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Abstract

The purpose of this work is to investigate the pricing of financial options under the 2-hypergeome-
tric stochastic volatility model. This is an analytically tractable model which has recently been
introduced as an attempt to tackle one of the most serious shortcomings of the famous Black and
Scholes option pricing model: the fact that it does not reproduce the volatility smile and skew effects
which are commonly seen in observed price data from option markets.

After a review of the basic theory of option pricing under stochastic volatility, we employ the reg-
ular perturbation method from asymptotic analysis of partial differential equations to derive an ex-
plicit and easily computable approximate formula for the pricing of barrier options under the 2-hyper-
geometric stochastic volatility model. The asymptotic convergence of the method is proved under
appropriate regularity conditions, and a multi-stage method for improving the quality of the approx-
imation is discussed. Numerical examples are also provided.

Keywords: Finance, Option pricing theory, Stochastic volatility, Asymptotic analysis, Regular
perturbation method.

1 Introduction

Barrier options are options whose payoff does not depend only on the value of the underlying asset
at maturity, but also on whether the path of the asset’s price touches a given barrier level during the
lifetime of the option. These options, which constitute one of the oldest types of exotic options, have
become increasingly popular in the financial derivative industry because they allow for more flexible
payoff schemes than plain vanilla options. It is thus important to construct good barrier option pricing
models which are able to reproduce the features observed in real market data.

The simplest model for the pricing of financial derivatives is the Black and Scholes model, in which the
price of all the standard barrier call and put options can be written in closed form. However, it is widely
known that the strong assumptions of this model are unrealistic. In particular, the constant volatility
assumption is clearly incompatible with the so-called smile and skew patterns which are generally present
in empirical option prices.

A natural way to address this issue is to introduce randomness in the volatility. For this reason, option
pricing under stochastic volatility has been the subject of a great deal of research in recent years. Here
we focus on the 2-hypergeometric stochastic volatility model, which was introduced by Da Fonseca and
Martini [2] as a model which ensures that the volatility is strictly positive — this is an important property
which is not present in some other well-established stochastic volatility models. In a very recent paper,
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Privault and She [10] demonstrated that, under this model, a closed-form asymptotic vanilla option
pricing formula can be determined through a regular perturbation method. This is a notable result
because their formulas are analytically very simple, which is rarely the case in models with stochastic
volatility: as discussed by Zhu [14], the higher complexity of these models usually yields the need for
rather sophisticated numerical implementations.

The pricing of exotic options under the 2-hypergeometric model has to our knowledge never been
studied in the literature. Motivated by this, we extend the regular perturbation approach of Privault
and She in order to derive an asymptotic pricing formula for barrier-type options. We show that, for
a given class of nonconstant barrier functions, an explicit asymptotic formula can be obtained and its
convergence can be proved with the help of the Feynman-Kac theorem for Cauchy-Dirichlet problems for
parabolic partial differential equations (PDEs). Given that in general our class of barrier functions does
not include constant functions, the choice of a nonconstant barrier function which approximates a certain
constant barrier level is also discussed.

This paper is organized as follows. In Section 2 we introduce the class of barrier options which we
consider, and we present the formulation of the barrier option pricing problem under a generic stochastic
volatility model. Section 3, the main section of this paper, develops the asymptotic pricing approach for
barrier-type options: the first-order small volatility expansion is carried out in Subsection 3.1, the explicit
expressions for the zero and first-order terms are derived in Subsections 3.2 and 3.3 respectively, the proof
of the convergence of the asymptotic solution is provided in Subsection 3.4, and a generalization of the
method to a wider class of barrier functions is given in Subsection 3.5. In Section 4 we present some
numerical results to corroborate our theoretical findings. Section 5 summarizes the main conclusions.

The appendices contain some auxiliary results.

2 Barrier option pricing under stochastic volatility

This work focuses on the pricing of down-and-out call (DOC) options, which are one of the eight types of
standard barrier options. The techniques used in this paper may also be applied to other types of barrier
options, such as options with up barriers or put payoffs. The payoff of a DOC option with maturity 7" is

(St — K)* Lis5,5H tor all 0<t<T}>

i.e, it has the usual vanilla call payoff if the asset price process S does not go below the barrier H during
the lifetime of the option, and it is worthless otherwise. The DOC option is said to be regular if K > H
and reverse if K < H. If a barrier function H (t) is considered instead of a constant barrier H, the DOC
option is called time-dependent.

For the sake of generality, let us begin by assuming that the asset process is governed (under the
physical measure P) by a Markovian stochastic volatility model of the form

dSy = p(t, Si)Sedt + g(Vi) Sy AW}

1
dVy = a(t,V;) dt + b(t, V;) dW}? @

where S is the asset price process, V is the volatility process, W' and W? are Brownian motions with
correlation p # 41, and g is a smooth, positive and increasing function. This is a general family of models
which includes the 2-hypergeometric model addressed in the main section of this paper, as well as the
Heston model and other popular stochastic volatility models.

It is worth stressing that, unlike the Black and Scholes model, the family of models (1) is able
to reproduce the smile and skew effects in implied volatility structures (see Fouque et al. [4] for an
introduction to these concepts).

Under standard assumptions on the financial market, it is known that stochastic volatility models are
incomplete and, accordingly, there exist infinitely many risk-neutral measures under which arbitrage-free
pricing can be performed. Indeed, if the asset pays no dividends and the riskless (deterministic and
time-dependent) interest rate is r(t), then for any sufficiently regular deterministic function n(t, z, v) the
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formula

f(n) (t, x, ’U) —e~ ftT r(u) du ]EQ(TI) [Y ‘ St =2, ‘/t _ ’U] (2)

allows us to compute the arbitrage-free price at time ¢ of all contingent claims Y with maturity at future
time 7. Here QU is a risk-neutral measure equivalent to P under which the dynamics of the process
(S, V) are given by

dS; = r(1)Sy dt + g(V;)S; AW}

dV, = [a(t, Vi) = b(t, Vi) Ay] dt + b(t, V;) AW} Y

where Ay = A(t, St, V;) is defined as

IU/(ta St) B T(t)

A(t, S, Vy) =
( t, Vi) P g(Vt)

+ 1_p277(ta Sta‘/;f)

and th, Wf are Q(M-Brownian motions with correlation p.

The process 7(t, S, V4), which is the so-called market price of volatility risk, cannot be identified
within the stochastic volatility model, so it must be exogenously specified. Unfortunately, there is no
easy criterion for picking the right functional form for 7; consequently, a common practice is to judiciously
choose 7 such that the resulting pricing problem is analytically tractable (see Section 2.7 of Fouque et al.
[4] and Section 10.9 of Lipton [8]).

A DOC option is just a contingent claim Y = (St — K)* 1, ~r} where 7 :=inf{u >1¢:S5, < H}.
This means that we can use Equation (2) for the pricing of DOC (and other barrier) options under
the stochastic volatility model (3) — this is known as the martingale approach to the pricing problem.
Moreover, the barrier option price f(" (t,z,v) can also be computed through a PDE approach: by
virtue of the Feynman-Kac theorem for Cauchy-Dirichlet problems for parabolic PDEs (Theorem A.1 in
Appendix A), f () is a solution of the two-space-dimensional terminal and boundary value problem

<% + E(")>f(’7)(t,x,v) =0, tel0,T),z>H
FT 2, 0) = (2 — K)7, v>H (4)
fO(t, H,v) =0, t€10,7]
where
£ = %g2(v)z266—;2 + pb(t,v)zg(v) ax; + %b2(t, v)g—;
+ r(t):ca% + [a(t,v) — b(t,v)A(t, z,v) 6% —r(t)Id.

The adaptation of these two pricing approaches to time-dependent barrier options is simple: we just
need to redefine the stopping time as 77 := inf{u > ¢t : S, < H(u)} and to replace the boundary condition
of the PDE problem by f(™ (¢, H(t),v) = 0. It is also easy to generalize further to the case of options
whose (down) barrier H (¢, v) depends both on the time and on the (random) volatility: the stopping time
becomes 7y := inf{u >t : S, < H(u,V,)} and the boundary condition becomes £ (t, H(t,v),v) = 0.
We will be dealing with this more general class of barrier options in the next section because time and
volatility-dependent barrier options will turn out to be very useful for the derivation of an approximate

pricing formula for options with constant barriers.

3 An asymptotic expansion approach to barrier option pricing

In this section we will tackle the problem of pricing barrier options under the 2-hypergeometric stochastic
volatility — a particular case of the a-hypergeometric stochastic volatility model which was defined by
Da Fonseca and Martini [2] as follows:



Definition 3.1. The a-hypergeometric stochastic volatility model is the Markovian diffusion model with
dynamics
dS; = r(t)Sedt 4 €"* S, dW}

5
v, = (a—geo“/") dt + 0 dW? )

where W' and W? are Brownian motions with correlation p, and ¢,a, 8 > 0, a € R are constants.

Like Da Fonseca and Martini [2], we assume that the model is given directly under a risk-neutral
measure Q. The deterministic function r(t) represents the (possibly time-dependent) interest rate, while
the parameters a and ¢ can be used to set the market price of volatility risk.

It is important to emphasize that the formulation of the a-hypergeometric stochastic volatility model
given by Da Fonseca and Martini [2] and by Privault and She [10] does not include the drift term r(¢).S; dt.
If, as in these two papers, the goal is to price vanilla options, then such a zero interest rate assumption
does not entail any loss of generality because the general case of a nonzero interest rate can be reduced to
the case r(t) = 0 by rewriting the pricing equation in forward terms (cf. e.g. Subsection 9.2.1 of Lipton
[8]). However, this argument breaks down when dealing with barrier options, so the model with nonzero
drift must be considered for our barrier option pricing problem.

So as to lighten the notation, we will henceforth assume that the interest rate is constant, i.e, r(¢t) = r
and therefore ftu r(s)ds = r(u —t). We will also assume that the asset pays no dividends; as usual, the
extension to assets with a continuously paid deterministic dividend is straightforward.

3.1 The small vol of vol expansion

Our approach to the barrier option pricing problem is based on a PDE regular perturbation method
— known as the small vol of vol asymptotic expansion — which consists in rewriting the model as a
perturbed Black and Scholes model so as to derive a series expansion of the exact stochastic volatility
price around the Black and Scholes price, which should converge when the perturbation parameter tends
to zero. Our first step is thus to take the 2-hypergeometric model (5) and replace the constant 6 by a
small parameter € > 0:
dSE = rSEdt + eV SEdW}
dVE = (a - gewf) dt + 0dW?2., ©)
We will assume that a > 0 so as to assure that the log-volatility process is mean-reverting.
It is worth pointing out that a somewhat more general approach consists in replacing 6 by a generic
function 9 (t, v). The more general case is handled in essentially the same way (cf. [13]).
Let fL(t, v) be some generic time and volatility-dependent barrier function, to be specified later. The
(exact) price fe(t,x,v) of the DOC option with barrier function h(t,v) under the model (6) is defined
(in the PDE approach) as the solution of the terminal and boundary value problem

(% + cf)fa(t,x,v) =0, te[0,T], x> h(t,v)
FET,2,0) = (¢ — ), ¢ > h(T,v) (7)
fE(t, h(t,v),v) =0, tel0,T]

where

L= Lo+ely +e%Lo,

(g G\ O T 0 O _ e
EO—(a 26 )8v+26 axQ—i—rxaz r1d, L1 = pxe 9200’

(8)

82
EQ — W

N =

Let us now formally assume that the price fg (t,z,v) can be asymptotically expanded as
f& = fo+efi +€2fo + .... Substituting this expansion into the terminal and boundary value prob-
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lem (7) and equating the terms of order €, !, €2, ..., we obtain the system of PDEs
df ; of ; ; df ; ; ;
%—i—ﬁofo:(), %-ﬁ-ﬁoﬁ + L1fo =0, %+£0f2+£1f1+£2f0=0, e 9)

with terminal conditions fO(T,x,v) = (z — K)T and fj(T, xz,v) =0 for j = 1,2..., and with boundary
conditions fj(t, h(t,v),v) =0 for j =0,1,2,....

We intend to derive the first-order approximation for the option price and to prove that (under suitable
regularity conditions) it converges in the sense that

fa(t, x,v) = fo(t,x,v) + Efl(t,x,v) + O(e%) (10)

when € goes to zero, uniformly with respect to (¢,x,v) on compact subsets of [0,7] x RT x R.

3.2 The zero-order term

The zero-order term fo (t,z,v) is defined as the solution of the terminal and boundary value problem

(%+£0)f0(t,x,v)zo, te [O,T],x>ﬁ(t,v)

Jo(T,20) = (x — K)7, x> h(T,v) (11)
fo(ta ﬁ(t,v),v) =0, te[0,T]

In other words, fo is simply the option price corresponding to the limiting case ¢ = 0. The equivalent
definition of this option price under the martingale pricing framework is

folt. ) = e TIB[(857 — K)* 1y, | S0 = o] (12

where 7;, = inf{u >t : S4” < h(u, V)} and {(S4%, VE¥) buepr.r) denotes the diffusion process whose
dynamics are given by the noiseless limit e = 0 of the model (6). The (degenerate) log-volatility process
Vv is therefore the deterministic function of time which solves the ordinary differential equation dV,/"? =

(a — %eQVJ’U)du with initial condition V;"” = v; the explicit solution is

1
ViU = vt a(u—t) - 3 log <1 + 2£62U(e2“(“_t) - 1)). (13)
a

In turn, {Sfj”}ue[tﬂ is simply a geometric Brownian motion with constant drift » and time-dependent
deterministic volatility eV .
For a given (fixed) initial time ¢ = ¢’ and initial log-volatility v = v’, by recalling the obvious semigroup

t, ro
property vive ' = VI (¢ <t <wu) we see that

folt, 2, V) = e TOR[(S5 ~ K)* Ly oy | S0 a] (14)

where 7, = inf{u >t : S < h(u, VI*)}. The function fo(t,z,Vtt/’v/), which only depends on the
variables ¢ and z, is clearly the definition of the price of a DOC option under a Black and Scholes model
where the interest rate is r, the time-dependent deterministic volatility is eVJ,’v/, u € [t/,T] and the
time-dependent barrier function is H(u) = h(u, V"), u € [t', T).

The barrier option pricing problem under the Black and Scholes model dS; = u(t)S; dt + o(t)S; dW;
has been studied in the literature. Rapisarda [11] and Dorfleitner et al. [3] showed that the conditional
expectation (14) can be written in closed form provided the barrier function is of the form

H(u) = Hy exp { [ (u(s) - %ﬁ(s)) ds} . welt,T]



where 8 € R and H; > 0 are parameters. In our case, this reduces to

f[(u) = Hjexp {—T(T —u) + #’72(’% T, Vj/’v/)} (15)

where
c

2a62v(62a(u—t) o 1)) )

“ tv 1
Y2 (t, u,v) ::/ e?Velds = - log(l +
t C

Unfortunately, to the best of our knowledge, an explicit expression for fo(t, x, Vtt,’”,) cannot be obtained
unless H (u) has this particular functional form. For this reason, until Subsection 3.4 we will assume that
the barrier function h(t,v) takes the specific form

1+283

h(t,v) = Hy exp {T(T —t)+ VA (t, T, v)} (16)

in the domain (¢,v) € [0,7] x R. Given this choice of barrier function, Equation (27) of Rapisarda [11]
yields the following result:

Proposition 3.2. Let fo(t, x,v) be the zero-order term in the expansion (10). Then

fo(t,z,v) =N (dy (t,2,0)) — Ke " TON (da(t, 2, v))

_ (M)2+2ﬂx/\/'(d3(t, z,v)) + (h(t’ v) )QBKe_T(T_t)N(CM(t, z,v))

x €T

(17)

fort € [0,T] and > h(t,v), where

- 1 T 1,
rit..0) =~ (10w ) + (T = 0+ 3720, 7,0),

dQ(ta:Ea’U) = dl(t,.’I],U) - ’y(taTa’U)a

ds(t,z,v) = di(t,z,v) + 5

2
dy(t =ds(t I
4( 7567’0) 2( 7567’0) + ’y(t,T,’U) og

Gl 1°g<
<

and N(+) is the standard normal cumulative distribution function.

If we take the limit H; — 0, then the barrier function converges pointwise to zero; consequently,
the zero-order term (17) converges to xN(dy(t,z,v)) — Ke " T=YN (dy(t, x,v)), which is precisely the
zero-order term for the vanilla option price expansion of Privault and She [10].

3.3 The first-order term

The first-order term solves

(5 + o) Ata0) = ~Lifotia), 1 0.T) 0> hto)

(T, z,0) =0, x> h(T,v)

fi(t, h(t,v),v) =0, te[0,T]

where the operators £y and £; were defined in (8).
The first step towards the computation of an explicit expression for the first order term is to give a
stochastic representation formula for the solution of this terminal and boundary value problem:



Lemma 3.3. Assume that K > Hy. Then the function

. TATj,
fl(t,.’L',’U) = E|:/ —r(u t)£1f0(u St’u Vt U)du
t

ShY = x} (19)

(where the process (S"", V') and the stopping time 1;, are defined as in (12)) is the unique classical
solution of the terminal and boundary value problem (18).

Proof. The proof of this lemma requires a (nontrivial) generalization of the Feynman-Kac theorem for
Cauchy-Dirichlet problems for parabolic PDEs (Theorem A.l in Appendix A) to a setting where the
ellipticity assumption is not satisfied, as well as other usual assumptions of Feynman-Kac type theorems.

The details are given in [13], pp. 31-34. O

In the limit H; — 0, the dominated convergence theorem assures that (19) converges to

T
E [ / e "Ly fo(u, SEY, V) du
t

Sf V= z] .
Unsurprisingly, this is the definition of the first-order term for vanilla options, cf. Privault and She [10].

Remark 3.4. We proved Lemma 3.3 only for the regular DOC case, that is, the case when K > H; and
hence the option’s payoff is continuous. The fact that the payoff of a reverse DOC is discontinuous makes
the Lemma harder to prove in that case. However, since the argument for the regular case holds for any
smooth payoff and the reverse DOC’s payoff can be approximated by monotonic sequences of smooth
functions, we are confident that the Lemma holds in the general case. (Such regularization techniques
were introduced in [9].)

Thus, the solutions given in Equation (23) apply to both regular and reverse DOCs, but, for mathe-
matical rigor, all the subsequent results in this paper are formulated only for regular DOCs.

The task is to derive an explicit form for the expected value (19), which we may rewrite as

T oo 27
~ v a
fit,z,v) :/t e () pe Vi /fz( Vm)w 8x£2} (u,w,Vut’”)Q[SZ’U € dw, T, > u ‘ Shv= x] du.  (20)

We claim that the joint law of (S5", ;) is given by
Q[St" € dw, 7y, > u | 51" =a] =

Leosiica g 2
et e ) (207t

where H(u) = h(u, VP?), p; :=logx; + r(u —t) — 192(t,u,v), x1 := x and @3 := (1) Gee Appendix B
for the proof of this claim. Consequently, the inside integral in (20) equals
0 fo a(t) 9 fo
W- W- K Wo W- U
E|: ! azav( € 1’ ut )]I{W1>10gf1(u)}:| - ( T ) E|: axav( e 2’ ’Lf )1{Wg>logﬁ(u)}:| (21)

where W; ~ Normal(ui, Y2 (t, u, v)) Now, by differentiation of (17) we have

2
— (u, e, V) = Z[a el N (W + k;) +ij,é(VjW+"ﬁj)éemwn(ij""ij)} (22)
- =0

w 0 fo
O0xOv

where a;,7;,b;.¢,v5,k; are the functions given in Table 1.

If we substitute (22) into (21), we obtain a sum of expectations which can be analytically solved with
the help of Lemmas C.1 and C.2 in Appendix C. We have thus proved that the first-order term admits
the following explicit expression:



Table 1: Parameters in equations (22) and (23). We take A :=1— H and omit the arguments of the
functions v (u, T, V) and H(u).

J aj nj bj,0
1 0 1 @(1,1)
2+28 2428 oo Fl 2423
2| (4202 (428 —ARE +<1+25>H2+2B(a—”+%%%f1)+%"’Hav
—r(T—u 726 —r(T—n 3
J bj1 bj,2 vj Kj
1 *%# %% % %[flog(K\/Hl)Jrr(T—u)qL"’;}
2428 ] 72 2
2|~ {a(F 2 sarm B AP RES L Hos(rlr) (-0 + 3]
—r(T—u) 772897 1 1 1 H? 2
5 20K T 5 0 % Aos(elm) +r(T—w) - F]

Proposition 3.5. Let f, (t,z,v) be the first-order term in the expansion (10), and assume that K > H;.
Then

T
fl(t,x,v):/ e_r(u_t)pevi’vx
t

2
X [Z <a’] T(Vja Iij,?’]j;‘lj,l,')/2(t,u,v),L) + Zb]l \Ijl(Vjvvanj;u1572(tauvv)7L)>
j=1 £=0
H(t)\26 3 2 .
- (T() Z(ajT Vjy Ry 155 H2,7Y (t,u,’l)),L)+ijyg\I/g(ljj,Iij,?’]j;/lg,’)/2(t,’ll,,v),L))]d’u
j=1 £=0
(23)

fort € [0,T] and x > h(t,v). Here L = L(u) = log H(u) with H(u) = h(u, V;""); p; := loga; +r(u —t)
H2(t)

,%72(157%1)) with x1 := x and x9 := ; aj,n;,bj5¢,v5,m; are the functions of u given in Table 1; and

Uy, T are the functions defined respectively by equations (C.1), (C.2) in Appendiz C.

We observe that the numerical computation of the integral in (23) is much easier than solving numer-
ically the associated PDE problem (18) or computing the expectation (19) via Monte Carlo simulation.

3.4 Convergence of the asymptotic erpansion

Now that we derived an explicit expression for our first-order approximation (10), it is time to demonstrate
that it converges in the limit € — 0. (The idea of the following proof is similar to that in Appendix B of
Kato et al. [7].)

Let us start by looking into the PDE problem which is satisfied by the remainder term of the first-order
approximation. For ¢ > 0, we define the remainder term as

fet,z,v) == E—g[fa(t,x,v) - (fo(t,x,v) +5f1(t,z,v))]. (24)

Then, fQE satisfies the terminal and boundary value problem

(5 -+ ot = ~gstea) e l0.1)z> bt

u(T, z,v) =0, x> iz(T, v) (25)
u(t, h(t,v),v) = 0, t e [0,7).
where £° is the partial differential operator from (8), and the nonhomogeneity term is
g;(ta xz, ’U) = £2f0(t7 Zz, U) + (El + EEQ)fl (tv Zz, U)' (26)
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This is easily seen to be true by recalling that the functions f °, fo and fl are the unique solutions of the
terminal and boundary value problems (7), (11) and (18), respectively.

Next, we use a stochastic representation formula to define a candidate solution f5 for the PDE problem
(25):

_ TATE
f5t,z,v) = E[/ " e " g (u, SE VE Y du | SE =2, VE = ’U} (27)
t

u’ u

where 7% = inf{u > ¢ : S} < h(u, VE)}. We emphasize that the process (S¢,V¢) in (27) follows the
2-hypergeometric model (6) with € > 0; in particular, here V¢ is a nondeterministic process.

We intend to establish a growth estimate for our candidate solution :f;g As a preliminary step, let us
first obtain an upper bound for the growth of the function g5 defined in (26):

Lemma 3.6. Assume that K > Hy. Then, the function g5 satisfies the following growth condition: for
any € > 0, there exist constants C, k > 0 such that
l95(t, 2, v)| < € (1+ [ +€2)

for allt € 0,T), v € R and x > h(t,v).

Proof. We can obtain an explicit expression for the function g5 by differentiating the expressions (17)
and (20) of the zero and first-order terms respectively. After a tedious estimation procedure, the lemma
follows. (See Appendix B in [13].) O

The next lemma provides the tool for transforming our growth estimate for ¢5 into a growth estimate
for the candidate solution f5:

Lemma 3.7. Let (5¢,V¢) be the diffusion process with dynamics (6). Then, for any e > 0, there exist
constants C', m > 0 (which may depend on k) such that

E[ sup (|S§|2k +62W5) ‘ S8 =, VF = v} < O(1+ |z 4 e2™)
t<u<T

forallt €10,T], x >0 and v € R.

Proof. The estimate for sup;<,<r e2kVi is obtained by using Itd’s formula to derive the dynamics of

Z¢ = ¢?V" and then estimating the moments of the process Z¢ through a comparison with a geometric
. . . k . .
Brownian motion. Then, the estimate for sup,<, <7 ‘ SZ‘Q can be derived from the closed-form expression

1 w € u €
SS = zexp (r(u —t)— 3 / e?Veds + / e dWsl)
t t

(The full proof is in [13], pp. 36-37). O

Let us now use the results from Lemmas 3.6 and 3.7 to derive the desired upper bound on the growth
of the function f5 defined in (27): for any £ > 0, there exist constants C, m > 0 which do not depend on
(t,x,v) such that

T
Flte, o) < [ e lg5u, S5 VO s iy | 57 =2V = o] du
t

T
< Cl/ (1 + ]E[(S;)Q’“ + e2kVi (28)
t

S C(l + |1,|2m +e2mv)

forallt € [0,7T], x> 0,v eR.
The only thing that remains to be proved is that the function f5, which we defined as a candidate

S; =z, VF :UDdu

solution for the PDE problem (25), is indeed its unique solution. In fact, if we prove this, then it will follow
that f5 equals the remainder term f5 defined in (24), and the estimate (28) will assure the convergence
of the first-order expansion.



Lemma 3.8. Assume that K > Hy and fix ¢ > 0. Then, the function f5(t,x,v) defined in (27) is the
unique solution of the terminal and boundary value problem (25).

Proof. The key ingredient of the proof is to perform the change of variables z = ¢?¥ and y = x — ﬁ(t, v).
It is then straightforward to show that the restated version of the problem is a consequence of the
Feynman-Kac theorem for Cauchy-Dirichlet problems for parabolic PDEs. (See [13], pp. 38-41.) O

Summarizing, we have established the following convergence theorem:

Theorem 3.9. Let fo(t, x,v) and fl(t, x,v) be, respectively, the zero and first-order term in the expansion
(10) for the price fg(t, x,v) of a DOC option with barrier function ﬁ(t,v) under the model (6). Assume
that K > Hy. Then, there exist positive constants C' and m which are independent of € € [0, 1] such that

fg(t,ac,v) — (fo(t,ac,v) + Efl(t,x,v))‘ <C (1 + |ac|2m + eva) g2

Jor allt € 0,T], v € R and x > h(t,v).

3.5 Single and multi-stage approrimations to constant barriers

Recall that we have been assuming that the nonconstant barrier function is of the form (16). For this
reason, we have (in general) not been covering the case with greater practical interest, which is that of a
barrier option with constant barrier H. Notwithstanding, an approximate pricing formula for an option
with constant barrier can be obtained if the parameters of (16) are chosen in order that the time and
volatility-dependent barrier function is as constant as possible.

Such choice of parameters should take into account the fact that our pricing strategy is based on a
small vol of vol expansion which is performed around the noiseless limit Vf/’v/ of the log-volatility process
V. Therefore, if one wishes to compute the price of the option at time ¢ € [0,7] and the initial log-
volatility is equal to v’, then the parameters H; and § should be chosen such that iL(t, Vtt/’v/) is as close
to the constant function H as possible. The simplest choice is H; = H and 8 such that ﬁ(t’, v')=H,
ie. = % — %, but this choice can be improved by choosing the parameters in some optimal way
(see e.g. page 3 of Rapisarda [11]).

It should be noted that the two cases where the barrier function (16) can be chosen to be constant are
the zero interest rate case (i.e, r = 0) and the case where the initial volatility equals its invariant value
(i.e, v/ = %10g(27“)). Otherwise, the choice 8 = % —
good for small maturities. For large maturities it is possible to improve the quality of the approximation

% yields an approximation which is quite

through the multi-stage procedure which we describe next.

The idea of the multi-stage method is to resort to a stepwise procedure so as to generalize our pricing
technique to the case of a piecewise-smooth barrier function which is of the form (16) in each subinterval
of time. Specifically, inspired by the approach proposed in Section 3 of Dorfleitner et al. [3], we now
subdivide the interval [/, T into n subintervals defined by ¢/ =Ty < Ty < ... < T, = T and consider the
continuous barrier function defined by

; ~1+25; v
M (t,0) == Hlexp{—r(T—t)—i—Z 2/3 11{,5<T1.}72(tvn_1,n,vt@ﬂ1)} (29)
=1

which is piecewise of the form (16) in the sense that
7 (n) P ) (e 1426 »
R (t,v) = R"(T;, Vi) exp § —r(Ti — t) + — (t, T;,v) ¢, (t,v) € [T;-1, T3] x R.

Notice that if we set 8; = 8 for all i = 1,...,n we obtain (16). But the idea here is to pick f1,..., 5, so
that B(")(t, v) is closer to H than the single-stage barrier function iL(t, v): our choice of 3; should ensure

that the barrier function is as constant as possible in the interval [T;_1,T;]. Much like in the single-stage

. . . Lo T,—T;_
approximation, the simplest choice is H; = H and f3; = T(Z—% -
Y2 (Tie1, T3V, "))

N[
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In order to derive an explicit asymptotic pricing formula for the option with barrier function (29),
we take the exact price f("(t,2,v), i.e. the solution of the PDE problem (7) with h(t,v) replaced by
ﬁ(”)(t, v), and formally expand it as

FO ¢, 2,0) = fS (8, 2,0) + ef(t, 2,0) + O?)

where the functions fé") and fl(n) satisfy (9). (Naturally, the nonconstant boundary conditions are now
£t B (¢, v),v) = 0 for j = 0,1.)

The same argument from the single-stage framework shows that for our fixed initial time ¢’ and initial
log-volatility v’, the zero-order term is again the price, under the same Black and Scholes model, of a
DOC option with barrier H™ (t) = A" (¢, V), i.e,

) (tx) = fV (2, V) = e“T”E[(sT — K) Ly, 151 \ Sy = 4 (30)

. . . . s . t' v t' v
where my, 4,) = Mingep, . (For simplicity, we are now writing S;, V; instead of S; ™", V")

Su
t2] T (u)
The key observation here is that, by virtue of the tower property, the function defined in (30) satisfies

f§(t2) = e OTOR| £ (1, 80) Dm0 51y ‘ Sy = x} ' <t<u<T.

But the barrier function H (t) is of the form (15) in each subinterval [T;_, T;]; therefore, we can obtain
an explicit expression for the zero-order term fé") (t',x) as follows:

1. We represent fé") (T_1,z) via the closed-form expression (17), where h(t,v) becomes H™ (T, _;),
B is replaced by 3, and ~(t,T,v) is replaced by v(Tr—1,T, V1, _,).

2. Fori=n—2,...,0, we explicitly write
Ao(n) (Tz,l') — e*T(TiJrl*Ti)/A AO(") (Ti-i-la'w)@ ST¢+1 € dw, M7, Ty4a] < 1 ‘ S, = .T:| (31)
H)(Tiq1)

where, as shown in Appendix B,

]l f7(n) T )}
Sr,,, € dw, mp, 7, <1’S':}: T T Ve
(@[ Tip1 € AW, M1, T, ] T =T ’Y(TiaTi—i-laVTi)w

1 ﬁ(n)(TZ) 2Bit1 1
: [”(mﬁogwm))( ) ”<m(logWM2)> dw

(32)
(H")2(1:)

with p; :=loga; + r(Tiv1 — T;) — %WQ(TZ-,THM V), 1 :=x and x5 :=

Eventually, we obtain a representation for fo(n)(t' ,x) as a multiple integral of an explicit function.

Moreover, this integral representation formula for fén)(t’ ,x) can be written in closed form in terms of the
cumulative distribution function of the n-dimensional normal distribution — see Appendix D.

As for the first-order term, in analogy with Lemma 3.3, we invoke the Feynman-Kac theorem and
write it as

T
fln) (t’ 'T) = fl(n) (t’ z,V;) = / E |:€_T(u_t)£1f(§n) (u’ S“) ]l{m[t,u]>1} ’ Sy = ‘T:| du.
t
Note that the tower property now gives
) (1 ) :ewuft)]E{fl(n) (s Su) Ly o1} ‘ Sy = z]

+/ ]E{e““%clfé") (,50) Dy o1 ‘ S, = x} de, ¥ <t<u<T.
t
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We can obtain an explicit expression for fl(") (t',x) through a stepwise procedure:

1. fén)(Tn,l, z) is obtained through the closed-form expression (23), where h(t, v) becomes H™(T,,_;),
B is replaced by 3, and (¢, T,v) is replaced by v(Tr—-1,T, V1, _,).

2. Fort=n—-2,...,0, we get

fln)(Ti’x) :e_T(Ti+1—Ti)/ fl(n)(n+1)w)@|:STi+1 € dw, T, Ty 0] < 1 ‘ S, = .T}
H) (Tiq1)

Tit1 o0 A~
+/ e_r(u—Ti)/ E1fo(n) (u”LU)Q[Su € dw,mr, ) <1 ’ St, = x} du.
0 (u)

T;

where the joint laws are again of the form (32). The integrands are known from the previous steps,

so this is an explicit integral representation formula which is amenable to numerical integration.

It is worth pointing out that the justification of the validity of the Feynman-Kac theorem is somewhat
more delicate in this multi-stage setting. We will not deal with the technicalities here, but we do note that
the natural strategy to deal with the lack of global smoothness consists in applying the Feynman-Kac
theorem sequentially in each interval [T),_1,7T], ..., [t', T1].

As a final remark, let us mention that the choice of n — and in particular the choice between the single
and the multi-stage methods — should be a compromise between computational speed and numerical
accuracy, depending on the practical problem at hand.

4 Numerical examples

To demonstrate the validity and the practical usefulness of the barrier option pricing technique pro-
posed in this paper, we shall now compare the numerical values of the exact option price under the
2-hypergeometric model with the approximate prices obtained through the first-order approximation
derived in Sections 3.2 and 3.3.

Table 2 shows the values of the exact and approximate prices for various cases, corresponding to
different combinations of the model parameters. The exact prices (in the “Benchmark” column) were
obtained via Monte Carlo simulation of the exact solution of the PDE problem (7) with constant barrier
H. The Brownian bridge technique was used to assure the unbiasedness of the estimator (cf. Section 1.1 of
Gobet [5]). Two different schemes were used for the discretization of the stochastic differential equation:
the usual Euler-Maruyama discretization of the process (log S§, Vi), and an alternative scheme based on
the fact that, as shown in page 3 of Da Fonseca and Martini [2], the explicit closed-form expression for
the process €2Ve is given by

2V eV A

= ; u=>t,
1+ce? [" Asds

where AS = exp{2a(u —t) +2e(W2 — W2)} is a geometric Brownian motion. (In the alternative scheme,
the Euler-Maruyama method is instead used to simulate the process A%, and the discretized values of
V¢ are then obtained in the natural way.) The results obtained through the two discretization schemes
were verified to be consistent, the difference being less than two standard errors. Our benchmarks were
calculated as an average of these values, and the corresponding Monte Carlo standard error is shown in
parentheses. In turn, the first-order approximate solutions (in the “ fo + € fl” column) were computed
via the explicit expressions (17) and (23), with H; = H and 8 = % — % as proposed in Subsection
3.5. For comparative purposes, the associated zero-order approximation fo is also shown, as well as the
Black and Scholes barrier option price fpg with constant volatility ¢ = e¥. In the case €2’ = 0.04 the
latter two coincide, as the log-volatility function (13) and the barrier function (15) become constant.
The results in Table 2 indicate that the first-order asymptotic formula consistently yields accurate
estimates of the true price of the DOC option under the 2-hypergeometric model. In particular, the first-
order expansion correctly captures the fact that the barrier option price decreases when the parameter

12



Table 2: Comparison between the approximate option prices and the Monte Carlo benchmarks with
10000 000 sample paths and 100000 time discretization steps. The errors are relative errors with respect
to the benchmark. (¢ =0.1;¢=10; a =0.2; »r =0.01; K =104; T = 1; t = 0; = 100.)

p H &» Benchmark fo + Efl Error fo Error fBs Error
—0.5 90 0.02 | 4.2850 (0.0026) | 4.2711 —0.3247% | 4.3272  0.9852% | 4.1220 —3.8046%
—0.5 90 0.04 | 5.5611 (0.0037) 5.5456  —0.2781% | 5.6098 0.8758% | 5.6098  0.8758%
—0.5 90 0.08 | 6.5967 (0.0049) 6.5956 —0.016% | 6.6539 0.8676% | 6.9259  4.9902%
—0.5 85 0.02 | 4.5671 (0.0026) | 4.5502  —0.3685% | 4.5946 0.6024% | 4.3356 —5.0674%
—0.5 85 0.04 | 6.3506 (0.0038) 6.3391 —0.1817% | 6.4010 0.7938% | 6.4010  0.7938%
—0.5 85 0.08 | 8.0577 (0.0052) 8.0563  —0.0179% | 8.1268 0.8565% | 8.6135  6.8973%
—0.7 90 0.02 | 4.2604 (0.0026) | 4.2486 —0.276% | 4.3272 1.5684% | 4.1220 —3.2490%
—0.7 90 0.04 | 5.5378 (0.0036) 55199  —0.3223% | 5.6098 1.2998% | 5.6098  1.2998%
—0.7 90 0.08 | 6.5799 (0.0048) 6.5723  —0.1146% | 6.6539 1.1257% | 6.9259  5.2588%
—0.7 85 0.02 | 4.5475 (0.0026) | 4.5325 ~ —0.3302% | 4.5946 1.0347% | 4.3356 —4.6594%
—0.7 85 0.04 | 6.3309 (0.0037) 6.3142  —0.2632% | 6.4010 1.1068% | 6.4010  1.1068%
—0.7 85 0.08 | 8.0341 (0.0051) 8.0281 —0.0752% | 8.1268 1.1526% | 8.6135  7.2112%

p, i.e. the correlation between the asset price and the volatility shocks, becomes more negative. The
zero-order approximation, which is insensitive to the value of p, produces larger errors, especially when
the asset and volatility processes have stronger negative correlation. As for the plain Black and Scholes
pricing formula, it leads to substantial errors, namely when the value of the initial squared volatility e2”
is “unusual”, i.e, differs significantly from its long-term mean value 27“ = 0.04.

The huge computational burden of the Monte Carlo algorithm used to obtain the benchmarks makes it
infeasible for practical applications. In contrast, the evaluation of the first-order approximation takes less
than half of a second when the Mathematica function NIntegrate is used to compute the integral in (23).
The first-order asymptotic expansion proposed in this paper therefore provides a fast way of obtaining
barrier option prices which capture the common financial market phenomena of volatility randomness
and mean reversion.

We note that there is room for further improving the performance of the first-order option prices.
Indeed, the slight negative bias of the first-order approximations may be corrected through a more optimal
choice of the parameter 3 in the approximating barrier function (16), or by switching to a suitable multi-
stage barrier function.

5 Conclusions

In this article we established an asymptotic pricing formula for barrier options under the 2-hypergeometric
stochastic volatility model. Moreover, we showed that our asymptotic technique is not just formal, as it
converges when the perturbation parameter tends to zero.

An important feature of our method is that our explicit pricing formula only requires the numerical
evaluation of a definite integral whose integrand is known in closed form. This calculation is fast and
suitable for practical uses, unlike the computationally intensive methods which are commonly used for
numerically computing option prices under stochastic volatility.

Even though our barrier option pricing technique requires two approximation steps, our numerical
examples indicate that the resulting error is quite small. We also proposed a multi-stage method which
can be employed to improve the quality of the approximation.

It would be interesting to investigate whether the price of other exotic options (including American-
type options) under the 2-hypergeometric stochastic volatility model can also be computed via the small
vol of vol expansion method proposed in this work. We leave this task for future research.
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Appendix A The Feynman-Kac theorem for Cauchy-Dirichlet problems for
parabolic PDEs

In this appendix we state a version of the Feynman-Kac theorem whose proof was given by Rubio in [12].

Theorem A.1. Let D C R? be an open, connected and possibly unbounded set whose boundary 0D has
the outside strong sphere property, and let A € (0,1). Assume that:

(i) For all n > 1, the functions o' (t,x) and bi(t,x) are A-Holder continuous in t and Lipschitz con-
tinuous in x in the domain {(t,z) : 0 <t <T,|z| < n};

(i) There exists K1 such that Z _lov (e, x)|2+21 it @) 2 < Ky (14 |2f?) for all (t,2) € [0,T] x
Rd'

7

(i4i) Let B C D be any bounded, open, connected set. There exists (B) > 0 such that

d

> @it o)6g > 0B)EF for all () € [0,7) x B, £ € RY,

4,J=1

where a(t,z) = [a¥ (t,z)],

i,7=1,...,n = UUI(t’ 1')’.

(iv) The functions c(t,xz) and g(t,x) are A-Holder continuous in t and Lipschitz continuous in x in the
domain {(t,r): 0 <t < T,z € D,|z| <n};

(v) There exists co > 0 such that c(t,x) < co for all (t,z) € [0,T] x D;
(vi) There exist constants Ko,k > 0 such that |g(t,z)| < K2(1 + |z|*) for all (¢t,z) € [0,T] x D;

(vii) The functions ¢(x) and p(t,x) are continuous and satisfy the consistency condition ¢(x) = (T, ),
x € 0D;

(viii) There exist constants K3,k > 0 such that |¢(z)|+|p(t, )| < K3(1+|2|*) for all (t,z) € [0,T] x D.

Then, the unique solution u € C([0,T] x D) N CL2*((0,T) x D) of the Cauchy-Dirichlet problem

loc
o 1 &
o + 5 ijzl I(t,x 83615% + ;b (t,z)u = g(t,x) (t,x) €10,T] x D

u(T, z) = ¢(x) xeD
u(t,z) = @(t, x) (t,x) €10,T] x OD

s gwen by
u(t,x) = E{ef: e, Xu) d“(p(T, XT)]I{.,_<T} ’ X = :C}
+ ]E|:€ftT c(u,Xu) du¢(XT)1{TZT} ‘ Xt = SC:|

EU el el X ds gy, X, ) du
t

Here 7 =inf{u>1t: X, ¢ D}, X is the d-dimensional Markovian diffusion process with dynamics

Xt.fC:|.

d
dX] =b'(t, Xp)dt + > 0" (t, Xy) dWY, i
j=1

and C’llof )‘((0 T) x D) is the space of all functions such that they and all their derivatives up to the second
order in x and first order in t are A\-Hdélder continuous. Furthermore, u satisfies the growth estimate

sup |u(t,z)| < Clco, K1, K2, K3, k) (1 + |z*), zeD.
+€[0,T]
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Appendix B The joint law of a geometric Brownian motion with
time-dependent volatility and the hitting time of a suitable barrier

Let V(u) be some deterministic function defined for all w € [/, T], where ¢’ is the initial time and T is
the final time. Let 42(u) = [} €2V ar.

Here we shall deduce the joint law of (Sy, ), where { Sy} e 1) is a geometric Brownian motion with
constant drift » and time-dependent deterministic volatility eV (%), i.e,

1 u
S, = xexp{r(u —t') - 572(u) —|—/ ev(é)de}, ue t',T)
t/

and 7 = inf{u € [t/,T] : S, < H(u)} where

. 1423
() = e {0 -0+ 2L 20 -2 }.
Define g "
Zy = — = zexp{ﬁyQ(u) —|—/ ev(é)de}, we [t T)
H(u) #
where z := =£—. Moreover, let

H(t)
A = Zy(s) where 9(s) := inf{u >t : v*(u) > s} and s € [0,7*(T)].

Since 7?(u) is a continuous and strictly increasing function, we have v2(9(s)) = s and 9(v%(u)) = u;
therefore
A, = zexp{ﬂs + Ws}; s € [0,7*(T)]

where W, := L?(s) eV Odw, is (up to indistinguishability) a Q-Brownian motion. The latter claim follows
from the change of time theorem (e.g. Theorem 9.3 of Chung and Williams [1]); note that v?(u) is the
quadratic variation of the local martingale f;f VO aw,.

Observe also that {7 > u} = {mingep ) Z¢ > 1} = {mingejo,42(u)] As > 1}. So we can compute, for
we lt',T] and ¢ > H(u),

c
Su>c,7>ul =Q|A 20 > —=——, min Ag>1
ol 1=0|d v > gos, i Ai>1]

- <7(1u) <log<2ﬁc(u)) + 572(10)) - ZQﬂN(ﬁ <1og(%) + ﬁVQ(U)>>

_ N<L(1ogc _ m)) _ (HS'))”WW?@ (loge — M)).

a2(t)

where 11; :=log z; +7(u — t) — $72(u), 1 == x and x5 := . In the second equality we have used the
known law of a geometric Brownian motion and its running minimum, which can be found in Subsection

3.3.1 of Jeanblanc et al. [6]. Differentiating, we conclude that

Q[S’u ede, 7> u] = ]l{c>ﬁ(u)} ln(’Y(lU) (logc — m)) - (ﬁ t'))Qﬁn(v(lu) (1ogc — m))] de.

V(u)e x

where n(-) is the standard normal probability density function.

Appendix C Closed-form expressions for the expectation of functions of a
Normal random variable
Lemma C.1. Define, for £ =0,1,2,

Uy(v, kym; py 0% L) i= E[(VW + 1) ™ n(WW + k) Tywsry | W~ Normal(u, 02)} .
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Then,

i )=o) ()

S

52 m—L S m—L (C.1)
+ ¢—(ca,e + 2c1,0m) n( > + (= (cae + caom + c10m?) N< )
o S o S
where
1 1 2 _ 2 _ 2
(= ——en| (%~ (p = o*(vs —n)) +)},
Vor AN o?(1+ o02v?)
_p—o*(vk—n) 2, 0?
m=—————-=- 54 = ——,
1+ 0212 1+ o202
clo=ci1=c0=0, cla=V> 1=V, Ca2=2WkK Cc30=1, c31=4kK  C32=K".
Proof. See Appendix A.1 of [13]. O
Lemma C.2. Define
Y (v, k,n;p, 0% L) = E[e"WN(VW + k&) Lywsry ‘ W ~ Normal(pu, 02)} .
Then
2
a3 92 20195 — G294 da
T(Vaf<0777§ﬂ7027L):eXp{—_Q3}N2( ) y ) (02)
q V24 \2q12a +a}) T V24 + ]
where
1 K+ v(p+ o)
N =571 2,2) ©2="7"53
2(1 + o2v2?) 1+ 0%y
(s ) — 29— kwo?) — 1P
= 2(1 + o2v?) ’
B ov _ p+o?(n—kv)— L(1+0%0?)
“ V140202’ % o?(1+ o2v2)
and Na(-,-;p) denotes the cumulative distribution function of a bivariate normal random variable with

zero means, unit variances and correlation p.

Proof.

E[e"WN(VW + &) Lgwsr) ’ W ~ Normal(p, 02)}

0
= / E[e”wn(vW + k4 2) Lywsry ’ W ~ Normal(p, 02)} dz

— 00

1 0 )
By ex z + z + N z + dZ
T on ) /_OO {1 g2z + g3} N'(g52 + q6)

_ exp{q—% B Q3}N2< q2 20195 — @244 . @ >
Aq V201 201201 + ) V24 + &
The second equality follows from Lemma C.1, and the last equality follows from Appendix A.3in [13]. O
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Appendix D A closed-form two-stage formula for the zero-order term

In order to illustrate that the integrals in the representation formula (31) for fo(n)(t’,x) = fo(")(t', z,v")
can be computed in closed form, here we focus on the case n = 2, where (31) gives

@ o=t [ 1
v
(#.2)= /ﬁ(z)(Tl) Y@, T, v w -

Plane ) - (5

: [w N(dl (Tla w, VTI )) - Keir(TiTl)N(dQ (Tla w, VT1 ))

7(2) 24265 7(2) 252
(‘H (T1)> wN(d3<T1,w,vT1>>+<w> Kem TN (da(Th, w, Vi, )) | du.

w w

Like in Subsection 3.3, let us rewrite this as

2 o (Ts —t' ﬁ(Z)(t/) 26,
( )(t :C) e (Tl t)(E[F(Wl)]1{W1>10gﬁ(2)(T1)}:| - (7) E[F(WQ)]1{W2>10gﬁ(2)(T1)}:|

T

with W; ~ Normal(,ui, Y2, T, v')) and

W) = Z a; eV N (v;W + kj) (D.1)

where a;,n;,v;,k; are the functions given in Table 3. Combining this with Lemma C.2, we obtain a
closed-form expression for fO(Q)(t' ,x) in terms of the bivariate normal cumulative distribution function:

4
0(2)(t/7 )7 —r(Ti=t) [ZGJT Vja’ijanj;ﬂlvr)?(t/aTlvvl)ai)
(D.2)

HC 284 A
B ( ) Za] VJv“jvnj;uz,WZ(t/,Thv’),L)

where L = log H®(T}). (It can be verified numerically that this formula coincides with (17) in the
particular case 1 = B2 = 3, and also that it satisfies the standard monotonicity properties with respect
to the barrier function.)

For higher n, it is straightforwardly seen that, as a result of the successive n — 1 integrations (31),
the n-stage zero-order term f; f(n )(t’ x) can be written in terms of the cumulative distribution function of
the n-dimensional normal distribution.

Table 3: Parameters in equations (D.1) and (D.2). The arguments of the functions (74,7, Vr,) and
H®)(Ty) are omitted.

J aj; My Vj Kj

1 1 1 L L[-log(K Vv Hy) +r(T - Ty) + %]
2| —Ker(T-T) 0 L 1 log(KVH)+r(T - Th) - 4]
3 —(H®)2+262 ~(1+428) ~1 Llog(E) 4+ 1T -T1) + %]

4| (H@PEEeT-T)  9p L Liog(UZ (T - Ty) — 7]
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