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Abstract. Perfect liquidity of risky assets is a strong assumption in the Black-Scholes model.
Several authors proposed alternative models accounting for imperfect liquidity. One such model was
proposed and extensively discussed by Schonbucher and Wilmott (2000).

In the present contribution, we argue that the definition of self-financed strategy used in that
paper does not take into full account the effects of imperfect liquidity introduced in the model. We
propose one alternative formulation and discuss some properties of the resulting price process.

We use the modified model to discuss the effect of collective behaviour by a large number of small
hedgers. If a large number of small traders use similar strategies wrongly assuming perfect liquidity,
then synchronized trading of large quantities may have a significant impact in the strategy outcome.

We show that in such circumstances, the expected outcome of the classical Black-Scholes hedging
strategy for an European put option can diverge significantly from the perfect hedging obtained under
perfect liquidity. The effect of illiquidity can be described by a nonlinear Black-Scholes equation
having some very unusual features.
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1. Introduction. The Black-Scholes model is used to price and to design hedg-
ing strategies in different securities. Black and Scholes in [1] and Merton in [5] simul-
taneously derived the Black-Scholes formula to price European options.

When the financial market is competitive and complete it is possible to build
a portfolio with risky asset and cash that mimics the path of the price process of a
contingent claim allowing to replicate this derivative. In finance, this argument is used
in order to obtain the option pricing equations. However, in this paper we use the
approach of the stochastic optimal control and Hamilton-Jacobi-Bellman (HJB) (see
for example Frey and Polte [2]) to derive a Black-Scholes equation. This strategies
can be used to hedge its exposure or to increasing its profit for an arbitrager.

This theory is largely used in the financial industry, but requires strong assump-
tions. Usually, it is assumed that the market is competitive and all agents are price
takers. This means that any individual trading in the risky asset does not influence
significantly its price. This is a reasonable approximation of reality when the market
contains a large number of tratders of similar size and the aggregate quantity traded in
every moment far exceeds the holdings of any individual. However, in financial mar-
kets there are some companies, funds and other institutions of such large dimension
that the effects of their actions on the asset prices are not negligible.

Oddly, there are comparatively few models in the literature that relax this as-
sumption. Due to their dimension, large traders can manipulate market prices to
their profit, and models taking this into account are hurt by theoretical difficulties
that are discussed, among others, by Wilmott and Schénbucher in [6] and Jarrow in
[3] and [4].
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Wilmott and Schonbucher in [6] proposed a simple approach to model the dy-
namics of prices in illiquid financial markets and to discuss its consequences in the
dynamic trading strategies. In this paper, we show that the self-financing condition
used in [6] does not take into full account the feedback effects due to hedging by a
large trader. We use the Schonbucher-Wilmott model to discuss the effect of syn-
chronized behaviour by hedgers using similar strategies. We obatin a Black-Scholes
equation for the true value of their hedging portfolio.

In section 2 we briefly discuss the model proposed by Wilmott and Schénbucher
[6]. In particular, we propose an alternative self-financing condition taking into full
account the feedback effects of hedging by a large trader, and describe the resulting
price dynamics in an illiquid market. In Section 3 we obtain the Black-Scholes equa-
tion for the true value of a delta-hedging strategy by synchronized traders that are
unaware of their collective behaviour.

2. The Wilmott-Schonbucher model. In the literature there are compara-
tively few models taking into account the illiquidity of the risky asset market. Here we
present summarily a model proposed by Wilmott and Schénbucher in [6]. We discuss
the concept of portfolio value as well and we propose a new definition of self-finance
strategy for this market.

2.1. The price mechanism. The model considers two types of assets, a risky
one, with price S and a risk-free one, with price B. The risk-free asset is taken as
numeraire with By normalized to 1. The market of the risk-free asset is perfectly
liquid but the market of the risky asset is not. There are two types of agents in the
market: A single large trader and a large set of small traders.

The aggregate demand of the risky asset by the small traders at time ¢ is a function
D(S,W,t), where S denotes the price of the risky asset and W is a random parameter.
Similarly, the aggregate supply by the small traders is a function Su(S,W,t). All
information that arrives to small traders is contained in W. Thus, the small traders
don’t have any knowledge about the presence of the large trader in the market. The
excess demand is by definition the difference between demand and supply,

XS, W, 1) = DS, W, ) — Su(S, W,1).

In the absence of the large trader, the equilibrium price at time ¢ is the solution of
the equilibrium equation

(2.1) X(S, Wy, t) = 0.
Assuming x(S, W, t) is smooth and

(2.2) %(5, W,t) < 0,V(S, W,t) €]0,+00[xR x [0, +00],
the equilibrium price is the unique C?!-function, S = ®(W,t) implicitly defined by
(2.1). Economically, the condition (2.2) means that when the price goes up the excess
of demand goes down, as occurs when supply increases and demand decreases with
price.

Let f denote the quantity of risky asset held by the large trader. It is assumed that
this quantity is draw from the aggregate quantity available in the market. Therefore,
the equilibrium equation (2.1) becomes

(2.3) X(S,W,t)+ f = 0.
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This condition defines the equilibrium price in the presence of the large trader as an
implicit C%?!-function, S = W(f, W,t), provided Y is sufficiently smooth and (2.2)
holds.

Assuming that f;, the quantity held by the large trader at time t, and W = W,
are cadlag process, then the price Sy = U(f, W, t) is also a cadlag process.

In the following we assume that W; is a standard Brownian motion.

2.2. The effect of large transactions and the large trader’s self-financing
strategies. Suppose that at time ¢ the large trader wants to change his hold of risky
asset from the quantity f,- to the quantity f;. Taking this transaction into account,
the asset price at time ¢ becomes Sy = U(f;, Wi, t). In the absence of this transaction
it would be Sy = W(f,—, W;,t). Thus, we need to consider carefully how to compute
the value of such a transaction.

To do this, we assume that a transaction at time ¢ is made with the knowledge of
W;. This is consistent with the self-financing condition in the perfectly liquid market

(fe = fi-) St + (¢t — - ) By =0,

where ¢; denotes the quantity of bonds held at time ¢. Under this assumption, continu-
ity of ¥ implies that any price between W(f;, Wi, t) and W(f,—, Wy, t) is acceptable for
some trader in the market. Since the large trader seeks the best possible bargain, we
assume that he gives priority to higher bidders and lower askers. Therefore, by selling
sequentially from higher to lower bidders (buying sequentially from lower to higher
askers) at their respective prices, the value of the transaction is [ { t_ U (z, Wy, t)dz.
Therefore, if the larger trader’s strategy is self-financed, then the the variation in the
hold of riskless asset ¢; — ¢;— must satisfy

fe
(24) / \I/(IE, Wt, t)dac + (Ct - th)Bt =0.

If the process f; is smooth, then a similar argument leads to the usual self-
financing condition, also used in [6]:

Stdft + Btdct =0.

Below we show that, in general, we should not expect the process f; to be smooth
and that this implies that a different self-financing condition must be considered.

2.3. Feedback effects. From the economical point of view, one expects that
the quantity of risky asset held by the large trader should depend on its price. Thus,
Schénbucher and Wilmott [6] assume the process f; to be of the form fi = f(S,t),
where f(-,-) is a smooth function.

In this case, the equilibrium condition (2.3) becomes

(2.5) X(S,W,t) + f(S5,t) = 0.
Assuming that the analogous of condition (2.2)

(2.6) %(5, W,t) + %(57 t) < 0,¥(S, W, 1) €]0, +00[xR x [0, +00]

holds, then (2.5) defines the equilibrium price as an implicit C?!-function, S =
Uy (W, t).
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Therefore, the price process S; = Uy (Ws,t) is a continuous nonsmooth process
and the same holds for the process f; = f(S¢, t) = f (U1 (W, t),¢).
PROPOSITION 2.1. For the illiquid market, we have

8\111 182\111 6\111
2.7)  dS; = L dt d
27 ds; ( o T2 w2 ) 4T G M

_(of of (0, 100\  19°f (99" of 904
(2.8) dft—< <+26w2)+2852 — ) | dt+ == ——dW;

ot 0SS \ Ot ow ow Ow
The self-financing condition is

2
(tht)> %(ft,wt,t)dt

ov,

ow

1/0
(29) Stdft + Btdct = 5 (&Z(St’t)

Proof. Given that Sy = Uy(Wy,t) and f; = f(¥1(Wy,t),t) conditions (2.7) and
(2.8) are obtained using the Ito’s rule. Consider that the transactions are realized at
the sequence of instants t; < to < t3 < ... < t, such that t; € [0,7] and ¢; = %T
for ¢ = 1,2,...,n. The function f; can be approximated by > ", fi—1Xjt,_, ()
with fi—1 = f(St_,,ti—1). Moreover, we use the following notation f; := f;, and
fi—1 := f,—. Using condition (2.4) for each transaction and applying it the Taylor
expansion at the function U(f,w,t) we obtain

i
(Ct - Ct,)Bt = —/ \I/($7Wt,t)dl'

fi o
=— / U(f;, Wy, ti) — a*f(fiywtmti)(m — fi) +o(|fi = fi—1|)dx
S+ LY (W ) () 4 olfi — i),

20f
Using It6’s Lemma and letting |¢; — t;—1] — 0, the result follows. O

3. Collective behaviour. In general the models of illiquid markets have the-
oretical difficulties, because they predict the collapse of the market at least in some
situations. The existence of large traders with capacity to influence the market price
or the existence of traders with privileged information allows market manipulation.
We say that there is a market manipulation when there is some trading strategy
that allows to move the price to make risk free profit. If such strategies can be used
without limitations, the market collapses because small traders are stripped of their
wealth. We say that a model is consistent if there are neither arbitrage possibilities
nor possibilities of market manipulation. There are some works as [3] and [4] study-
ing market manipulation. Also in [6] these questions are discussed and it is shown
that the Wilomott-Schonbucher model is not, in general, consistent. Despite the con-
sistency problems mentioned above, the Wilmott-Schonbucher model is attractive to
study the consequences of collective behaviour, for a particular case discussed in [6].
We deduce the dynamic of a self-financed according to a proposal presented in last
section. Finally, we derive the Black-Scholes equation for the true value of an option
in the presence of collective behaviour by a large group of traders in the market.
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3.1. Synchronized hedgers. Consider a market with a large number of small
traders and no large trader. Suppose that a sizeable fraction of these small traders
are following similar strategies. Since all traders in this group sell and buy in similar
circumstances, they act collectively like a large trader without being aware of this
fact. Situations of this kind may arise in real markets due to the widespread use
of model-assisted and automatic trading when large numbers of traders use similar
models or algorithms.

In this case, the issues related to market manipulation do not apply because the
individual traders are unaware of their mutual synchronization and are competitors.
The Wilmott-Schonbucher model is attractive to study the consequences of such col-
lective behaviour, due to its relative simplicity and ”first principles” approach.

Here we assume that the excess of demand function is of the form x(S¢, Wy, t) =
a(Sf — St), where a > 0 is a constant and S} verifies dS} = 6S;dt + vS;dW;. We
assume also that the synchronized small traders are hedgers, who try to replicate an
European put option with strike price K, using the Black-Scholes strategy. So, this
group of hedgers acts like a large trader with delta strategy f(S: t) = N(dy) — 1,

St v2yr—
where N(d;) = ;n fijloo exp (_ Z2) and dy = G+ +5) (T

— Vem 2 v/T—t

3.2. The price process. It is important to understand the price mechanism in
our example to deduce the Black-Scholes equation for this market. The geometric
shape of the strategy of the large trader varies as the time approaches to maturity.
Near the maturity the strategy of the large trader approaches a step function with
step from —1 to 0 as shown in Figure 3.1.

Fia. 3.1.

On the other hand, the function excess of demand is linear. So, near the maturity,
the function S — x (S, W,t) + f(S,t) is S-shaped as shown in Figure 3.2.

Fia. 3.2.

X+ f

n

T T2

This function has one local minimizer and one local maximizer which we denote
by z1(t) and x2(t), respectively. We also define the points ¥ (¢), Xo(t) as the unique
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solutions to

51) {x(& W) + f(S.1) = x(ai(t), W, 1) + f (1), 1)
S # z;(t)
i = 1,2. Notice that in our case x1(t),z2(t),¥1(t), X2(t) do not depend on W. Now
we discuss the price equilibria.
The sequence of Figures 3.3,3.4 and 3.5 illustrates one possible sequence for the
price equilibrium. In Figure 3.3, there is a unique equilibrium price, z(t) and any small
perturbation caused by the Brownian motion moves only a little the equilibrium price.

Fia. 3.3.

X+ f

In the Figure 3.4 there are three possibles equilibria, x(t),y(t) and z(¢) . The
middle equilibrium, y(¢), is unstable. Notice that around y(t) the slope of x(S, W, t) +
f(S,t) is positive. This means that the bigger the positive price variation is, the
greater the positive excess of demand variation gets. So, at price y(t) any perturbation
moves the equilibrium price to z(t), or to z(t), which are stable equilibria.

Fia. 3.4.

N/

x T1 Y X2 z S

Finally consider the case when there are two equilibria (Figures 3.5 and 3.6).
In figure 3.5 the equilibria are x1(¢) and X;(¢). Xi(t), is stable and acts as the
equilibrium price in the Figure 3.3. The equilibrium, z;(t), is stable with respect to
negative price perturbation but any positive price perturbation moves the equilibrium
price to a price in the positive slope and consequently to X1 (¢) . So we consider that
in the first moment ¢, where the market price reaches x;(t) from the left, there is a
jump in the price process from S;— = x;1(t) to Sy = X1 (¢).

The case in figure 3.6 is analogous: in the first moment the price reaches xs(t)
from the right there is a price jump from S;_ = z5(¢) to Sy = Ta(t).
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Fia. 3.5.

Fia. 3.6.

O

21 X1 i) S

X+ f

3.3. Portfolio dynamic. In this subsection we would like to obtain the dynamic
of a portfolio that is self-financing in the in the collective behaviour model. To simplify
the calculation we set By = 1. Given the particular characteristics of the price process
for the collective behaviour model, we need to define the stochastic process carefully.
Let T;(W,t), with ¢ = 1,2, be the functions:

(3.2) Iy (W,t) = min{S : a(S* = 5) + f(S,t) =0}
Ty (W, t) = max{S : a(S* = S) + f(5,t) = 0}

So, we can define the cadlag process (Si, I;), where:

_ 1 if St_ < .131(75) vV St_ = .Ig(t)
(3.4) L= { 2 i S > aa(t)V S = (1)
(35) St - F[t (Wt, t)

The strategy of the big portion of the small investors is ¢(We, t) = f (T'y, (We, t), ).
In consequence, the value of the portfolio is

(36) Y't = qb(Wt, t)F[t (Wt, t) + ¢4,
and the dynamics of Y; is obtained by the It6 Lemma:

(37) dYVt =d (¢(Wt,t)F1t (Wt,t)) + dCt
=I';, Wy, )dp(Wy, t) + ¢(Wy, t)dL 1, (W, t) + dp(We, t)dD 1, (W, t) + dey
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There are 4 possibles scenarios:

(3.8) L_ =1=1— S;_ <x1(t)
(3.9 L. =2I; =1 — S;_ = x5(t)
(3.10) L =1;I; =2 — 8, =x1(¢)
(3.11) Lo =21, =2— 8,_ > xs(t)

To guarantee that our self-financing condition for illiquid markets is verified we
the condition (2.9) for our model, and we obtain

doc= = (T0 (W) 5dor ) do

To calculate the dynamics of I'r, (W, t) we notice that:

dr]t = FIt (Wtat) - FIt— (Wt*»t_)
= FIt (th t) - FIt,— (Wta t) + FIt_ (Wh t) - Flt_ (Wt—a t*)

or 0°T or
I It> dt + I,

T oz oW

=Ty, (W, t) —FIt(Wt,t)—F( dW,

where the difference of two first terms can be simplified in:

0 if I_ =1,
Tr, (Wi t) =T, (Wi t) = { Tp, (Wi, t) — 29(t) if I, =2 and I, =1

impose

FIt (Wt,t) — X (t) if It, =1 and It =2.

To derive the dynamics of ¢; we need to observe the 4 different scenarios:

f(Fl(Wt,t),t) —f(F1<Wt,,t—),t—) if S < a2
d(b _ ¢ _ ¢ _ f(Fl(tht)7t) - f(r2(Wt—at_)7t_) if St— = T2
e f(Ce(Wi,t),t) — f(T1(Wy_,t—),t—)  if S =
f @o(Wy,t),t) — f(Do(Wi—,t—),t—) if Si_ > a9
In the scenario (3.8) and (3.11) we have that:
_ B ' v,y of . Of 10%f \2
f(Fz(Wht)vt) f(FZ(Wtfﬂt )ut ) - 8Fidrz + Edt—i_ 567115 (drz)
_of (oI or; 1 9%T of 108%f [/0r;
=, <8Wth Tt 28W2dt) * <(’9t T oar \aw

ow ot or

))e

, 2T, 2 N\ 2 ,
_<8f81“2+;<8f8f1+8f(81“2) )4—8f>dt+ Of i .

ar; ot ar; ow? = or?2
= ,ui(t—, St,)dt + O'Z‘(lf—7 St,)th

When S;_ = z5(t) the dynamics of the self-financing strategy is:

F(Ci(We,t),t) = f(Ta(Wie,t=),t=) = f(T1 (Wi, t),t) — f (T2(Wi, 1), 1)
+ f Te(W,t),t) — f (Do(Wi—, t—), =)

i OW

= [ (C1(Wet), 8) — f (@a(t),t=) + pra(t—, So_ )t + o (t—, Sp_)dWW;
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Finally we have the situation S;— = z1(¢) and the dynamics is:

f@Ta(Wy, 1), 1) = f (DL (Wim s t=),t=) = f (T2 (We, 1), 8) — f (D1 (W, 1), 7)
+ f T (W, t),t) — f (T (W t—), =)
= f(La(Wy,t),t) — f(w1(t),t—) + pr(t—, Sp—)dt + o1 (t—, S;— )dWy

Notice that 90t is unbounded. We have the equilibrium condition (2.3) from which
we can write S(W,t) = g(W,t). So, the implicit function theorem guarantees that:

or; 9 (x(S,W.t) + f(S,1)) (B(X(S,I/V,t)—f—f(&t)))‘l
ow oW aS .

When S — z1(t) or S — w2(t) the denominator tends to 0, then g‘a}' is unbounded.

For each scenario we can specify a little more the dynamics of ¢;. When we have
Si— < x1(t) or S;— > x9(t) the dynamics of ¢; is:

doc= = (C0 (W) = 5don ) do

1
= _Flt(Wt7 t)d¢t + %U?(t—, St_)dt

for i = 1 or i = 2 respectively. There are two other cases S;— = x;1(t) and S;— = xa(t).
We derive the dynamics of ¢; for the S, = x1(¢):

dey = — (FIt(Wtat) - 2lad¢t) doy

=— (FIt(Wt,t) - i (f(Te(Wy, t),t)) — f(x1(t),t) + pr(t—, Se—)dt + Ul(t—,St_)th)>
X (f(FQ(Wt, t), t)) — f(l‘l(t), t) + /J/l(t_, St_)dt + g1 (t—, St_)th)

1
= T, (Wi,t)de — 5—01(t=, Se-) (f(T2(We, 1), 1)) — f(21(2),8)) AW
1 1
~ % (1 (t=, Si=) (f(C2(Wi, 1),1)) — f(21(t),)) + oF(t—, S;)) dt — % (F(Ta(Wy, 1), ) — f(aa(t), 1))
for the case S;_ = x5(t) the derivation of the dynamics of ¢; is similar.
3.4. The Black-Scholes equation. In this section we want to derive the the

Black-Scholes equation for the collective behaviour in the Wilmott-Schénbucher model.
First we present the dynamic of the price process:

avS*
o(Spt) = — 0
( ' ) a_%f(stvt)
- 1 G 1 5 0?
1(St.t) = e 21D (a&S + &f(sut) 30 (Smt)aSQf(SntO

We notice that the authors write the drift of the diffusion as a function of S; and t.
Indeed, we can write the Brownian Motion, W, as a function of S; and ¢. So, it’s
easy to show that the drift and the volatility of the diffusion is given by:

av (S = f(Sg, )

78n1) = a— 25 f(Si,t)
Sp.t) = ! 0(S = F(Si 1)) + 2 F(Surt) & 20280, t) Do F(Snt
1( t')_a—a%f(st,t)(a( = F(S6 ) + 5, F(S6,) + 50°(Se, t) 53 £ t7)>
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If we consider that there are no jumps between ¢~ and ¢ then, we can obtain
the dynamics of the self-financing strategy value such as in the last section. This
dynamics can be simplified by considering

Then, the HJB equation and the usually boundary condition are is given by
(3.13) Vi(t,S,Y)+ LV (t,S,Y) =0, V(S5,Y)ec[0,T[xRT xR
(3.14) V(T,S) = ®(S,Y), V(S,Y)eRt xR

where L is the infinitesimal generator, i.e., the operator defined as:

. . EPY[g(Sean, Yegn) — (s, v)

Ly = hlgg+ h
B B o2
(3.15) %%““ Yy)a(S,t) + afg(st,yt)ﬂ(st, t) + Wai(b’t,Yt)a(St,t)b(S, £)
1 [ 0%g 0?%g
+ 3 (a0 SOR(5.0) + G304 500500

for g smooth and bounded.

In the scenario (3.10) we have a jump when the price reaches the minimum price
21(t). So, in the moment ¢, the value of S attains the value z1(¢) and jumps to the
value Y1 (). We need to compute the jump in the self-financing strategy value:

G (D), 1) = fza(t), 1)

vie v - <x1(t) N ) (FE0(8).0) — Flaa(0).1))

2
; F(S1 0, 051 (1) — 1 (1), )1 (1)
(3.16) = Yio o (w) ¥ E(t);(“) (S1(t) - 1 (1)
n PR, 05 (1) — G (0), )1 (1)

Si(t) + @1 (2)
2

On the other hand, in the scenario (3.11), in the moment ¢ the price process S; attains
x2(t) and jumps to the value 3a(¢).
The jump in the self-financing strategy value is given by:

(317) ¥ =Yoo 02000 (5,00 ) 4 (520, 05200) — Flra(t) )20

Then the Black-Scholes equation is (3.13) and (3.14) adding the conditions:

=Y. —a (B1(t) — 21 (t)) + F(E0(t), )81 (t) — flaa(t), t)z1 ()

Vi) = V(6300 om0 <)
(318) +f(21(t)7t)21(t) - f(xl(t)7t)x1(t)> ’ V(t’ Y) € [OvT[XR
V(t,za(t),y)= V (t, Yo(t),y — aw(zﬂﬂ — z5(t))

(3'19) +f(22(t>7 t)22(t) - f(IQ(t), t)x2(t>> ) V(tv Y) € [Ov T[XR
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The jumps in the price process suggest that the solution, if it exists, is not
continuous. Observe the Figure 3.6 where we try to illustrate the boundary con-
ditions (3.14), (3.18) and (3.19). Suppose that there is a continuous solution, then
limg_,q, (1)~ limy_p- V(,S,Y) = limy_,p- limg_,,, )~ V(¢,S,Y). However this is not
verified. Notice that,

lim  lim V(t,5,Y)=V(T,K,Y)
S—xq(t)~ t—=T—
1 1
lim  lim V(S Y)=V(T,K+—Y — —)
t—=T— S—z1(t)~ [0} 2«

where K is the strike price. Naturally, V(T K,Y) = V(T,K + i,Y — i) for all
Y € R is not verified.

Appendix: Calculation of the maximum and minimum points in collec-
tive behaviour case. When the variables W and t are fixed we can find the extreme
points using the usual tools for one variable function. We start with the calculation
of critical points.

% {x(Se, Wi, t) + f(Se, 1)} =0

r Lo (_d%) 9,
AT p 9 1

1 %)
Stuw/2H(T—t)eXp< 2 ) %

In order to simplify we set A(t) = v+/2II(T — t). Therefore,

(3.20) fdg = log(aA(t)) + log(St)
2
(3.21) —% (105((;9;) +C(t)> =log(aA(t)) + log(Sy),

2
where B(t) = v/T —t and C(t) = (TJFT)(Z*(Z))*I(’%(K). If we use the substitution

log(S:) = y, we will have a second order equation:

Ly ) C2(t)
_ —(1 — 1 A) =0
521" ( +B(t))y (=5 +log(ad))
(1 518+ 55~ 2 - e
So, we have y = ’ T B BT After some simplifications we

can obtain y = —E(t) £ /B*#)D(t) — 2B2(t) log(aA). Here E(t) = (r + 312)(T —
t) —log(K) and D(t) = 2 (‘&)

S tr+ v?). Then the minimum and maximum points
are given by,

(3.22) Sy = exp (—E(t) + /BA(t)D(t) — 2B2(t) log(aA)) .
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