (in the sense defined in (4)). This implies that #A(f) <
n+1— /¢ where { = #{x € S\ {0}: © ~ 0}. Therefore, by Theorem 13, f has at most
n + 1 — ¢ periodic orbits.

2.2. Proof of Corollary 2. Identifying the circle R \ Z with the interval I through the
canonical bijection I — R — R\ Z, we may conjugate f to an interval map f I — 1
which is a piecewise increasing contraction. By further rotating the circle, we assume that
0 is a discontinuity of f. Whence, f has £ — 1 discontinuity points plus some possible
extra discontinuity points whose image under f equals zero. By Theorem 1, these new
discontiuity points only decrease the number of periodic orbits. Therefore, f has at most
k periodic orbits, and the same is true for f.

2.3. Proof of Corollary 3. The piecewise A-affine map f : [ — [ is a piecewise in-
creasing contraction. Since F' is a k-interval piecewise A-affine function, f has k — 1
discontinuity points plus some extra discontinuity points due to the mod 1. These extra
discontinuity points have zero image under f (since F' at those points takes an integer
value). Therefore, by Theorem 1, f has at most k periodic orbits.

3. INVARIANT QUASI-PARTITION
Now we recall the notion of invariant quasi-partition [15, Definition 2.7].

Definition 15. Let f : [ — I be an interval map and m a positive integer. Let P =
{J1,...,Jm} be a collection of m pairwise disjoint open subintervals of the interval I.
We say that P is an wnvariant quasi-partition of I under f, if it satisfies the following
properties:

(P1) I\ U J; contains at most finitely many points;

i=1
(P2) For every £ =1,...,m, there is 1 < 7(¢) < m such that f(.J;) C J-(.

Throughout the rest of this section we assume that f: I — I is a piecewise increasing
contraction as defined in Section 1. Below we state a result [15, Lemma 2.8] which assures
the existence of an invariant quasi-partition for f. For the convenience of the reader we
include here a proof. Recall that S is the set of singular points of f.

Lemma 16. If the set
Q:=Jrms (5)
n>0
is finite, then f admits an invariant quasi-partition.

Proof. Let P = {J,}}~, denote the finite collection of all connected components of I\ Q.
Since @ is finite, I \ |J;~, J; contains at most finitely many points, thus P verifies (P1).
In order to prove (P2), suppose by contradiction that f(J;) N Q # () for some 1 < ¢ < k.
Then J, N f~1(Q) # 0. Using the fact that f~1(Q) C Q, we conclude that J, N Q # 0,
which contradicts the definition of J,. O
In the following we use the notation f(z*) = lim, f(y).
y—x
Definition 17. A point = € S U {1} is called a left periodic singular point of f if there
exists n € N such that f"(z7) = x.

The following theorem is adapted from the results of [15].
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Theorem 18. Let f be a piecewise increasing contraction with no left periodic singular
point. If Q) is finite, then f is asymptotically periodic.

Proof. Let P = {J,;};~, denote the invariant quasi-partition of f constructed in Lemma 16,
i.e., P is the finite collection of the connected components of I \ Q). Notice that, since
S C Q (see (5)), for every £ € {1,...,m} thereis n({) € {1,..., N} such that J, C I,q).
First we show that w(f,z) is a periodic orbit for every = € I. We consider two cases:
(i) If x € I\ Q, then there is a sequence (£,)%°, € {1,...,m}" such that f"(z) € J,
and (11 = 7(0,), for every n > 0. Clearly, the sequence (¢,)3, is eventually
periodic, i.e., there exist £ > 0 and p > 1 such that ¢4, = ¢;. Therefore,
fP(Je) C Joy, = Ju. Let Jy = (c,d) where ¢,d € QU {1}. Since f?|q is
AP-Lipschitz (Lemma 8), and extends to [c, d] by uniform continuity, there exists
z € [e,d] such that w(fP,z) = {z}. We want to show that fP(z) = z, whence z
is a periodic point of f and w(f,x) = O(f,z). We claim that z € [c, d), which
implies that fP(z) = 2z because f? is right continuous (Lemma 8). Now we prove
the claim. Suppose, by contradiction, that z = d. Then fP(d~) =d. If d = 1,
then 1 is a left periodic singular point of f, thus contradicting the fact that f has
no left periodic singular point. So we may suppose that d < 1. Because d € @),
we define
r=min{n > 0: f"(d) € S}.
Notice that 7 < p. Indeed, if » > p, then d ¢ S®  which means that f? is
continuous at d, i.e., fP(d) = fP(d~) = d. Hence O(f,d) NS = (), contradicting
the fact that d € ). Now take any increasing sequence z, /" d. We know that
fP(z,) — d. Since f" is continuous at d, we obtain

Fr(d) = (7)) = £ (Jim f()
= Jim f7(f?(z,))

n—oo

= lim fP(f"(xn))

n—oo
= f2(f7(d)7).

Because f"(d) is a singular point of f, we conclude that f"(d) is a left periodic
singular point of f, which cannot exist by hypothesis. Hence, w(f, z) is a periodic
orbit.

(ii) If z € @, then either f"(x) € @ for every n > 0, which implies that the orbit of x
is finite, whence eventually periodic, or else there is k > 1 such that f*(z) € I'\ Q.
In the later case we reduce to the case (i). Therefore, w(f,z) is a periodic orbit.

Finally, as P is finite, the map f has at most finitely many periodic orbits. This shows
that f is asymptotically periodic.
O

Remark 19. The left periodic singular point hypothesis in the previous theorem cannot
be removed as the following example shows. Let f : [ — I be the piecewise increasing
contraction,

1 1
1 0<z< 5

11 :

1 3 <z<l

The map f admits an invariant quasi-partition since ¢ = {0, %} Moreover, as f (%_) = %
the discontinuity is a left periodic singular point of f. Therefore, Theorem 18 cannot be
applied to this case. In fact, f is not asymptotically periodic as the w-limit set of any
point equals {%} and the orbit of the discontinuity is not periodic.
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4. PIECEWISE A-AFFINE CONTRACTIONS

Given k£ € N, let F) : I — R be the k-interval piecewise \-affine function defined by the
tuples @ = (ay,...,a;) and b = (by,...,b;) (see (1)). Let f\ : I — I be the piecewise
A-affine map defined by f\, = F\ (mod 1).

Throughout this section fy: I — I is a piecewise A-affine map as defined above. We
will fix the tuples @ and b and let A vary in (0, 1). Notice that f) is a piecewise increasing
contraction as defined in Section 2.

Recall that the tuples a and b are called Z-independent if and only if

a;—b; ¢ Z, VY(i,j)€{l,..., k}%

Following the terminology in Section 2, we denote the set of singular points of f by S},
and, given n € N, we denote the set of singular points of f{ by Sgn). We also denote by N
the number of connected components of I\ S&l). Notice that Sy = S&l). As in Section 2,
the set of singular points of f defines a collection of intervals [; = [s;_1,5;), 1 < j < N,
which forms a partition of /. On each interval /;, where 1 < j < N,, according to (1) the
map fy takes the expression

&) = @(x), Vo el (6)

with ¢;(z) := Az +§;, where §; = f;+ p;, for some p; € Z and f; € {by,...,b;}. Similarly
to N, the parameters ; defining ; may vary with A. Indeed, the set of such A’s where
both N, and the parameters J; change value are contained in the set

V:={A€(0,1): 31 <j <k such that F\(a; ) € Z or F,\(a;“) €Z}. (7)

Notice that, V is a finite set and both N, and the parameters J; remain constant as A
varies inside each connected component of (0,1) \ V.

A crucial step in the proof of Theorem 4 is to estimate the growth of a larger set of
itineraries which contains all itineraries of nearby maps f,, for this purpose we need to
exclude possible bifurcations of singular points.

Definition 20. A singular connection of f\ of order n > 1is an n-tuple (ig, i1, ...,i,1) €
{1,..., N\}" such that

Pip_1 0 901'0({&0, A1y .0y ak}) N {a0> Qg ... aak} 7é @
We say that fy has a singular connection if it has a singular connection of some order
n > 1.

Notice that, if f) has a left periodic singular point (see Definition 17), then it has a
singular connection.

Lemma 21. Let fy be a family of piecewise A-affine maps defined by Z-independent tuples
a and b. Then the set

{A € (0,1): fx has a singular connection}
s at most countable.

Proof. Let J be a connected component of (0,1)\ V (see (7)). Since V is finite there are
at most a finite number of connected components. As previously discussed, N, and the
parameters 0; defining ¢; in (6) remain constant for every A € J.

Now, given A € J, f) has a singular connection of order of n > 1 if there exist w =
(G0, -+ yin_1) €{1,...,N)}" and =,y € {ao,aq,...,a;} such that

Y=o+ +6, A+ AT (8)
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Since a and b are Z-independent, we have y # 9;, _,. Consequently, the polynomial
Qﬂc,y,w()\) = y - (An‘/E + 5’in,1 + 5in72>\ + te + )\n_lézo)

is not identically zero. Thus, it has at most finitely many roots. Therefore, up to countable
many A’s in J, equation (8) does not hold for every z,y € {ag,a1,...,a;} and w of any
order. This shows that, up to many countable A’s in the interval (0, 1), f\ has no singular
connection.

OJ

Let J be a connected component of (0,1) \ V (see (7)). Notice that V is finite. Given
v € J and 0 < ¢ < 1, we define the open interval

J.(v):=JNw—e,v+e). 9)

Recall that Z, is the set of itineraries of order n of f) (see Section 2). Of course, it depends
on the choice of A and we will write Z,,(\) to stress its dependency. Denote by Z: = Z: (v)
the union of all Z,,(\) over A € J.(v).

Lemma 22. Let v € J and f, be a piecewise v-affine map with no singular connection.
Then

lim lim E log #Z; (v) = 0.

e—=0t n—oo N
Proof. The proof of this lemma is an adaptation of the proof of Proposition 9. We outline
the main steps. As in that proof, given p > 1, let m = [log2/logp| and 7 = 7(m) > 0 be
the smallest distance between any two singular points of f!". Because f, has no singular
connection, there is an € > 0 such that the points in any interval whose length is less than
7/2 define at most two distinct itineraries of order m of f for every A € J.(v). Moreover,
choosing e smaller if necessary, we can guarantee that the set of itineraries of order m of
f for any \ € J.(v) coincides with the set of itineraries of order m of f,. Now we choose
ng € N, depending on m and ¢, large enough such that for every n > ny the length of
f(W) is less than 7/2, for every A € J.(v), and every connected component W of I\S&n).
Set a,, := #I,. The rest of the proof follows the same lines as the proof of Proposition 9.
So we conclude that lim,, % log o, <log p for every € > 0 sufficiently small. As p > 1 can
be chosen arbitrarily close to 1, this proves the lemma. O]

Given n € N and w = (ig,...,i,-1) € {1,..., NA}", we define the polynomial
n—1
HoA) 1= i,y 00003 (0) = D NG,
=0

where the parameters J; remain constant for every A € J.(v) (see (7) and (9)). Notice
that H,(\) + A"z = f{(z) for any = € I, where w is the corresponding itinerary of order
n of fr. Also define

(= U UH} (10)
m>1n>m weL
Lemma 23. Let A € J.(v) as in (9) and n € N. Then the set Q.(\) can be covered
by finitely many intervals of length 6\™ which are centered at the points H,(\), where
wel.

Proof. Given y € Q()), there are nj, /oo and wy, € T, such that y, := H,, (\) — y,
as k — oco. Take k sufficiently large such that ny > n and |y — yx| < A". Denote by [wy]
the last n entries of wy. Then |yr — Hy,j(N)| = [Hy, (X)) — Hyy(A)] < 2A™ which gives
|y — Hiw)(A)| < 3™ by the triangle inequality. O
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Recall the set ) defined in Lemma 16. Because () varies with A, we shall denote it
by Q. The next result gives a sufficient condition for the set (), to be finite whenever
A€ J.(v) (see (9)). Recall the definition of £2.(A) in (10).

Lemma 24. If
Qe()‘) N {a07 A1y .y ak—l} = @,
then the set @ is finite.

Proof. Since Q.(\) N{ag,a1,...,a5_1} =0, there exist ng € N and § > 0 such that
min |H,(\) —a;| >6, VYn>ny,wel. (11)
0<i<k

Let n > ny := max{no, [logd/log A]} and suppose that there is x € I such that f{(z) €
Sy but fi*(z) ¢ Sy for every 0 < m < n, i.e., x is a singular point of f{"! but not of a
lower iterate of f). We have two cases:

(i) If fi(z) € {ap,a1,...,ak-1}, then |H,(A) — f(z)] < A" < J, where w is the
itinerary of order n associated to x. Thus, H,()) is é-close to {ag,a1,...,ar-1}
which contradicts (11).

(ii) If f3(x) € Sy \ {ag,as,...,a5_1}, then f'(z) = 0. Let w be the itinerary of
order n + 1 associated to x, then

Ho(A) = [Ho(A) = [ (@) < A" <0,
thus H,()) is d-close to agp = 0 which contradicts (11).

Both cases contradict (11). Thus, for n > ny no new singular point of f{ is created, i.e., f}
and f"* have the same singular points for every n > ny. Therefore, the set (J,sq fx " (Sx)
is finite. - U

5. PROOF OF THEOREM 4

In this section we prove Theorem 4. We will use the following metric Lojasiewicz-type
inequality [8, Theorem 4.6].

Lemma 25. Let 0 <a<b<1landr >9. There exist 0 <0 <1 and 0 < ¢y < 1 such
that if 0 < € < €y and p(x) is a polynomial of the form

px)=1+cx+cx® + - +cpr”, ¢ €[-rr], neN,
then the following holds:
Leb({z € [a,b]: |p(z)] < €}) < C€,
where Leb means Lebesque measure and

2545 (14 )7 deg(p)®*7 (2 + 1)

2
€

O —

5.1. Proof of Theorem 4. Let f, be a family of piecewise A-affine maps defined by
Z-independent k-tuples a and b. We want to show that the set
{A € (0,1): f\ is not asymptotically periodic}

has zero Hausdorff dimension. Denote by E the set of A € (0,1) such that f, has a
singular connection. By Lemma 21, the exceptional set £ is at most countable. Notice
that, f\ has no left periodic singular point for every A € (0,1) \ E. Thus, according to
Theorem 18, it is enough to show that Z := A\ F has zero Hausdorff dimension, where

A:={X€(0,1): @, is not finite}.
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Let J be a connected component of (0,1)\V (see (7)). Let v € J\ F,0<e <1—v and
Je(v) be the interval defined in (9). Recall that the parameters 0, in (6) remain constant
for every A € J.(v). By Lemma 24,

Z.(v):=ZnJ.(v) Cc{N € J.(v): Q-(N) N{ag,a1,...,ax_1} # D}.

According to Lemma 23, the set Q.(\) can be covered by #Z¢ intervals of length 6\",
thus

k—1
Z.(v)c | U (A€ J.(v): |Hy(\) —aj] <6(v+¢)"}.

For any 0 < j < k and w € 7, the polynomial H,(\) —a; € R[A] is not identically zero
and has degree < n — 1. Indeed, because f, is defined by Z-independent tuples a and b,
we can write

Hw()\) — a]‘ = 52‘”71 + 52‘7172)\ + e + 52‘0)\”_1 — aj
= (01, —a;) (L40, A+ + 8 A7),

where 0; = 0;,/(0;,_, —a;) form =0,...,n—2 and

n—1

, 1 1
O<|5im|§‘5 ‘S - nlp b ‘::r<oo.

Taking ng > 1 sufficiently large, we can apply Lemma 25 with € = 6r(v + €)™ and get the
following estimate which holds for every n > ny,

Leb ({\ € J.(v): |Ho(N) — a;] < 6(v+£)"}) < Cn®Fo (v + )",

where 0 < § < 1, and C > 0 is a constant independent of w and n.
Therefore, the set {\ € J.(v): |Hy,(A\) —a;| < 6(v+¢)"} can be covered by the union

of n intervals U , U™ of length less than n, = C’n2+%(l/ +e)im e,

w7 w,J
n

{Ae J.(v): |[Hy(\) —a;] <6(v+¢e)"} C U UY  and diam(Ufj)j) < M.

wh]
i=1

Notice that lim,, .o, 1, = 0. Thus, for every 0 < ¢ < 1, we have
Hy (Z.(v)) = inf {Z diam(U;)?: Z.(v) C UUi’ diam(U;) < nn}
< Z diam (US?)U

w7j7i
k—1 n

<22 2.m

weTs j=0 i=1

_ CU<#IT€L) kn1+"(2+%)(v + g)aen.

By Lemma 22, we have that lim, .o Hy (Z:(v)) = 0, whence H?(Z.(v)) = 0 for every
0 < o < 1. Thus, Z.(v) has Hausdorff dimension equal to zero. Because Z is a countable
union of the family of sets {Z.,(v;)}; each with zero Hausdorff dimension, we conclude
that Z also has zero Hausdorff dimension.
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